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PREFACE 


In this book the fundamental principles in the Theory of 
Structures have been presented in as simple and as logical a 
form as possible. Intended primarily for students taking a 
degree course, or the courses for the National Certificates of 
the Ministry of Education and of the Engineeriog Institutions, it 
is hoped it will be found useful by others engaged in engineering 
practice. It has only been possible to present the groundwork 
of the subject, but references have been put at the end of each 
chapter to guide the student to other theoretical methods and 
to a more complete and advanced study of definite branches 
of structural engineering. As theory is being constantly 
revised, and as new theories and methods are being brought 
forward, it is therefore necessary that the student, to keep up to 
date, must consult the engineering journals and the transactions 
of the Engineering Institutions of this and other countries. 
The necessary specifications for structural work should also 
be consulted, such as Specification 153, Parts 1 and 2, 1922, 
Parts 3, 4 and 5, 1923, for Girder Bridges, issued by the British 
Engineering Standards Association. This specification deals 
with Materials, Workmanship, Loads and Stresses, Details of 
Construction and Erection. 

The mathematics in this book are fairly simple : partial 
differentiation has been introduced in Chapter IX, but refer- 
ence to it can be made in any good book on practical mathe- 
matics such as Usherwood and Trimble s, Part II. It is, 
however, essential that all students of engineering should have 
a good mathematical foundation. 

The examples at the end of the chapters are all taken from 
recent examination papers, and I wish to thank the Councils 
of the University of Birmingham, of the Institutions of Civil, 
Mechanical' and Structural Engineers, and also the University 
of London Press for permission to reprint them. 

No attempt has been made to deal with design. 

In preparing this work, existing textbooks on the subject 
have been consulted, including those of Morley, Andrews, 
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Hool and Kinne, and others, 
much useful information on design. 
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PEEFACE TO THE THiHJJ 

During the last few years great progress has been made m the 
field of continuous structures, both in construction an ana ysi ^ 
Advaie in constructional methods has brought out the 
im-Dortance of design. For a satisfactory design there must bo 
a cfoar idea in the mind of the desiper of the 
of a rigidly connected frame. The analysis of built in a 
cLtinuous''beams is given in Chapter IV, 
least work applied to beams and frames is stated m Ohapter lA., 
methods of snalysis have been developed and two 

of to. the .ippeeJeyWion and the ni‘s 

mations are discussed in an additional Chapter XV. ihe uses 
of these methods have been recognized by 
and designers ; they have been mtroduced mto courses at 
ufovSfes and technical coUeges: problems depending _ for 
their solution on these new methods are set in many examina 
tion papers. They are fully stated and discussed in the new 
chapforf which begins with a development of the slope-deflection 
equations for prismatic beams and a discussion of their applica- 
tion to the analysis of staticafly indeterminate beams con- 
too, booms, Ld simple frames, tees both wdh and 
without lateral restraint are considered, and it is shown 1 
the equations for calculating redundant end moments can be 
writtm. Further discussion considers the solution of these 
ftnnations bv the method of successive approximations and 
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illustrates its application to continuous beams and frames as 
before. There are a large number of examples to illustrate the 
solution of various problems by these methods. 

A further Chapter XVI has been written in which the laws of 
Maxwell and Betti have been developed, and the application of 
these laws to the mechanical solution of statically indeterminate 
structures has been stated* . 

The author is indebted to friends for reading the text and 
specially to Mr. J. Heaton, A.M.I.Struct.E., for his valuable 
assistance. 

H. W. COULTAS 


Birmingham 
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OHAPTBB I 

Bkams WITH Dead Loads 

1.- Beams and Bendmg. A bar of material acted upon by 
external forces (including loads and reactions) oblique to its 
longitudinal axis, is called a beam : the components of the 
forces perpendicular to the axis cause the straining, called 
flexure or bendmg. A beam will always be looked upon as 
being in a horizontal position, and the external forces as 
vertical.* 

2. Definitions. Cantilever, a beam having one end fixed 
and the other free. 

A beam freely supported at both ends is a simply-supported 
beam, or a simple beam. 

An encastre beam is one built in or fixed at both ends. 


A beam supported at a number of points is a continuous 
beam ; tins type may, of course, have one or both ends fixed 
or built in. (See para. 40, Chap. IV, for notes on supports.) 
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3. A Moment {M) is defined as the product of a force (F) 
multiplied by its perpendicular distance (x) from a point 
considered ; or 

M — Fx — the magnitude of a couple. 

Cantilever (Fig. 1). 

Moment at 0 = Magnitude of the couple W a 
— A fixed couple .B6 


* This will cause simple bending, as it occurs when there is no resultant 
pull or push along the beam due to ejctemal forces ; also the external forces 
must be all applied in the plane in which the beam bencte : and the beam 
section must be symmetrical about a vertical axis througb its centroid. 
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Simply-supported Beam (Fig. 2). 

Moment at 0 = Magnitude of the couple 1^ 

From ordinary considerations of statics, W == R + 

4. When a beam is subjected to some system of loading, it 
k sliehtlv bent out of its horizontal position. , , ,. 

As^the^beam is in equilibrium under the system of loading, 
the perpendicular reactions must be equal to the sum of the 

"s, situated at a dist^ce 

w 

-Rou=M^ negative 1 Mx negative —Brh 
Left/ i 


1^2 1 


A T 'I 

i 

1 J 



b— H 


— — 1 


R 
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'^Section X 
Fig. 4 


a; from the support point, and R is the reaction of the support, 
then aU the forces to the right of J. help to produce the 
action at A • or the beam is subjected to a series of couples. 
Now B would tend to bend the beam in an anti-clockwise 
Erection about A : W, and W, in a clockwise direetaon about 
A Therefore, the resultant effective bentog will be the 
Sfference of the two effects. CaUing the anti-clockime direc- 
tion negative and the clockwise direction positive to the 
right of a section, the effective bending action about A wiU be 

-Bx-\-Wi{x-a) + W^x-h) 

which is the algebraic sum of the moments, and is defined as 
the bending moment at A. In general, the bentog moment 
at any section of a beam may be defined as the algebraic sum 
of the moments of all the external forces actmg on that part 
of the beam to the right or to the left of the section. 

6. Signg for Bending Moments. Clockvuse and anti-clock- 
wise moments to the right of a section will be called positive 
and negative moments respectively. Clockwise and anti- 
clockwise moments to the Uft of a section will be called 
negative and positive moments respectively. 


* See Chapter III. 
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The two equal couples acting in <opposite directions to the 
right and left of the section (Fig. 4) tend to bend the beam 
c(mcave upwards ; or as it will be seen later, the top side of 
the beam comes into compression. 

In the case of Fig. 5, the two equal and opposite couples 
acting to the right and left of the section bend the beam 
convex upwards, or a positive moment tends to iuduce tensile 
stresses in the top side of the beam at the section considered. 


tv My Afyo” 

^ - + Wcu i+Wci 


1 




X 


KO/H 

K 




R=^W 


X 2 








Fig. 6 


6. S]i6aring Forces. In Fig. 6, let X be any section of a 
beam carrying some system of loads. At this section there is 
acting a vertical external force which is the resultant of all 
the forces acting on that part of the beam to the right, or to 
the left of the section. This force is spoken of as the ‘‘ shear- 
ing force {S) at the section, and it is balanced by the internal 
force in the particles of the material. 

Cause positive Cause 
shear at X . shear at X # 


i ^ 


H»V3C-)1V4 
\ Y 


negative ' 
shear at X, 


--Left — —R/£ht 


i...... 1 — 


Caueejs 
Rz^^ positive 
shear at X, 


Fig. 6 


By ordinary statics, 

^ 

Shearing force at X, 

Sfj, = -i2i + IFi + IF* 

(considering the portion of tiie beam to the left of the 
section), 

or — iJ 2 " ^3 ~ ^4 . , - , V 

(considering the portion of the beam to the right ot tue 

seotion). 
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7 Sims for Shearing Forces. External forces acting 
oril^tn the left or right of a section cause negative and 

“8l^‘^rS^F,S’S.d''BiamgMom»t Both 


t 


>1 

j/T 


W tons 


Load Diagram, 
5^=-W = const. 


4 


T 


Sy^:=:-^WtOn& 
Shear Force Diagram* 



tons-ft. 


.yVf rs Wcc tons-ft, 
Moment Diagram. 
Fig. 7 


beam • their values at any cross-section can often be calcu- 
Lted arithmetically, or general algebraic expressions may 
give the bending moment and shearing force for any sec ion 
alons the beam^ The variation may also be shown graph- 
icaUy by plotting curves, the bases of which represent to scale 
the Ligth of the beam ; and the vertical ordmates, the bend- 
4 moments or shearing forces, as the case may be, due 
regard being paid to the “ sign ” of the effect. 

Some typical examples of bending moment and shearing 

Concentrated load at the free end. (Fig. 7 .) 
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+ TF* 

if = moment ; 8 — shear force 
-The moment M at a section is equal to the area 
'. diagram to the right of the section. 
li a uniformly distributed load along the whole beam. 


u>x’‘ constant 


ram 


Shear Force Dla|,ram 


ionsftJ ^ 5 

Momeht Oia<|ram. 

Fxa. S 

Consider any section X. ■. _ 

Shear force to the right of A = mm: 

= area of load diagram to the right of X 
Le. -wl 

For bending moments to the right ot ^ 
resultant moment is given by the area ot 
to the right of the section. 

With several loads on a cantilever, the st 
moment cUagrams can be drawn by considei 
each load separately and adding the ordma 

“Sto'rr cantilever o. lengUr 20f. 
which decreases uniformly frorn 2 Jjons a 
0 tons at the free end. Draw the bendmg 
force diagrams. 
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y — X = " tons per foot run (Kg. 9.) 
Area of the load diagram from the free end to section X 


Load rate at X 

S. 

5. 


X X ^ 

10 ^ 2 ■“ 20 


tons (equation of a parabola) 

= S.r. at X, 

and it acts at the centroid of the load area considered 

Inte/js/tg of^d/ng 



-20^- 

Load Dia|pam. 



1 

tons ft. \ 



Shear Force Diagram. 

'^Cubic: 

Moment Diagram. 

Fig. 9 

Sign of S.F. is negative, as the forces act downwards to the 
right of the section. 

= area of the S.F. diagram (which is a parabola) to the right 
of X = moment at X 


when X == 20, 8^ 


So = 

Jf» = 


X 

20 ^ 3 "" 
(So, and Mx 

" 20 “ ■ 

!®! 
m 


_ 


tons-ft. 


= M,. 

= - 20 tons 

133j tons-ft. 
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10. Simply-supported Beams, (a) Concentrated load at the 
centre of the beam (Fig. 10). 


For all sections between A and C, the shearing force Sy, 
= and is of the negative sense. 

For all sections between O and B, the S.F. 8\ = and 
is of the positive sense. 


Shear Force Diagram 


Moment Dla^r’am 

Fig. 10 
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W W 

i.e. C^Fi is below the axis AyB^. 

From Fi, draw F^Ox to meet the line of action of Bo : from 
(?i, draw O^Bx upwards to meet -Bj. This construction can be 
used for all beams ; always start from the left hand of all 
beams, and the shear diagram is easily drawn, as acts 
upwards, PF downwards, and jBb upwards. The only thing is 
to remember the sense of the resulting shear force. 

Considering moments, take the origin at the left-hand 
support of the beam. For sections between A and G, 
W 

Mx^-k-x and is of the negative sense: i.e. a couple of 

■ ■ ■ 'A' " ■ ■ 

w 

magnitude — ^ acts in a clockwise direction to the left of the 

section. For sections between C and B, take forces to the 
right of the sections : and the only force is R^, causing an 
anti-clockwise couple to the right of a section = i2j,(Z - a;) 
Tf 

= - x), and is, therefore, of the negative sense. 

A 

The moment is a maximum at 0, and 


Wl_ 

2 2"^ 


Wl 


and of negative sense . 


Note. — ^The moment at a section is equal to the area of 
the S.F. diagram to the right or left of the section. At the 
section where the shear changes sign, the moment is a 
maximum. 


Problem 2. A simply-supported beam is loaded, as in 
Fig. 11, Construct the shear force and bending moment 
diagrams. 

= (8 + 12) tons 

As the beam is in equilibrium, the sum of the moments 
about A = zero, 


i.e. X 20 = 12 X 12 + 8 X 5 
jRg = 9J tons 
Rj^ ss 10| tons 
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The S.F. diagram is therefore as shown. 

Ma = - X 5 = - 54 tons-ft. 

Jfj, == X 8 = - 73| tons-ft. 
and both of the negative sense, where and Mj^ are the 
moments at G and D and the moment diagram is as constructed. 


18^ 


Ra^IoP 


12 ' 
^-8 


FT 


D 


10V] 


t-l 


Aj Cf 


Load Diagram. 

1 # 


foT 


I 


iz' 

1 


+ t 


6 


4„.r 

iSS 

Y 


Shear Diagram. 



A 2 Qz % ^2 

Moment Diagram. 

Fia n 

The negative signs are introduced as the moments are 
negative. 

The shear changes sign at D, and the moment is a maximum 
negative moment at this point. 

(b) Simply -supported beam wholly covered with a, uni- 
formly distributed load of w tons per foot run. Let A (Pig. 1 2) 
be the origin. Let w tons per foot run be the rate of loading. 
Total load = wl tons. 

wl 


R. = R. 


■ tons 


At any section X, distant a: ft. from A, the shear force 

/S;, = - i?A + ««: 

At the centre, C, 

wl 


So= - .Ki + 


0 
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The negative sign is introduced, as Rj, causes negative 
shear to the left of a section. 

At any section X, distant a; ft. from A, the mouient 

If ^ + wa; X I 

wlx ^ wx^ 


w tons PSP fopt nun* 

Load Diagram. 

Sx=-Ra+^^ 



R^=w‘ /?s=r 

Load Diagram 

-.--IF 

I ilt„ ~7^ % 


*?>» I \ 

+ 1 


Shear Dia|pam. 


Br 

ll't' 

\ \Rb 

'vjt 


c, 



Moment Diagram. 
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Shear Diagram. 

/Wli ionsft.Wl\^ 

Z ±l + i± 

Cz Az Bz 

Moment Diagram. 

Fig. 13 


The moment at (7 is a maximum, 

«?7® wl? ^ 

• = "T + T " 8 

Note. — ^The shear force at a section X distant x ft. from A 
is equal to minus the area of the load diagram from A to X, 
due regard being paid to the sign. The moment at the section 
X is equal to the area of the shear force diagram between A 
and X ; and the moment is a maximum at the section wdiere 
the shear force is zero i.e. changes sign. 

11. Overhangii^ Beams, (a) Equal overhangs, with equal 
concentrated loads at the ends of the overhangs. (Fig. 13.) 
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Shear Force Diagram, Between A and (7, the shear force 
at any section is IF tons and is positive. Between B and A 
it is zero, and between B and D it is IF tons for all sections 
and is negative. The diagram is constructed by starting at 
0, and following the forces in the direction they act. 

The moments at B and A are both equal to If iti and are 
both positive, according to the notation of signs adopted. 
Between A and 0, and B and Z), the moments at a section 
are proportional to the distance the section is from G or D, 
Hence for the overhangs, the moment diagrams are triangles, 
being zero at C and D. Between B and A, the moment is the 
same for all sections and equal to + Wl^ units. 

Note. — Between B and A^ the moment is a constant, whilst 
the shear force is zero. It will be shown that the portion of 
a beam over which the moment is a constant, bends to the 
arc of a circle. This fact is made use of in experimental work 
for finding the value of Young’s Modulus of Elasticity of a 
material in flexure when any effects due to shear forces are 
to be eliminated. In this case, no shear forces are present. 
{Sm further chapter on Deflection of Beams.”) 

Similar shear force and moment diagrams are obtained for 
a simply-supported beam having two symmetrically-placed 
concentrated loads of equal value. 

(6) Uniformly-distributed load over the whole of a beam, 
having equal overhangs. (Fig. 14.) 

w{2l^ + 1) 

•n^A == — 

The shear force and moment diagrams will be as shown. 

then the moment at the centre of the span I will be a 
minimum positive moment. 

If I > 2Zi, then the moment at the centre of the span I 
will be a Tna.Trimn m negative moment, and there will be two 
sections on the span I at which the moment is zero.* 

If I — 2li, the moment at the centre of the span I will 
be zero. 

' I . „ - - 1. yr- 't 

* iS'ee page 49, Chapter lY. 



Cl FjAr £, BtK, Di is the diagram for 
a beam with only the overhangs 
haded. 

is the diagram for a 
simple beam (AB only loaded). 


Shear Diagram. 

C2F2G2D2 is the moment diagram 
beam with the overhangs 
^ only haded, 

”F \f is the diagram for a 

i simple beam AB. ^ 1 / 

'2 , Moments at the supports '=+2 

The shaded area is the 
Resultant, 

Moment Diagram. 

Fig. 14 

Moments about 0, 

JZjo X 20 = 8 X 8 
i2ao = tons 

8 - 34 = 4* tons 

To CoNSTETJCT THE SHEAR DIAGRAM. At 0, erect a per- 
pendicular upwards to scale equal to 4i tons : this is con- 
stant to the section 6 ft. from 0. This shear is of negative 
sign. Between section 10 ft, and 20 ft, the shear is eonstant 
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and positive and equal to H tons. At section 10, draw 

a perpendicular downwards of 3J tons to scale, and continue 
a kear line to the 20 ft. section. _ 

Complete the diagram by joinmg the negative diagram to 
the positive one, as shown in the shear diagram. This is true, 
as at any section on the loaded portion of the beam the shear 




Z Tons 


Load Diagram. 

|\ Q 


R20-^S^ 


Shear Diagram. 


y' MiO 

/-^ fi 

Tins ft. 

Moment Diagram. 

Fio. 16 

i, equal to K minus the load up to » action It can be 
shown that the shear is zero at a section 8-4 ft. from 0 . 
this section the moment will be a maximum. 

The moment at section 6 is 

if, = - 6 X 4| = - m tons-ft. 

At section 6 erect an ordinate to scale 0 ^ 28^ 

B.M. line between 0 and 6 wiU be a straight Ime, as it is also 

between sections 10 and 20, where 

if,, = - 10 X = - 32 tons-ft. 

and Mia = ^ .. -iv i. 

Between sections 6 ft. and lOft. the moment ^ 

curve, and the maximum negative moment wiU be at t 

section 8’4 ft. from 0 and 

if,., = - 8-4 X 41 + 2 X -2 
= - 34-6 tons-ft. 
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Let the maximum moment be at a distance 

- 4*82 + (2 - 6)*^ 

- 4-8 + 2(2 - 6 ) = 0 

or 22 - (4-8 + 12) ft. 
z — 8-4 ft. 

The maximum moment is calculated as shown in the previous 
paragraph. 

Problem 4. A simple beam 30 ft. long carries a load which 
increases uniformly from zero at one end to 2 tons per ft. at the 

Total Load W 
2x30 


Sscoud Method. 

f*- Then M 
dM, 


ram 


Shear DIa|pam 


A^77-3 ^ 

■IISTonsFeet 
•■Maximum. 


Moment Diagram. 

Fig. 16 

other end. (Fig. 16.) Find the expression for the bending 
moment at any section, and draw the shear and moment 
diagrams. What is the greatest bending moment and where 
does it occur ? 

2 X 30 

For equilibrium, + Rza “ — o — “ 
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Moments about 30; 


Working from 0 as origin and taking a section X to the right 

distant xft. from 0. 

The rate of loading at X will be 


Shear at X 


For maximum moment, 

dx ~ ^30 

that is, X = 17'3 ft. 

which confirms = 0 

At section 17-3 ft. from 0, 

17.33 

Mx,., = - 10 X 17-3 + 

= - 173 + 58 
= - 115 tons-ft. 

The moment diagram is as shown in Fig. 16. 
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12. Relation between Loads» Sheaiii^ ForceSs and Bending 
Moments. For Simple Beams and Cantdevers. 

CONOBNTEATBD LOADS. 8^. = Shear at any section 
= r forces to the right or left of the section. 
Distributed Loads. A small change in the shear force along 
a length dx = small area of the load diagram, 

i.e. dS ~w . dx, where dx is a small length of the beam 
and w the rate of loading along dx assumed 
constant.* 


8 


=/* 


w .dx — total change between the required 
limits 

=: (area of load diagram between these limits) 

If 8,. is the shear force at a section X distant a; from the origin 
and 8y is the shear at a section Y distant y from the origin, 

then 8,, — 8y-\- r w . dx taking appropriate signs for each term. 

Moment and Shear. From the examples considered, a 
change in the moment is equal to a small area of the 
shear force diagram, 

i.e. dM = 8 .dx where 8 = average shear force over dx, then 
dM 


dx 


shear force = rate of change of the moment diagram, 


and M 


/ 


8.dx 


: total change of bending moment 
between the required limits. 

In both the simple beam and the cantilever uniform loaded 
over the whole length 

— moment at a section == area of the shear force dia- 
gram between the section and the origin, J due regard 
being paid to sign. Summarizing, 

d8 - r . dM 


dx 


'■ w; 


8 




. dx 


dx 


M 


f 


8 .dx 


* w is not necessarily constant along a beam. 

t This relation indicates that where a shearing force passes through a aero 
value and changes sign the value of the moment is a mathematical maximum 
or minimum. See Note, para. 10, page 10. ... 

{ For a simple beam, origin at the supports. For a cantilever the origin is 
at the free end. However, if the origin for the cantilever is at the support, then 
M„ == Moment at the support less the area of the shearing force diagram 
between the support and the section. 
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13. A grapliical method of finding the shear and moment 
for beam sections depends npon the above relations. Shear 
forces are found by the graphical integration of the load 
diagram : moments are calculated by the graphical integra- 
tion of the shear force diagram. 

References. For tetlier examples of moments, etc. 

L Theory of Structures, Morley, (Longmans, Green & Co.) 

2. Structural Engineering, Husband and Harby, (Longmans, Green & Co.) 

3. Structural Steelwork, Black. (Pitman’s Technical Primers.) 

4. Strength of Materials, Part I, S. Timoshenko. 

5. Materials and Structures, VoL I, E. H. Salmon. (Longmans, Green & 
Co.) 

EXAMPLES 

1. A girder 30 ft. long, supported at the ends, has a uniformly distributed 

load of 2 tons per lineal foot extending from 5 ft. from one end to within 
10 ft. of the other end, and there is a concentrated load of 15 tons at the 
centre of the uniformly distributed load. Draw the bending moment and 
shearing force diagrams, giving the maximum and minimum values in each 
case. (LC.E.) 

2. An overhanging beam AB, 25 ft. long, rests on two supports which 
are at distances of 5 and 19 ft. respectively from the end A. The beam 
carries a load of 2 tons at A, 1 ton at B, and 2 tons at the centre of the beam. 
Draw the shearing force and bending moment diagrams for the beam. 

3. Explain clearly the relation between load, shear, and bending moment 

diagrams. cf B.) 

4. A beam 25 ft. long is supported at one end and on a pier at a distance 

of 5 ft. from the other end. The beam is uniformly loaded from end to end 
with a load of 1 ton per lineal foot,^ and a concentrated load of 5 tons is hung 
at the extremity of the overhangmg portion. Draw the bending moment 
and shearing force diagrams. (I.C.E., Oct. 1922.) 

5. A girder, 55 ft. long, is supported on two piers — one, 5 ft. from on© 
end ; the second, 1 ft. from the other end. It carries a uniformly dis- 
tributed load of 1 ton per lineal foot. Find the bending moment at the 
piers and draw the bending moment and shearing force diagrams.* 

^ ® (LC.E., April 1922.) 

6. A girder, 50 ft. long, is supported 10 ft. from its left and 15 ft. from 

its right extremities, the overhanging ends being free. It is loaded with a 
uniformly distributed load of 1 ton per lineal foot, and there is a con- 
centrated load of 10 tons midway between the two supports. ^ Draw the 
bending moment and shearing force diagrams, giving the maximum value 
in each case. (I.C.E., April 1923.) 

7. A girder, 30 ft. long, supported at the ends, has a uniformly dis- 
tributed load of 1*5 tons per lineal foot extending from 5 ft, from one end to 
10 ft. from the other end, and there is a concentrated load of 10 tons at the 
centre of the xmiformly distributed load. Draw the bending moment and 
shearing force diagrams, giving the maximum and minimum values in each 
case. 
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^ :„::,:::r-‘:“n head of water of 
vertical position by two horizontal fra/ines, 
" ‘ ■ and the.,other,20 ft*,;below 

of the ■■ . maximnm, ■■."'bending. 
Heglect any fixing moment at the 

cnbic foot to be 64:1b. 

■ . (ic,E.,;.,Jniy 

9. Draw the shear and moment diagrams for the following beams 


8. A single skin cofier-dam is subjected to a maximum 
20 ft. If the sheeting is helcl m a t * 

one at the same level as the surface of the water 
at the bottom, find the position and amount 
moment in a strip of the dam 1 ft. wide, j ^ 
supports and assume the weight of water per 


to Tons 


Tons roTons 


ZTons ftrim] 


CHAPTBE n 

Theoey OF Simple Bending and Moments of 
Ineetia 

16 . Notes on Stresses and Strains. Steess. If a body is 
subjected to external forces and it is cut by a plane section, 
an internal force will be transmitted across this section tend- 
ing to hold the body in equilibrium. This force is called 
stress, and the material of the body is said to be stressed. 
The stress may or may not be uniformly distributed over the 
area of the section. The intensity of stress, or as it is often 
called stress, is the force per unit of area. 

If over a small area a sq. in. the total internal force is P ■ 
P 

tons, then the stress is — tons per square inch. 

Strain. The body which is stressed under the action of 
the external forces will suffer a change of shape, and it is said 
to be strained or deformed. If a body of original length I in. 
suffered a change of length dl, then the unit strain, or as it 

is sometimes called strain, is j = e. If i is in inches, then 

the strain is the amount of deformation per unit length of 1 in. 

Kinds of Stress. Several kinds of stress may be pro- 
duced in a body : they depend on the arrangement of the 
external loads. These stresses are tensile, compressive, and 
shear : the first two are direct stresses, because they are 
perpendicular to the plane section under consideration ; the ^ 
last is tangential to the plane. Tensile and compressive 
stresses may be produced by direct external pulls or thrusts 
on a body, such external forces being at right angles to the 
considered planes or, as it wili be seen, they may be caused 
by bending the body, when stresses are produced which are 
normal to a plane section of the beam. A shear stress is pro- 
duced when a body is subjected to torsion or a twisting action. 

Direct Stresses. When a body is subjected to a pull or 
tensile force, it is elongated in the direction of the pull, and 
the body is said to be m a state of tension. When the body 
is subjected to an external thrust or compressive force, it is 
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shortened in the direction of the force, and is said to be in a 
state of compression. 

The properties of materials in tension, compression, or 
torsion may be ascertained by mechanical tests ; and by 
plotting stresses against the corresponding strains, curves 
known as stress-strain curves are obtained. 

Moduli of Elastioity— 

Tension or Compression. The modulus of elasticity is denoted 
by JS? (load per unit area). 



Let / represent the normal stress and e the corresponding 
strain (extension or compression per unit length), 

f 

then E = - 
e 

For ductile materials, such as mild steel, E in compression is 
taken the same as for tension, an elastic tensile test being 
more satisfactorily carried out than an elastic compression test. 

Torsion. The modulus of elasticity is denoted by O, some- 
times N (load per unit area), and is called the modulus of 
rigidity. 

Let q be the shear stress and 0 radians the shear strain. 
Then Q == | (see Chap. V). 
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Eor ductile materials, such as mild steel, for a range of 
stress from zero to a critical stress, the stress is proportional 
to the strain : i.e. E or is a constant during this range of 
stress. The critical stress above which the strain is not pro- 
].)ortion.al to the stress is called the limit of proportionality 
(often known as the elastic limit). Above this stress, E ox G 
is a variable. With brittle materials, such as cast-iron and con- 
crete, E and G vary with the stress from zero load,"^' consequently 
for design work it is necessary 4}o know the value ol E ox G 
for the working stress used. 


Streagth and Elasticity coefficients for materials : Tons/square inch. 


Material, 

Limit I’roportionality, 

Ultimate Strength. 

E Tension or 
, Compression. 


Tension. Compression. 

Tension. Compression. 


Wrought'iron , 

1 12-15 

21-24 

(Yield) 1 

11,000-13,000 

Mild Steel 

17-18 16-17 

30-32 

22 i 

13,000-14,000 

Cast-iron . . i 

(No definite limit) 

7-11 

35-60 

6,000-10,000 

Duralumin . . i 

22-24 


4,300-4,500 

Oak 


4-6 

1-3 

500-700 

Soft Woods . 


1-3 

450-500 


Fig. 19 


Stress-strain diagrams for mild steel and cast-iron are given 
in Fig. 18. It will be noticed that cast-iron is much stronger 
in compression than in tension.! 

16. Theory of Bending. Let X (Fig. 20) be any section of 
a beam carrying a system of loads. The portion of the beam 
to the right of the section is in equilibrium against vertical trans- 
lation, but it would have the tendency to rotate anti-clockwise, 
and the magnitude and direction of this tendency to rotation is 
determined by the bending moment at the section. At this 
portion of the beam there are internal forces induced by the 
external loading, and these forces produce at the section a 
couple whose magrdtude is equal to that of the external bend- 
ing moment, but acting in the opposite direction. Usually the 
internal forces will be elastic ones, as the beam will not be 
stressed above the limit of proportionality of the material. 
These elastic forces consist of pulls decreasing uniformly to zero 
and uniformly thrusts increasing from zero. These longitudinal 

* See Batson and Hyde {Mechanical TeatingyVol, I). Publishers, Chapman <& 
Hall. (See paragraph on Modulus of Direct Elasticity*') 

t h'or further work on strengths of materials, the student is referred to 
textbooks on the subject, (^ee references at the end of the chapter.) 

2-“(T.543o) 
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forces form a couple which must at any section, since the beam 
is in equilibrium, be equal and opposite to the bending moment 
at the section. This couple is called the moment of resistance. 

The axis about which the moment of resistance is taken is 
called the neutral axis of the section, and is that axis or that 

Direction Externa! Resultant Couple 
This side Into Compression 


This side Into Tension 


Compression 


Total Compression 


Moment Resistance -P^OL^fcCt 
of opposite sense to externa/ moment 


Total Tension 


t Tension 

Stress Distribution st X 


Fia. 20 

fibre of the beam which is in an unstrained or unstressed 
condition. It will be denoted by N.A. 

the algebraic sum of the moments of all 
the induced tensile and compressive 
forces taken about the neutral axis. 

17. Assumptions Made in the Theory of Simple Bending.^ 

(1) The beam is stressed within the limit of proportionality 
of the material. 

(2) Young’s modulus {E) is the same for tension and 
compression. 

(3) A plane cross-section at right angles to the plane of 
bending always remains plane. 

(4) There is no resultant pull or push on the cross-section 
of the beam. 

(5) The fibres are free to expand or contract laterally. 

* For simple bending to occur the external forces must be all applied in 
the plane in which the beam bends. It does not follow necessarily that a 
beam carrying vertical loads will bend in a vertical plane. Side or horizontal 
bending will occur if the beam be not symmetrical about a vertical plane 
passing through the centroid of the section. 


The moment 
of resistance 
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18. Let Fig. 21 represent a small portion of a bent beam, so 
taken that the form assumed is a circular arc of radius equal to 
the radius of curvature B, This is equivalent to pure bending, 
the moment being constant over the length considered. It occurs 
when a bar is bent under equal and opposite couples at its ends. 

0 is the centre of curvature, db is parallel to ac,ab lies in the 
plane of the neutral axis.^' 

Let ce be a fibre situated at a distance y in this case above 
the neutral surface ; in the figure it is in tension, so that it is 


greater by de than its original length cd 

^ , , increase in length 

. Stram m.' m = — — — — — .■■■ 
original length 

de de 

~~cd~^ab 

but as figures deb and abO are similar, 
de eh y 

But stress = E X strain 


ab. 


Tension 


Let == tensile stress in ce = 


then 


k 

E 


% 

R 

y 

B 



Fig. 21 


( 1 ) 


Similarly for a fibre situated at a 
distance from the N.A. on the com- 
pression side. 

Let/u = induced compressive stress 

■•'then.. 

Vili 

That is, the intensity of the direct longitudinal stress at any 
point in the cross-section is proportional to the distance of 
that point from the N.A., reaching a maximum at the 
boundaries farthest from the N.A. 

Let PQ (Fig. 22) be any cross-section of a beam. Consider 
a thin horizontal strip of that section parallel to the neutral 


^ The line ab is a ti’ace of the surface in which fibres do not undergo strain 
during bending. This surface is called the neut7'al surface, and its intersection 
with any cross-section is called the neutral axis. 
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axis, tlie breadth of the strip being dy, the length x, and 
y the height above the neutral axis. 

Stress at height V = 


Total force on the strip 


stress X area 
E 


R 

E 


.y .xdy 


-^y.dA 

where dA is the area of the strip. 

Total force acting on the whole cross-section is equal to tlio 
sum of all the small forces between the limits yt and 



E E 

Total force on the whole section = ^2^ . ^ Ay 

where A = total area of the cross-section and Tj is the height of 
the centroid of the cross-section above or below the N.A. 

But since it is assumed a plane section remains plane after 
bending, the total force on that section must be zero, or the 
total tensile forces are equal to the total thrusts. 

E 

Therefore ^ Ay = 0 

that is, y = 0, as E, j?, and A have definite values. 
Therefore, the neutral surface must pass through the centroid 
of the section. 

E 

Total force on the strip x ,dy ^ ,dA 


Moment of this force about the N.A. 


E 

E 


.y .dA .y 
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Moment of resistance for the whole section is equal to the sum 
of the moments for all similar strips 


E 

R 


■ dA 


R' 


where 1 = Sy^ • dA and is called the moment of inertia of the 
section about the neutral axis. 

Dimensions of I are [length units ]^ = [D]* where [D] 
represents a unit of length. 

Moment of resistance = external bending moment. 

E 

External moment = M = -^1 

Jti 


, M E 
and -y = -5 
1 It 


Also 


E 


R' 

therefore M - 


f 

y 


■f 


y 


( 2 ) 


(3) 


(4) and (5) 


The general relation can be expressed as, 

M E f 

I - R-y • • 

where / may be a tensile or a compressive stress and y is the 
distance of the fibre from the neutral axis. 

The maximum intensities of stress are at the outer 
boundaries, and if these are ft and /„ respectively. 


ryt 


yo 


ft = MY : - if f 

If a section is symmetrical about the neutral axis, i.e. 


yc 

then ft 


yt 

fc 


I . 


The quantity - is called the “ Modulus of the section,” and 

is usually denoted by Z, 

so that M = fZ 


( 6 ) 
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There are two moduli for every section which is not sym- 
metrical about the neutral axis: one = and the other 

ihj. 

Dimensions of Z are [length units]^ = [L] ^ 

Problem 5, To what radius of curvature may a beam of 
mild steel be bent so that its maximum tensile stress will not 
exceed 8 tons per square inch? 

E = 13,000 tons per square inch 
Depth of beam 10 in., and the beam is symmetrical about 
the N.A. 

^ tons/sq. in. 

' y^R ^ 5in. 

^ Ey 13,000 X 5 . 

^ = m. 

Jt ^ 

= 8125 in. 

== 677 ft. 

19. Notes on Moments of Inertia, (a) Let a thin lamina of 
area A consist of a number of small areas etc., 

situated at distances . fg • from some axis HR 

Then the moment of inertia of the lamina or total ax'ea 
about the axis MR 

== Ear^ 

?= E moment of a moment. 

Imagine the whole area A concentrated at a distance k from 
RR, so that 

AF== ^ . (8) 

then h is called the radius of gyration. 

(6) Let XX be an axis through the centroid of the area A. 

Zjcx == moment of inertia about an axis XX 
Let MM be an axis parallel to XX at a distance m from it. 

Then = hx + . . • (9) 

(c) Let there be three axes, OX, 07, OX, mutually per- 
pendicular to oiie another and meeting at the origin 0, which 
is the centroid of an area A, The axis OX, being at right 
angles to the plane of the area, 

then Z 22 = Zxx "h • • • (10) 

From the relation expressed in equation (10), any number of axes 
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OX and OY may be drawn at right angles to one another, 
and the sum of their moments of inertia will be equal to /zz, 
that is, a constant. 

Thus, if the moment of inertia about one of 'these axes is a 
maximum, then the moment of inertia about the axis at right 
angles to it must be a minimum. These axes are spoken of 
as the ‘‘ Principal Axes of Inertia.” 

A principal axis can also be an axis of symmetry ; and if 
an area has one axis of symmetry, this will give one principal 
axis, and the other principal axis can be determined by draw- 
ing it through the centroid and perpendicular to the axis of 
symmetry. 

Referring to Fig. 23, let OX and 0 7 be the principal axes 
of inertia for the given area, y 

\T- 



Let /xx he the maximum moment of inertia 
and /yy ,, minimum „ „ 

OP and OQ are another pair of rectangular axes at an angle 
a to the principal axes, 

then Zpp 4” == Zxx 4~ Zyy , . . . (11) 

It can be shown that 

Zpp = Zxx cos^ a + Zyy sin^ a . . . (12) 

Zqq = Zxx sin^ a + Zyy cos^ a ... (13) 

20. The Momental Ellipse. OX and OY are the principal 
axes of inertia of a plane figure. (Fig. 24. ) Let Zxx > Zyy, OP 
be an axis inclined at an angle a to OX, 

then Zpp = Zxx cos^ a + Zyy sin^ a 

Note. The theory of simple bending can be used for unsymmetrioal beam 
sections, if the applied bending couple is in an axial plane which contains 
one of the two “Principal axes of Inertia.’* 
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Let the lengths OB, 08, OT be measured to the same scale 
along the axes OX, OP, OY, su_di that 



/T 

1 . 

o 

11 

11 

Vzxx' 



IT 

1 

08 = p = 

V Zpp 

kpp 


IT 

1 

o 

II 

11 

VZ^Y ' 

kyy 

A = area 

of the figure 


It can be shown that y and a; are the semi-major and minor 
axes of an ellipse, which is known as the mommtal ellipse . 
the point 8 lies on the ellipse. 



.-t 




) 


— h — 

y 


Fig. 25 



If the principal moments of inertia are known, then the 
semi-axes of the momental ellipse can be found and the 
ellipse drawn to scale. If any radius be drawn and its length 
r measured to the same scale as x and y, the moment of 

A 

inertia about that radius = ^ . 


IRj'y ATVriP Ti*Fj S 

(a) Find the moment of inertia of a rectangle about an axis parallel to 
the ends and passing through the centroid. Construct the momental ellipse 
for a rectangle 2^ X 5^. Also find I about an axis through the centroid at an 

angle of 60® “with the X axis (Fig. 27). 

d 


Prom Fig. 26, = f\.b-dyy^ 

o' 


Z„ by similarity 


12 
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For the given rectangle, Fig. 26 

j _ 2 X 53 
Ixx. - 


y 


12 

5 X 2® 
12 
T _ 

Ixx 

T 


V: 


== 20*83 in.^ 
= 3-33 in.4 
= 0*693 
= 1-732 


X and y are the semi-axes of the momental ellipse. 
Tqqo measnres 1-14 /. Iqqo = 




By calculation 

= 20*83 cos^ 60° 


(M4)2 




3*33 sm2 60° 
A. D / 


= 7-69 in.4 
7*718 in.^ 



Y 



For a square of side S, 

: : Ixx ' 


12 


(6) For the given section (Fig. 27), find the greatest and least moments of 
inertia. Draw the momental ellipse for the section, and use it to find the 
moment of inertia about the axis OB.. 

JyY = 2 X iV X ^ X 4^ A ^ ^ (i)^ 
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Area of section = 5-75 sq. in. 


rjo" measures -445 Ijo” = 29-03 in.‘‘ 

(c) *For an angle iron X W X i", the monaental ellipse is as in 
Fig. 28. The student is requested to check all the moments of inertia for 
himself. 

Y OX is an axis of symmetry and tliere- 

1 _ fore a principal axis. OY will be the 

other. 

= 7-27 ; /xx of AADE = -628 ; 
^ JxxofXDX.B = 2-25 

7^^= 3-632 in.^* 

/xx = 2(2-25 + -628) = 5-756 in.« 
/„ = 2 X 3-632-5-756 
Fig. 29 = 1-508 in.'* 

The semi-axes of the momental ellipse are a; = -751 and 
y= 1-468. 

(d) The Cibole. (Fig. 29.) To find the moment of inertia about a 
diameter, it is necessary to find, first, the moment of inertia about the axis 
at right angles to the plan© of the figure and passing through the centre, 

pH 

also /„ = / 2TTr • dr • 

= iTT/e* 
ttR^ 

.•./xx=-^ 


(e) For a Hollow OmcfLE. 


where J?, 


external radius 
internal radius 


The momental ellipse becomes a circle for the circle, and also 
for cross-sections which are similarly symmetrical about the 
two mutual axes : e.g, the square. 


* Examples (a), (6), and (c) (pp. 28-30) are from Mann’s Fractiml M<?^th^rrhatics^ 
by permission of Messrs. Longmans, Green & Co. 


SIMPLE BENDING 


31 


21. Routh’s Rule. If a body is symmetrical about three 
axes which are mutually perpendicular, the (radius of gyra- 
tion)2 about one axis is equal to the sum of the squares of 
the other two semi-axes divided by 3, 4, or 5, according as 
the body is rectangular, elliptical, or ellipsoidal. 

Examples. 

Eectangle — only 2 axes, 

then (radius of gyration )2 about an axis through the centroid 
and parallel to the ends 




I = bdx 


Circle (fS'diameter)^ — 


l,\in 


(fj 


diameter ' 


+ 

0 

d^ 



3 


~ 12 



X 





12 " 

“ 12 




dr 





16 





d^ 

TT# 


4 

A 

16 ■“ 

64 ' 



liLllipSC (^major axis)^ 


Area ellipse = 


. ^2 
axis; 


(semi-minor axis)^ 
(semi-major axis)^ 


77 (semi-major axis) (semi-minor axis) 

22. Graphical Methods of Finding Moments of Inertia for 
Unsymmetrical Figures. {See Fig. 30.) It is required to find: 

(1) The position of the centroid with relation to some axis. 

(2) The moment of inertia about this same axis, and from 
which I for an axis through the centroid and parallel to the 
axis of reference can be obtained. 

Enclose the irregular figure in a rectangle, and let two 
adjacent sides OP and OQ be the axes of reference. 

i? is a point where the axis OX touches the figure. 

Divide the figure into a number of horizontal strips of dy 
thickness. 

Let LM == the width of one strip, 
then LM ^ dy == the area of this strip. 
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LM is at a distance y from OX. 

Let AB be the projection of LM on Q8. 

Join A and B to R, to cut LM in L-^^Mi- 
Do the same for other strips and join up corresponding 
points -Z/iiUi to form a new figure called the “ first derived 
figure.” 

Y 



Let A — area of the original figure 
Ai— area of the first derived figure 
d = depth of the figure between the sides of the 
rectangle Q8 and OP 

Then y the perpendicular distance of the centroid from the 
axis OX 

d X area of the first derived figure 
~ area of the figure 

To Find 7xx (Moment of Inertia about the axis OX) 

Let CB be the projection of L^M^^ on Q8. 

Join 0 and D to R, to cut L^M^ in L^Mi- 
As before, continue for other strips and join up all similar 
points L^Mz to form a “ second derived figure.” 

Then — d* X area of the second derived figure 
The areas are best found by means of a planimeter. . 

An example of derived figures is given in Fig. 31. 

23. The Modulus F^ure. It has been shown that the 
external moment 

M = stress X modulus of section 
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For non-matliematical sections, the modulus ol the section 
can be obtained graphically from the construction of the 
modulus figure. By graphical or experimental methods, find 
the centroid of the section. Through the centroid, draw the 



axis about which the beam will bend. This will be the 
neutral axis. 

With a pole 0, in the neutral axis construct the first derived 
or modulus figures on the tension and compression sides, 

(a) If a tensile stress is the working criterion, the tensile 
modulus figure is required. If yt is not equal to y^, then on 
the compression side take a base at a distance yf from the 
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neutral axis. All strips on the compression side have to be 
projected on to this base. 

All strips have been reduced into terms of the outer tension 
boundary, and therefore the modulus figure is now an 
area over which the stress is a constant, being equal to the 
skin or boundary tensile stress. The total tensile or com- 
pressive force will act at the centroids of the respective 
derived areas above or below the neutral a.vis. If the area 
has been reduced to terms of the maximum tensile stress, 
then M =ft X At x A 

where At = area of the derived figure found from the 
tensile basis above or below the N.A. 

Dt = the distance between the centroids of the 
tensile and compressive derived areas 

Shaded Areas = Modulus 


Tension 

Flange, 


Modulus Figu.re. lA. U 

Tension Basis. .. , , 

Modulus Figure. 

Compression Basis, 

Kio. 32 Fro. 33 

The positions of the centroids can be found by experiment. 
An illustration is given in Pigs. 32 and 33 and in Fig. 37. 

(b) If working with compressive stresses, then the compres- 
sion modulus figure is found by a similar construction. 
Illtjsteativb Problems of Normal Stresses in Beams. 
Problem 6. A roUed steel joist has the following properties — 
Depth. Width of flanges. Area of section. J^x 
10 in. Sin. 20-6 sq. in. 345(in.4) 71-6(in.«) 

Such a joist is to be used as a beam 20 ft. span, loaded in the 
centre, with the web vertical. Find the safe load that can 
be carried if the factor of safety is 4. (London Univ., 1923.) 
The neutral plane will be XX. 

The ultimate stress for good mild steel is about 32 tons/sq. in. 



SIMPLE BENDING 


35 


32 

Therefore the safe working stress will be = 8 tons/sq. in. 

Let IF tons be the safe load required. 

Wl W X 20 
4 “■ 4 


Maximum moment 


5 W tons -ft. 


60 W tons-in. 

yi= 5 ia. 

= 8 X 69 

9»2 tons. 

Problem 7. A compound beam (Fig. 34a), formed by rivet- 
ing together two rolled steel joists 16 in. deep, has a span of 
25 ft. and carries a uniformly-distributed load of 35 tons. 

726in.* = 27 m.L 

Take the beam to be so loaded that the flanges are stressed 
as in Fig. 34a. The joists are illustrated in Fig. 34. 


M ==' 

8 

X 

I XX 



Vt 

6017 == 

8 

X 

345 

p 

t. 

i 


8 

X 

69 

— 

— - 


60 



H- 




1 


Compression 


2ll6x6'''S)62*’ 


Tension 
Fig 34a 

(1) .B'ind the position of the N.‘A, above the tension flange of the compound 
beam. Fig. 34a. 

Take moments about 0. 

2 X 18-22 Xy = 18-22 X 8 -f 18-22 X { 16 + -y 1 
From which y — 12-1 in. 

— Moment of inertia about the axis through the 
centroid and parallel to the tension flange. 
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Neglecting the effect of the rivets and rivet holes, for the 

compound beam 




726 


+ 18-22 X (4-1)“ + 27 + 18-22 X (4-18)2 


1380 in.* 

The compression boundary is 4-18 + 3=7-18 in. from the N.A. 
„ tension .. “ ” 

(1) Neglecting the weight of the beam, the moment at the 
centre, which is a maximum, is 

^ = ^ -where W is the total load in tons 
8 8 

35 X 25 X 12 

Maximum moment = g 


tons-in. 


Let /(, = maximum compressive stress in tons/sq. in. 

tensile » >» 

35 X 25 X 12 „ . , 1380 

Then g— ==/« X ^.ig 


= 6-8 tons/sq. in. 


35 X 25 X 12 _ . 1380 

Also 5 Jt X jjg.l 


8 


/, == 11-5 tons/sq. in. 


(2) Allowing for the weight of the beam, to find the additional 
stresses due to this weight. 

Total weight of beam = 2 X 62 X 25 lb. 

= ,3100 lb. = 1-38 tons 

Now 35 tons distributed load cause stresses of 6-8(/c) and ll-5(/t) 

/. 1-38 tons distributed load cause stresses of 

6-8 X 1-38 , , 11'6 X 1-38 . 

(compression) and ^ (tension) 

= 0-27 tons/sq. in. and 0-45 tons/sq. in. 

compression tension 

additional stresses which are small. 


BIMFM BENDim 


37 


REl^’ERENCES 

Practical AJ nth cm a tics, Mann. (Longmans, Green & Co.) Examples of 
Momenta! Ellipses — Grapliical Methods and proofs of — Calculations of 
many worked-out examples. 

Applied Mechanics, Goodman. (Longmans, Green & Co.) Many Illustra- 
tions of Modulus Figures for different sections — -Tables of Strength — 
Moments of Inertia. 

Strength of Materials, Morley. (Longmans, Green &. Co.) 

Materials of Construction, Upton. (Wiley.) For Notes on materials and 
strength of materials. 

Mechanical Testing (2 Vols.), Batson and Hyde. (Chapman <& Hall.) 

Design of Modern Steel Structures, L, E. Grinter, (Macmillan.) 

See also References, Chapter I. 

EXAMPLES 

1. Tiiree wooden planks, a, 6, and c, of the same material are laid side 
by side across a span of 7 ft., and a load of J ton is laid across them at the 
centre of the span, so that they all bend to the same radius of curvature. 
Each plank is 6 in. wide, the depth of the two planks a and c is 3 in., and 
of b (the central plank) 6 in. Determine — 

(а) The load carried by each plank. 

(б) The maximum intensity of stress in each plank. 

2. A bar of steel, originally straight, is bent to a radius of 600 in. ; the 
bar is 2 in. wide and 1 in. deep in the plane of bending. Find the bending 



moment and the greatest intensity of stress induced in the bar. Prove the 
formula employed. {D = 12,600 tons per square inch.) (I.C.E.) 

3. In a supported T beam of span 20 ft. and 10 in. deep, the sectional 

areas of the web and flange are equal. The beam has to carry a uniformly- 
distributed load of 4 tons, and the allowed working stresses are 3 and 5 tons 
per square inch in compression and tension respectively. What is the 
sectional area of the beam ? ^ (I.C.E.) 

4. A cast-iron lintel beam spans a window opening 14 ft. clear in width 
and carries a load from the brickwork above, assumed to be that included 
in an equilateral triangle of which the lintel forms the base. The brickwork 
is 18 in. thick. If the cross-section of the lintel is as shown in the sketch 
(Fig. 35), what is (a) the maximum compressive stress ; (6) the maximum tensile 
stress, produced in the cast-iron t The weight of 1 cubic ft. of brickwork 
= 1001b. 
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Centnad 


Area of Ha jf 
Modulus Figure 
Z5sq. ins, 


Neutral Axis 


ote :- 

Modulus Figure 
shaded , 


^entFold Mod, Fid. 
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5. A stool angle 4"' X 4''' X 4^ is 10 ft. 6 in. long, and built vertically 
ini.o a eoncrott) foundation. The upper end is quite free except for a wire 
ropo inolinod at 45*^ to the iloor. This rope passes through a hole (P) in one 
side of thf‘ angle 2 in. from the corner and 10 ft. from the floor. The rope is 
in the same \*tu-tical ]>lano as the face of the angle through which it passes, 
and (.‘arri{?s a load of 2001b. The moment of inertia about the neutral axis 
of tlio cross section is 1*93 in.'^ The neutral axis is distant x = M7 in. from 
the corner. Fiiid a]>proxiinately the maximum stress produced in the angle. 

(U. of B.) 

G. To %vhat radius niaj'- a wooden beam 12 in. deep be bent if the skin 
stress may not exceed 1000 lb. per square inch, assuming JS? = 2 x 10® lb. 
per square inch ? If the beam is of rectangular shape, 6 in. wide, what is 
then its amount of resistance ? 

7. A rolli^d steel joist, 12 in. deep, has a span of 20 ft. and carries a load 
of 10 tons uniformly distributed, and a concentrated load of 3 tons at the 


centre of thci sf>an. The flanges aro 7 in. wide and *875 in. thick, and the 
wob is O-G in. thick, Bef.ennine the maximum stress due to bending. 

(L.XJ.,dnly 1923.) 

8. An I seivtion sf.eel joist, 9''' X 4^, M. of I., 81 in. units, has a span of 
12 ft. Firai tho maximimi safe distributed load per foot run it will carry 
with a working stress of 8 tons per square inch. 

9, Find by a graphical method the “modulus of the section ” of a joist 

lO"" X 5'^ X 4A Construct a scale for the modulus figure. (U* qf B.) 

10. A rectangular bc^am of wood 10 in. deep and 6 in. wide, and having a 
length of l()ft., is supported on two supports 10 ft. apart, one support being 
at tlio h^ft end of the bt>am. The beam is loaded with a load of J ton per 
foot run. Draw tho diagram of bending moment, neglecting the weight of 
the beam, and find the maximum stress per square inch in the beam. 

11. Toint out tho xneaning of the moment of inertia of a section of a loaded 
beam. Find t he momoixt of inertia of an area consisting of a rectangle 10 in. 
wide and 12 in. deep from which has been taken a smaller concentric rectangle 
9 in. wide and 1 1 in. deep about an axis 6 in. below the top and p^arallel to it. 

(LC.B., AprU 1923.) 

12. At what distance d should the two channels bo apart in Fig. 38 

BO that lyy, XX and yy are the 2 axes of symmetry. ^ 

13. Fin’d the moment of inertia of the section about the axis xx and ai^ 
about an axis through tho centre of gravity parallel to the axis xx. Fig. 36, 

page SB. , £ 1 

Method. Divide the lcngt<h of the section into small lengths oi, say, u in. 
Then the area of the whole section ^ n X *1 X t, where n = number oi 
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lengths. Let y = arm of each small length from the axis xx, then 

neglecting the moment of inertia of each small length about an axis through 
its own centroid, 

which, if a is constant = 02^2/® 
where a = (•! X 0 sq, in. 

14. A piece of steel has to be bent round a drum 5 ft, in diameter, IDeter- 
mine the maximum thicloiess the steel may have, if the stress is not to 
exceed the limit of proportionality of the steel which is 14 tons per square inch, 

12,500 tons/sq. in. (U. of L.) 


CHAPTEK in 

Depleotion OE Simple Beams 

The determination of deflections will be ascertained from the 
differential equation of the deflection curve and also by the 
use of the bending moment diagram. 

24. In the chapter on “Bending,” the relations between 
moment, stress developed, and curvature were found. 

f _ M __ E* 
y~ I ~B 

For very flat curves and for which the radii of curvature are 
very big, 

B dx^ 

^ M 
dx^ 

DC positive. 


iSj 7 et 



origin. 


max. 

' positlve.\^^^ 
doc 

)$fope positive. 

i radians ~ tan i 

dLoc 


origin. 



(b) 


positive. 


tan i = dy^ positive. 


Fig. 39 


doc 


In Fig. 39, (a) is a simply supported beam : under any system 
of loading the beam will bend concave upwards ; that is, the 
displacements from the horizontal position will be in a down- 
wards direction. The amount of displacement at any point 

* This is the expression derived from the case of so called “pw© bending.” 
The same equation may be used for the bending of prismatical bars by 
transverse loads, if the effect of the shearing forces be neglected. 
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will be the deflection of the beam at that point. Let this 
displacement be positive when measured in a dowuwarcls 
direction and be equal to + y. 

When writing down the fundamental ecpiation of any simple 
and fixed beam, always start from tlie left of the beam as 
origin, and give the moments their correct sign according to 
the way they tend to bend the beam about the left of a 
section considered, and which were indicated in Cliapter I. 
These signs will give, on solution, the correct sign for tlie 
displacement y. 

Ill the case of the cantilever, th.e fixed point is taken as 
origin, Fig. 39, (6). For overhanging and continuous beams the 
left-hand support is considered as the origin. 

For symmetrical loadings, deflections can be most elegantly 
found by mathematical methods : for systems of iiTCgular 
loadings, it had been found necessary to use graphical methods. 


Wj W2 % % % 



but a mathematical form developed by W. H. Macaulay* can 
be used in all cases and is much simpler. It can be used for 
all kinds of beams having El constant. 

(li^J 

26. The slope of the tangent at any point == —== tan i 

— i radians, where i — angle in radians which the tangent 
makes with the x axis, and it is always very small, so that 
tan i is nearly equal to i. 

The Difeeeential Equation oe the Deflection Cubve 
26. General Mathematical Method (Fig. 40). (Due to Mr. 
W. H. Macaulay.*) OA is a simple beam loaded in an irregular 

* Messenger of Mathematical Ho. 673, xlviii, Jan, 1919, Also refer to 
“The Elastic Equation for Beams"’ by W. D. Womersley, Concrete and 
Constructional Engineering, VoL XX, 1925. 
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manner and of length 1. Take the origin at 0 (the left-hand 
support), and the axis of x to the right and positive. Take 
any section X distant x from 0 and beyond the last applied 
load. lio and are calculated by the usual methods. 

Moment at X 

= M^= -Ii,x+ Wi(x-a)+ W 2 (x-b)+ . . . W„(x-n) 
This is an expression for the moment for any section X, if the 
terms inside the brackets are omitted for values of x, which 
make them negative. 
d^y 


El 


dx^ 


M. 


■ + Wi{x ■ 


Integrate twice (taking El, constant), 
>3 PF ■ W 

EIy=^-B,-^ + -^^(x-a)^+ " 


«) + Wz(x- 

+ • 


b) 


W„ix-n) 


If, 

6 


- (a: - n)^ 


(eqn. C) 


Q ix-b)^ + 

Ax A- E 

This expression is true for all values of x between 0 and I, 
omitting terms which become negative for particular values 
of X. 

Tor simple beams, when a: = 0, y = 0 ; 

Then 5 = 0 

To find A, put X — I, then y = 0 (generally) ; Then 


0: 


If, 






6 


-1^3 4-B , 

6 ^ ^ 6 

Prom this latter equation, A may be found : substitute it 
in equation C to give the general 
value of y. 

The slope at any section will be 
found by differentiating y with 
respect to x when the value of A 
is known, and the resulting equa- 
tion wiU hold good for any value 
of X, omitting terms in the 
brackets which become negative 
for particular values of x. < 

Examples. 

(a) Simple Beams. Load at the centre. (Fig. 41.) Supports same lieight. 



ymsx. 

Fig. 41 
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El 


d^y 


M,. 


Wx 


+ IF 


W 


dx^ 

when, z = 0 y = 0 . 

When x — l, y = 0, 

TF „ W [I 
then 0 = + 


(-i) 


5 = 


~A.x "F 

= 0 


H- Al 


Al: 
A ■■ 

Ely 


iWF 

48 

16 

lFa;5 


W 


12 +¥'*■ 


+ 


m^x 

16 


which holds good for sections between 0 and B. 
Obviously for all sections between 0 and 0, the 

I 

term wiE be negative, as a: < ^ . 

Between 0 and G, 

Wx^ , Wl’^x 

^^» = -TF + TF 

^ is a maximum when ^ ^ 

i.e. the deflection is a maximum, 

Wl^ . Wl^ 


when Ely^ 


96 32 


WU 

48 


Between 0 and B, considering slopes 
^dy lFa:2 . W 


dx 


EIL 


W 

16 


4 ^21 2/ ^ 16 


(4*2- 8icZ + 3P) 


middle 


• ( 1 ) 
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Between 0 and C, 
.dy 


Eli^ . 
dx “ 


Wx^ W 

T” 16 


when a; = 0, 

I 

„ a: =2 


WP 

IQEI 

= 0 


• ( 2 ) 


(6) Simple Beam, with Uniformly-distributed Load the Whole Length of the 
Beam. (Fig 42.) Supports same height 

Opt^ln 




uj tons per /botym/? 


Fig. 42 


;^run* 


a 


M. 


Eb 


M, 


Ely 


wl 

¥ 

X 

2 


wl , X rnr^^y 

■jX + WXX 

wl ^ , w 




12“ ' 24 

When a; = 0, y = 0, B = 0, 
and X — I, 2 / = 0, 
wZ* wF 


then 0 = 
A ■- 
Ely 


12 + ^ 


wF 

24 


wl „ wsF , wF 
-12* + 24 


The maximum value of y (giving the maximum deflection), when 

I 
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12 8 ^ 24 X 16 * 24 

5wP wF W¥: 

38iU "" 76-81/ T6^“lj 


max 


max 


(c) Simple Beam Symmetrically Loaded with Equal Concentrated Loads, 
(Fig. 43.) Supports same height. 

Y Y OB is a beam of length Z, 

^ Z-2a having loads of W at distances 

\^ou ^ — a from 0 and B respectively. 


The moment at any section X 
between C and D (OX^ = %), 

= - B(){a 4 “ 5 


constant 


constant 


Therefore, between C and D, the beam bends to the arc of a 
circle. 

Take a section X between D and -B, 


When X ^ 0 
When X =^L 
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a-li- a is neglected because it is negative. 

WaH 2_V WaHi . Wa^ 


The deflection is a maximum at the centre of the beam 


7nax 


max 


The relative deflections at the centre of the beam and at the 
load points 

_ constant moment Wa between loads)*. 
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El 


Differentiating equation (4a), 
dy Wx^ . W 


dx 


Eli,, 


W 


2 ^ ~2 + "2^ (^ ~ - a) 


+ - 


Wal 


Wa^ 

2 


At the origin, x = 0 
EIL 


Wal Wa,^ _ 
At the centre of the beam, ij 


A 


At the load point 0, x = a 

Wa^ 


Eli, 


Wal Wa^ 

2 

Wa 

constant moment x (distance between loads) 


9 9 


2EI 


(7) 


27. Note. The relative deflection at the centre of the portion 
of a beam of length bending to the 
arc of a circle and a load point can 
be proved from the properties of a 
circle. (Fig. 44.) 





- 2By + y^ + 


7 2 


Fig. 44 


y (2i? - y) 

or ?/ . 222 




neglecting y^ as being of the second degree of smallness. 

7 2 

h 

SB 

1 M , ,, ,, 

== ^ (constant) : then y - 


y 


R~ El 
where 2tf is a constant. 


SEI 


( 8 ) 
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28. Overhanging Beams. Equal concentrated loads at the 
ends of equal overhangs. (Fig. i5.) Supports O, B, at the same 
'level. ■ 

Tim ease ls exactly the reverse of the last example considered 
(Art. 26c). The beam between 0 and B will bend to the arc of 
, a circle. , ■ . ■ 

Let OJ? be the base line, and let ? = + 2a. 

At the centre of the beam, the deflection above OB will be 


Vc ^ “* 


Wak^ 

8EI 


being negative because tbe deflection is upwards. 



The loaded ends will deflect below the base line by amounts 

t/c and (and y, = j/d). 

, WaH ma^ 

where Elyg^ ■ 


2 

Wa\ 


+ 


3 

TFa® 


(eqn. 5) 
(eqn. 5) 


2 ' 3 

The slope of the beam at the support 0 

_ Wal^ 

'^0 “ 2EI 

These results will be obtained by taking 0 as the origin and 
obtaining an expression for the moment at a section X. dis- 
tance a; from 0 and between B and D. The deflection of G 
is the same as for D ; for any section between B and 2) 

Jf* = W{a x)- Wx -W{x- li) 
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A beam of length 20 ft. is loaded as 


Illustrative Problem 8, 
in Mg. 46. 

Find — 

(а) the maximum deflection and the section where it occurs ; 

(б) the deflection and slope at the load point ; 

(c) the slopes at the ends of the beam. 

Take E = 13,000 tons/sq. in. 

7= 300 (in.)^ 

= 3 tons 22 b = 9 tons 

At any section X between G (the load point) and\5, 
ikf* == - 3a: + 12(a: - 15) 

iJZTons 


Solving : A = + 187-5 


The maximum deflection will occur at some section between 
0 and G ; the equation for any section between O and G is 


In this case, x always < or = 15, and {x - 15) therefore 
always negative or zero, and is eliminated. 
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For maximum deflection. 

a:2= 125 
.-.. x= 11-2 ft. 

The maximum deflection is at a section 11-2 ft. from 0. 

11-28 


13,000 X 300 X jr 


-f 187-5 X 11-2 


E and I are in inches and x in feet ; the right-hand side of the 
equation must be multiplied by 12® to make the units correct 
on both sides. (a;ft.)3= (12a:)8in. ; y will then be in inches. 
39 X lOSy == 1400 X 1728 
y = -62 in. 

The deflection under the load point is 

158 


Slopes. 

eA = Eli^ 

dx 


Elyc 
Solving y. 


+ 187-5 X 15 


-5 in. nearly. 


EIL 


Eii^ 


' 


+ 6{x ~ 15)^ + 187-5 for sections between C and J5 
+ 187*5 for sections between 0 and 0 


As E and I contain inch units, and a; is in feet, multiply the 
right-hand sides of the equations by 12^ to make the units agree. 
When X == 0 

187-5 X 144 

= + *00695 


at X 


^ 39 X 105 

15, i.e. at G, 

152 

- 3 X 187*5 

39 X 10^ 


X 144^ 


•005(3 


* For simple and fixed beams loaded unsymmetrically with one load, the 
maximum deflection occurs in the longer portion of the beam between the 
load and a reaction. 
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At X — 20, tlie right-hand support, 
{ 20 ® 

- 3 X -^ + 6 X 52 -f 18 


29. The general mathematical method can be made to apply 
to any irregular system of loading of cantilevers. (Fig. 47.) 

Take any section X between 
I 1^1 *^2 % the origin and the first load, and 

X \ I t Y distant x from 0. 

' Let the loads be Wi, W. 2 , Ws, 
etc., at distances a, b, c, d, etc., 
I^IZJLc— — »- from 0 . 

|< d moment at X, taking 

^ moments to the right of the 

section, will be positive ; El = 
constant. 


Then A 


when a: =: 0 


and Ely 
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W,{a-x)^ W,{b-x)A 

6 6 ■ 

Wia^x Wi^bh: . . Wji^x 


+ 


+ • . • + 


6 


6 


(9) 


To find the deflection at 
any section X, values of . 
(« - x), {b - a:), etc., which i 
become of negative value, 
are eliminated. 

If a; — Z, all terms (a - x), 
etc., disappear, even when 
n <1. 



With one load W at the end of the beam, x — n 

tS.) 

Wn^x 


I and 


W„ = W. (Fig. 48.) 


Then 


and - 


2 

Wn^ 

6 


WP 

2 


If Z® 
6 


)Sum 


IfZ® 

3 


IfZ® 


Deflection at the end of the cantilever due to W only = ^ 


u/ft.rum " 


.n ■ 


Fia, 49 


-f- 


30, In the general method, 
if there is a distributed load on 
- a part of the beam, imagine 
^ it extended to the section X 
taken. The part added is 
neutralized by a load acting 
upwards on the extended 
portion. 


E.g. (in Fig. 49) 
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31. Examples.*^ 

(a) Cantilever Beams > A concentrated load of W tons at the end. (Fig. 48.) 
For any section X, the moment is clockwise to the right of the section and 
positive* — {El constant) 

dh^ W{l-x) 
dx^ ~ El 


dx 


E 

El. 


W 

El 


I' {l-x)dx + 0 


{9a) 


(7 is a constant of integration. 

, A 

whena;=0, 


At X 
Integrating (9a), 


I, ii is a maximum 

E 

El 


0, G 

__ W 
“ 2EI 


,/(-{) 

W (Ix^ x^\ , ^ 

2 6/ ^ 


dx 4" OjL 


units 


( 10 ) 


(lOa) 


( 11 ) 


The slopes and deflections 
at other sections are found 
by substituting the necessary 
xalues of ir in equations 9a 
and 10a where G and Ci are 
Fig 60 both zero* 

(6) Cantilever of Length Z, with a Concentrated Load of W tons a Distance 
from the Origin (Fig. 60.) 

At the point of loading C, 

Wl^ Wl^ 

wi * 

Between G and the end of the beam there is no moment, 
so that the slope of the beam will be a constant = 

* The examples (a) and (6) for cantilevers are worked out by straight-^ 
forward integration. The student is asked to work out the problems dealing 
with irregular concentrated loadings by the method indicated in paragraph 29. 
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The deflection at any section between G and A, and 
distant 6 from 0, is 


' W1 3 

J/b = gjj- + (slope from 0 to B) 

~ lEI + 2EI • • ' ' 

The deflection at the end of the beam 

W , W{l-h)h^ 


( 14 ) 



ri 

X 

^ to tons foot 

Irun*- 



T FT 

< 1 — 

^ 


ZEI 


+ 


2E1 




^max. 


QElA'^^ 


( 16 ) 


Fie. 51 


(c) Cantilever with a imiformly- 
distributed load of w tons per 
foot run. (Fig. 51.) jS?I constant. 


dx^ 


M 

El 


= + 


w{l-xf 


• ^ 
* ■ dx 


a; = 0, 

I, 


V) 

Wl 


2EI 

j' {l-x)^dx + C' 

w {l-xy 


X 


~'~2EI 

10 — ^ 

11 — maximum 


3 

wP 

QEI 


+ 0 


wP 

^ • 


( 16 ) 

( 17 ) 


• ^ 
' ■ dx 


w{l-x)^ wP 
’ + 


6EI QEI 
Then = x)^ + Z®]ite + 


w 


w ni-x)^ 


1 


:»0 I I vnf 
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X — I, yi= maximum 

wZ* wF 
ymax = '6®f "MffI 


Wl^ _ WP 
8EI ~ Mi 


{ 19 ) 


The slope and deflection at any section are found by giving a; the 
necessary values in the equations, for 4 and giving C and 
their values. 

32. Relations between Slope, Deflection, and Moment; see 
also Art. 12 ajiZe. 

Take El constant 






/■ 


M * dx; 


dy 

dx 


r 3i 

J'E. 


if , 


Let 


be the slope at a section Xg 
distance from the origin 

5 , ~ at a section X^, distance from the origin. 

Then = f M -dx^ \ . . (20) 

L Jxi 

-- area of the bending moment diagram between 
the sections to jTg. 

The angle between the two tangents at Xj 
and Xg equals the area of the bending moment 
diagram between the corresponding verticals 
divided by El, 


Let Xi = 0, then 


Then L 


slope at the origin 


io 




if • dx 


( 21 ) 


/mFLMGTION OF '■■ BIMPLE BEAMS : 


57 


Generally for cantilevers and fixed beams, = 0, (but regard 
must be paid to the moment sign) if the fixed end is at the 
origin.'' ■ ■ 


■ dx 


(22) 


Further == J* 

Then dx 

Jx—Xj^ 

= area of the slope diagram between and Xj 
If a?! = 0 : = 0 

m, r? 7 area of the slope diagram 

S'-, “i’--''* “ between Z. and the o^in ' 

r. yS= f w . dx; M = J J w .dx. dx; 


SUMMABY. 


J 

dx'^ ~ m 


If w .dx . dx ; M — J' Sdx. 


Total change of slope <f> 


~ dx- ^ - Elf ■ 

= «/// w ,dx .dx ,dx 

y — .dx — -^J' Jm .dx .dx 

-ifff 8 .dx .dx .dx 

-mil If w . dx . dx . dx . dx. 


dx . dx 
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33. Relations between Load, Shear, Moment, Slope, and 
Deflection. 


Shear = 8 


Rate of loading = w 


where El may 
be constant or 
variable. 


Deflection 


♦Integrate between x = and x ~ x^ 


Mx .dz when El — constant 


35. The Interpretation of Equations (20) and (24). 

EqvMion (20). The angle between the two tangents at the 
points and distant % and from any origin of the 
deflection curve equals the area of the bending moment dia- 
gram between the verticals through and X^ divided by 
El.— Rule (1). 

Eqmticm (24). Imagine a vertical taken through the origin 
of the beam, and again consider the two points X]_ and Xj 
distant x^ and ajg from the origin. The left-hand side of Equa- 
tion (24) represents the distance between the point of inter- 
section of the tangent to the deflected beam at X^ with the 
vertical through the origin, and the point of intersection of 
the tangent to the deflected beam at X^ and the vertical 


* Integrate by ” parts method, 
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m 


through the origin. This is equal to the moment about the 
origin of the bending moment diagram between the verticals 
through Xj and Zg <ii^ided by El, which is the right-hand side 
of equation (24). 

If the origin is supposed to be moved to the point Zj, then 
the displacement of Zj from the tangent at Zg is equal to the 
moment with respect to the vertical through Zj of the area 



of the bending moment diagram between the verticals through 
Zi and Zj, divided by El (for beams of uniform section). — 
Ride {2). 

Further: If the origin is transferred to Z 2 , then Z^ is dis- 
placed from the tangent at Z^ by an amount equal to the 
moment with respect to the vertical through Zg of the area of 
the bending moment diagram between the verticals through 
Zi and Za, divided by El. 

Examples. 

{a) Deflection of a Beam Supported at the Ends, 

Let a beam AB of uniform section (El is a constant) and len^h I support 
a load P at the point C distant (l-c) from the support A, (Fig. 52.) Find 
(1) the slopes at the ends of the beam; (2) the deflection and slope at the 
load point ; and (3) the maximum deflection, and the section where it occurs. 
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Let ii and % be the slopes at A and JS. From Fig. 52 it 
is seen that the distance between J. and the tangent at B is 
equal to U,,, and that the distance between B and the tangent 
at A is equal to lij,. 

From Rule (2), li^ is equal to the moment about of the 
moment diagram between the verticals tlirough A and B, 
divided by El. This is equal to the area of the moment dia- 

gram A^O^B^ about The centroid is - x-- from J5, and 


therefore 


21 - 


from Aa 




l {21 -c) 


X 


’rAl 


Pc 

6EII 


[i2l-c)(l-e)] 


and i. can be shown = 


Pc{U-c^) 
61EI * 


If is positive, then is negative. 

To find the deflection and slope at tlie point Cj of the bent 
beam corresponding to the load point (7. 

Deflection at The deflection is obviously equal to GG^. 

GG^ = GF-G^F 

= (I- c)ix - distance of Gi from the tangent at A 

= (Z - c)iA - Moment of area A^O^G^ of the Moment Dia- 
gram about C^G^ divided by El 


Pc{l-c){l^- 


UEI 

Pc{l-c) 


c2) Pc{l-c) [I- c) (I- c) 

X X 


I 


ZEI 


_|_ 2i;c - c^] 


' mi 

Pc\l~cf 


If c 


I 


ZIEI 


then yi 


■■ deflection below the origin A of the 
load point G. 

PP 

48Er 
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The Slope at Ci. 

By rule (1), the angle between the tangents at A and is 
equal to the area of the Moment Diagram between the ver- 
ticals through A and divided by El 

Fed - c)2 
21EI V ■ 

Then the slope of the tangent at G from equation (20) is therefore 

, Pc{P-c^) Pcil-cf 

UEI 21EI . . . . (AJ 

■ ■ Pc ■ ■ 

~ ^ "" 

I 

If c = " then ic == 0. 


For all values of c, ij, is positive : %c is positive or negative 
depending upon the sign of - 2c^ + Sic - P, thus 

If Sic > P + 2c^ then ic is positive 
If Sic < -f 2c^ then ic is negative 

If c = I then Sic = 

if c > ~ then 3Zc > P + 2c^ and ^c is positive 

and if c < I then 3Zc < Z^ + 2c^ and ic is negative 

, Z 2 c 

i.e. c <3 + 3 ^ 


I • f 2P \ 

and if c = ^ then ( “ ) is negative. 

Z . . 

Thus for all values of c < ic is negative. 


Therefore the maximum displacement of the beam will occur 

Z . . 

in that portion of the beam Z - c or c which is > ^ • because it is 
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in the longer portion that the sign of the tangent changes from 
positive to negative and therefore at some point within this 
length it is zero. 

The Position, and the Value, of the Maximum Deflection, 

Let the maximum deflection be at section X distant a' from 
the origin A and between A and (7, where .40 = Z - c is > Z/2. 

= Moment at X = 


Vx = ■ 


X X i 


Pcip - c^)x Pc 


dy^ Pc{P - c^) Pc 
dx^ 61EI W^I 


0 for Max. y.j. 




3 


0 then X = —jj:. = 0*576Z 

VO 


then X 


0-5001 


then X 


0-55SI 


Equation (A) shows that the maximum deflection is always 
near the middle of the beam. In the limiting case where c = 0 
and P is at the support the point of maximum deflection is 
only a distance of 0»076Z from the middle. The deflection 
at the middle is therefore a close approximation to the 


maximum. 








Ely, 
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Pc 

¥ 

u 


u ^ 

-(P-C^Y!> 


( A_!z£'Y 

V 3 Ql vW '3 / 


3‘/= 

(Z2 - c2)’/. [3‘/^ 


3 Ql 
iP - c 2)’/.-1 


■ 3'l‘] 


[-rf 

PC(?2-C2)V. 




X 2 


Pc/Z2 

Zl 




qVzeii ' 

rf _ ^ 

It C 2^ t/max 


iSEI 


Illustrative Problem 9. 


A beam ADBC with an overhang BG is bent in one case by a force P at 
the end 0, and in another case by the force P applied at the middle D of the 
span AB. Prove that the deflection ($d at the centre point D in the first case is 
equal to the deflection <5 qi at the end G in the second case.* 

, > Moment Diagram. 

-DiCS^ « sE. 


Hin^e 



t 




\r^ 1 aM 



It is required to prove that dj^ (Case I)~ <5^^ (Case II). (Fig. 53.) 
Case /. D on the deflected beam is below the tangent at A 
by an amount 

Pa I I I 1 Pal^ 


2 ^ 2 ^ 2 ^ 6 ^ P J 


48P/ 


D on the horizontal between A ,and B is below the tangent 
at A by an amount 

1 T> I I 

2 ^ -^“2 ^ Z^ EI~ 12Ei 

* Certain writers denote the deflection by the symbol d, consequently in 
the problems 9 to 11, the symbol of y previously used is replaced by d. 
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D on the deflected beam is 

Pal^ PaP __ PaP 
12EI iSEI TQEI 
above the supports A and B. 

Case II. C is above the supports A and £ by an amount 
= a X the slope of the tangent at £ 


Ocj — a X 2 ^ 4 X 2 x — iQfjj 

(Case I) “ dcj (Case II). 

Conclusion. A load P at C causes a deflection X. at J) which 
is equal to the deflection X at (7 when the load P is at D. 

T his is an example of a Theorem which is known as AlaxweU’s 
Theorem of Reciprocal Deflections, and is used a great deal in the 
theory of the solution of Statically Indeterminate Structures.* 

Illustrative Problem 10. (Fig. 54.) 

A bar ABC is binged at A and supported at the same level at i?. AB is 
10 ft. and BG is 5 ft. A concentrated load of 5 tons is carried at the over- 
hanging end G. If E — SO X 10® Ib./sq.in. and I = 2000 in. units, calculate — 

{a) the deflection at G ; 

and (6) the slope of the beam at B. 


JdOlA = 

5 ^22^0 lb. 


Moment 

Diagram 


[ 300 X 
s,2Z40Lb.ln 


* The proof of this theorem is given in a paper by the anthor, reference 


180i, 
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300 X 2240 X 120 X 180 
^ QEI 


m 


(/g the deflected point of G is below the tangent at A by an 
amount 


. 300 X 2240 X 120 (I 

^ X (3 X 120 + 60 


X 120+60^ 


300 X 2240 X 60 , 

+ X 40, 


AEI 


deflection of G ^ 


300 X ‘^‘^40 

[360 X (100) 4- 180 X 40- 120 X 180] 

0'0403 inch. 


The slope of the tangent at .B 

300 X 2240 X 120 Y . 300 X 2240 X 120 

= 


“ 2EI 

= 448 X 10“® radians. 


QEI 


Deflections OF Cantilevbks. 

(a) A cantilever of length I with a concentrated load of 
w tons, a distance from the origin 0. (Fig. 55.) 



El = constant. 

A will deflect by an amount which is equal to the distance 
of the deflected beam from the tangent at the origin. This 
tangent is horizontal. 

I lx\ 


s 
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The slope of the tangent i 
the equation 

Eli, = 


The deflection <5^ 


a uniformly distributed load 
w tons per foot run. EJ is 
a constant. 

^4 is below the origin by 
an amount equal to dj^ 
which is 


(6) Cantilever of length 1 with 


(c) A cantilever AB of uniform section is deflected by a 
uple of magnitude M, applied at a point G ^sUnt c from 
e origin B. Find the deflection of the end A. Elis constant. 
The moment M wfll be constant from G to B 

EId^ = Mc(l-cl2) 


T 

S. Moment Diagram 

yf 1 
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Illustrative Problem 11. (Fig. 57.) 

Find the deflection of G of the cantilever beam OB of the structure CBA 
under the load P. FTegleot the displacement due to the axial load in J.B. 
PI is the ' same for the two members OP and P-d. 


Rigid 

connection 


Moment 

Diagram 


The displacement of 0 is made up of two parts : one due to 
the change of slope of BO due to the displacement of B with 
respect to A, and the other due to the bending moment on 
BO. Let a.^ be the deflective of 0. 

I I 2l\ 

Z.PZA + PZ.-sXw) 


I ~ is the slope of the tangent at B for the cantilever 
AB, and therefore BG also rotates through the angle ) 



^pi 

-z— -'f- 

1 ■ 

■■■. -i' 

1 

3 

1 

1 

. 1. ■ 

.. f 

h 

: - .r' ,■ i 


: -r .. „ 

. -1 

I 

1 

.-PI-, 

■ 1 

A 



36. Beams ior which E and I aie Variable. (5ee Fig. 68.) 

(1) (a) If is constant and I varies, then 




If 


Mg- dx- dx 


where Mg and Ig are the bending moment 
inertia respectively for a section X, and y* is th 
of the beam at the section X. 

The integral above may be an awkward one, even if Ig 
varies as a:, and consequently it will be better to use a graphical 
method. (For the case where the moment of inertia is a 
constant over a portion of the beam, and 1, constant over 
another length and so on, a method is given m paragraph 6 .) 

f fMg.dx.dx 

(6) If both E and / vary, then = J J Eg . Ig ’’ 

Graphical Method 

(2) Construct the load diagram from a consideration of the 
loads and the weight of the beam itself. 

(3) Find the reactions by ordinary methods. 

(4) Construct the moment diagram, using, say, the method 
M = -B^+ (area of the load diagram from the ongm to 
the section X) multiphed by (the distance of the centre of 
gravity of this area from the section X). 

(5) Construct an El diagram on the length of the beam as 

(6) Draw a ^ diagram, i.e. divide corresponding ordinates 
of the M and El diagrams. M stands for moment. 

(7) Use the ^ diagram as a load diagram. Find the 
reactions in terms of | — ^eI ~ — | units. These represent 

the slope of the beam at the point at which they act. 

(8) Construct the deflection diagram by taking moments of 

the ^ diagram about the section considered, and using a simi- 

lar equation as in. (4) or the deflection at a section is the resulting 
moment of the MfEI diagram about the section, ovy== slope X 
(distance to the section from the support minus the dista,nce of 
the section with respect to the tangent to the support).* 

* ConjugatG Beam Method. See Strength of Materials, Part I, b. Timoshenko. 
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()‘J 


„ Moment [ T]\Lf 

Dimensions* of — “ [Tf [MY[Lf 

11 


X 


[Lf 

, , Moment „„„ 

Dimensions of the area of the ■ — diagram are 

Dimensions of the reactions are, therefore, nil. 

Dimensions of the resultant moment of the area of the 

[L] 


m 

Moment 


El 


diagram are 




[Z^] = [L] 


Thus the resultant moment of the diagram about a 

section point gives the deflection at the section. 

IlluJative ProbUm 12. A timber beam smply supported 
is 96 in long, and varies uniformly in width from 10 m. to 
a consent depth of 2 in. lind 
moment and the section at which it occurs. Construct the 
moment and deflection curves and find the 
tion. The weight of a cubic inch of timber is -032 lb. 

The diagrams are sliown in Fig. 58. 

The total weight of the beam is 86 lb. 

To find the reactions, treat as a rectangular plus a ii- 

^^Takhig kftdiaud support as origin), it is found that 

= 39 lb. and so Bb — 47 lb. 

The moment at any section X distant x from A, 




- 39r + 2 X 10 X a: X -032 X g + g ^ 12 


X -032 X 2 X 3 


= - 39a: + ■32x^ + •00089a:» 

dM^ 

For maximum conditions, 


0 


* \L] represents one dimension in length. 

[O’] „ .. >’ » 
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- 39 + *640; + == 0 


For the section having the maximum moment, 
dM^ 
dx 

\\ X = 50*5 in. 
inaximum — 1029 Ib.-in. 

The moment curve is shown in Fig. 58. 


Plan of Beam. 



2478 

10^ 


tl Diagram. 

73‘6 72-5 65.5 
. •- 1 

SPe9\ 3P€St\ 


»// areas 
^ Diagram 


'too [r fh,) X 70 ur/ts , 

un/ts. 

^ (Ho Dimension^ 


'•^036^ 


'07 at SOS inches from A » 

Deflection Diagram. 

Fig. 58 

To Find the Deflection Curve. varies as x, and a diagram 
of El lb. (inch)^ units plotted against x is shown in the figure. 
The dimensions of EI^ are [M'f' [Lf 

Divide the moment diagram by the El diagram and so 

, ^ . Moment , . , . . 

obtam a — — (numerical units) diagram. 


♦ See footnote, page 69. 
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Treat this diagram as a load diagram and find the reactions 
in the usual way. Then by section (8) page 68, the deflection 
curve can be found. 

The areas have been worked out by Simpson’s Rule. 

The deflection curve is shown in Fig. 58, and it is a maxi- 
niuin when x is 50-5 in, from A and equal to *07 in. 

37. Resilience of Beams Due to Bending, When a beam is 
bent within the elastic limit or limit of proportionality, the. 
material is subjected to varying elastic, tensile and compres- 
sive forces and, therefore, it possesses strain energy, and being 
within the elastic limit, this energy will be restored when the 
loads on the beam are removed ; this strain energy is the 
resilience of the beam. 

Work done by a couple = magnitude of the couple X the 

angle through which it turns. 

Let M == the final couple and i the angle through which a plane 

section of the beam turps ; 

then work done = 17 == (^M)i 

■ ■ ' ■ , ■ M 

Before loading no moment at all, thus average moment = 

A small increment of work = dU ^ \Mdi 

In a short length, dx of a loaded beam over which the 
moment is M, the change of slope will be di 

or di == small angle through which the internal moment 
of resistance will move. 

The elastic strain energy of this portion is 

iM^di 

Over a given length the resilience is 



If El is a constant, 

U = ^jfM^-dx . . (26) 
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Example. wm r,,,. 

By means oi resilience, find the deflection^at the centre of a beam lor .. 
simple beam loaded with W tons at the centre. 

Let y — deflection, at the centre ; . 

thentheworkdoneby F = 1-1^2/ ( If being applied gradually 
= 2 X strain energy of half the beam 

1 1 ri (W V .7 

U = ^Wy~iX-^l (-2*j ■*' = 961!/ 

(For a section X between the origin and the centre, 
Integrating and substituting the limiting 'values of x, and 

TFP 

Vcentr^ 48 jB/ 

38. Beam Deflection for Any Loading.* Generally on a 
beam with any loading at a section where the deflection _is 
required, take any extra load F = 1 ton ; let ™ 
additional bending moment at any section due to the unit 
weight. The deflection at the section is y, due to the 
original loading. Let if be the moment existing at the 

section. , 

It will be shown in Chapter VIII, paragraph 101a, that 


CM (dm 
J El ' V dP) ' 


where 


V 


= / 


dx 

dF'' 
Mmdx 


m. 


( 27 ) 


( 28 ) 


Example. 

Find the deflection at the centre of a beam with a uniformly-distributed 
load over the whole length of the beam. 

The additional moment at a section between the origin and 
the centre of the beam due to the reaction of a concentrated 
load of 1 ton at the centre 

X 

* See also Chapter VIII and “Principle of Least Work” Chapter IX. 
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Therefore y 


2 

17 


y 


2 

Mi 


i 

Jo ( 

l 

r 


• wlx WX‘ 

“2~ T 




& 


\dx 


fwlx^ wx^ 

v^~ir. 

Integrating and substituting the values of x necessary, 
ymax = :-7 ~ = deflection at the centre 


384^77 

;%e Chapter VIII for other examples 
39. Beams of Varying Cross- 
section. {See also paragraph 36.) 

If the moment of inertia of the 
cross-section of a beam is not 
constant through its entire length, 
the deflection will be 

1 r Mm , , -Q, 

y^ - j -j--dx . (eqn. 28) 

Such an example arises in the case of a plate girder where the 
cross-section of the beam varies over different lengths. 

Example. , . 

■Pnr bfiam in Fiff 69. where 1. is a constant over a length ana i a 
consTan^ow a Tengfh (1 - 2,). the^defleotion at the centre ol the beam re 
found from the equation 





dx 


Find the deflection at the centre of such^ a be^ which carries w tons per 
foot run. Imagine a unit load additional at the centre. 

Length of beam = 21. = deflection at the centre. 

For any section X distant a; from the left-hand support, 


Mg = - wlx -f 


wx‘ 


Vc^ 


jYiz= - ^ (due to the unit load only ) 


X^\ 

Jldx 




+ 


wli 




■ Z\) 
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Illustrative Problem 13. A weight of 1 ton is dropped ^from 
a height of Sin. on to the centre of a E.S.J. 16" x 6" 

= 726 in.^) 20 ft. long, and simply supported as a beam. 

Taking E = 13,000 tons/square inch, find tlie maximum 
stress developed in the beam. 

Let y — maximum deflection of the beam at the centre. 
Let an equivalent static load of Wi tons at the centre cause 
this same deflection y. 

Let the failing weight be W tons ; and h inches be the height 
through which it falb.* 

The resilience of the beam under the load of W i tons 


2 


2 

2lZ 




• dx 


Ell 4: ■ 3 . 


'El 

4 


y 


I 

x‘ 1 2 
3 Jo 

48EI 


WPP 


96EI 


Then W(h + y) = 
Neglecting y as being very small, 

wpp 


96EI 


Wh 


For the problem, 

1X5 = 


96EI 


WP X (20 X 12)» 


96 X 13,000 X 726 
6 X 96 X 13,000 X 726 


W, 

Moment 


^ X 240 X 240 
338 

18-3 tons 

skin stress X modulus of the section 

M = f: 


y 


1 = 1 


XX 


f-El- 

J- I - 


18-3 X 


X 8 


726 


tons/sq. in. 


* Assume no loss of energy at impact: that the resulting displacement 
curve corresponds to that obtained under static loading and that the beam is 


stressed within th© limit of proportionality of the material. 


mm 






‘ ^ 1,4.,. J, 
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Max. stress — 12-1 tons/sq. inch 
18-3 X 240 X 240 X 240 

P = 


■66 in. 


48 X 13,000 X 726 

therefore t/ is hardly negligible. 

Allowing for the falling weight moving through y, 
Wi X (240)3\ _ Fi^(240)« 

) ~~ Q6EI 


1 ( 6 + 

6 + 




" 1 

33-8 

- 2Tfi- 


All 
^ 67-6 

338 = 0 


2 + V4 + 1362 


38-8 


Max. stress in this case = 12‘1 X 


2 

19*4 tons 
19-4 


18-3 

12-8 tons/sq. inch 
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EXAMPLES 

method, assuming that 1 — iuUu in. ana " » . /TT of B 1 

throughout its length YonJ^ and 4ii. deep is 

2. A rectangular beam of wood 12 ft. long, rfin wu , 

supported at its ends, and is ^ . Calculate the maximum bend- 

points 5 and 8 ft. respective^ o-n/l fi-nd the deflection produced by 

ing moment produced by the ^^admg a 400^000 lb. per sc^are inch. 
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1 If tr.r, fall on tlifi middle of the ioist without producing a stress greater 
iHois per oJy 75 per cenf of the kinetic energy of 

the falling weight is transformed into the work of defounation. rj jyg- g v 
jS? = 12,600 tons per square inch. r i 

4 Ahoilowpole, made of mild steel tube 5 in outsKio diameter ^ in thic^ 

is firmly fixed in the ground, the top being 9 ft. above ground ^ 

horizontal pull of 1,000 pounds is applied to the pole at a height of 5 ft. from 
the ground! Calculate the deflection of the top of the polo trom the vortical. 

“SS'o. iind-g th. .h. — 

elasticity for the beam, neglecting shear. ^ v^- 

6 A beam of oak 1 in. square by 3 ft. 6 in. long is given to you. ^®smbe 
how you would determine the modulus of elasticity of the beain 
value^ you would expect to get by means of overhanging beams and o^ central 

deflectmM^a^ of mild steel 4 in. wide, 6 in. deep, simply supported on two 
rollers 10 ft. apart is loaded with a central weight of 1 ton. Calculate 
(a) the maximum tensile stress in the material ; 

ib) the central deflection. r, - r 

8 A uniform beam 16 ft. long is supported at two points 2 ft. from either 
end. At the middle of the beam, and also at each extremity, Joads of 1 ton 
are placed. Draw the curves of shearing force and bending moment 

9 Find in any way, the deflection of the centre of the beam of Question 9, 
Give* your results in terms of the moment of inertia of the cross-section and 

of Young’s modulus. ^ i 

10 A girder of i-section rests on supports 25 ft. apart and carries a loa,d 
of 7 tons at a distance of 10 ft. from one support. If the moment of inertia 
of the cross-section is 695 in. units and E is 30,000,000 lb. per square inch, 
find the deflection of the girder at the load due to bending, and the position 
and amount of the maximum deflection. The weight of the girder may be 

neglected. . ^ i + i ooK 

11. A uniform rolled-steel joist of 18 ft. span, simply supported at each 

end carries a load which increases uniformly from 6 cwt. per foot rim at the 
left "support to 17 cwt. per foot run at the right-hand support. Find the 
position and magnitude of the maximum bending moment, and find the 
Slope and deflection of the girder at the centre of the span. Given : Young s 
modulus for steel = 30 X 10® lb. per square inch. Moment of inertia of a 
normal section of joist about neutral axis = 130 (inches)*. (u. of B.) 

12. An I section steel joist, 9 in. by 4 in., moment of inertia 81 in. units, 
has a span of 12 ft. Find the maximum safe distributed load per foot run 
it will carry with a working stress of 8 tons per square inch and the central 
deflection at this load, HE — 13,500 tons per square inch. {I.C.E., Oct. 1922.) 

13. The following observations were made in testing a sample of oak by 
bending, the load being applied in the centre of the span. Width 2*02 in. 
depth 2*97 in., span 65 in. The loads W and the corresponding deflection 
sede readings were — 


Tf lb. 
R in. 


100 200 300 400 500 600 700 

•145 *218 -287 *358 -43 *5 *57 


800 900 1000 

•643 *721 *800 


Determine from these observations the modulus of elasticity of the oak and 
also its limiting elastic stress. ^ (U. of L., 1922.) 

14. An I section girder 10 in. X 6 in. with web 0*4 in. and flanges 0*7 in. 
thick, is firmly built into a wall in a horizontal position, so that it can act as 
a cantilever 12 ft. long. Keglecting deflection due to shear, calculate what 
fleflectiop would be produced 9-t the end of the cantilever by a load of 0*5 
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tons placed on the cantilever 6 ft. from the end. ^ — 30 x 10^* lb. per 
square inch. 

15, A horizontal rolled steel joist 10 in, X 6 in, is supported at its ends and 
has a span of 10 ft. A load of 400 lb. falls from a height of in. on to the 
middle of the joist. Neglecting loss of energy at impact, find the maximum 
instantaneous stress produced in the joist, given that the maximum moment 
of inertia of the section is 210 in. units and ^ 13,250 tons per square inch. 

(U. of L., 1922 : S. of M.) 

16. What distributed load will T i in. x 6 in. X J in. support over a span 
of 8 ft. for the working stress not to exceed 7 tons per square inch ? What will 
be the maximum deflection? For the same working conditions of stress, 
how will the load be altered if a plate 6 in. x | in. is riveted on to the T, along 
the centre 4 ft. ? What will be the deflection at the centre and also 2 ft. 
from a support ? 

17, A beam 60 ft. long is simply supported. It carries a central load of 
2 tons. The moment of inertia of the section for the middle 20 ft. is 600 in. 
units : for the section for the remaining length it is 450 in. units. Find the 
central deflection ; also the deflections for the sections 1 5 and 25 ft. from the 
left-hand support. 

F “ 13,000 tons per square inch. 

18. A weight W is dropped from a height h on to the centre of a simply 
supported beam of rectangular cross-section and length L I is the moment of 
inertia and A the area of the cross-section. The maximum deflection of the 

2AEI 

beam is small compared with lu Show that Wh = and that the result- 


ing maximum stress developed is / — ^ dj . Assume no loss of energy 

at impact and that the stresses developed are within the elastic range of the 
material. 


CHAPTEE IV 


Statically Ikdetbeminate Peoblems ik Bendinci. 

Built-in, Continuous, and Propped Beams with 
Dead Loads 

40. Redundant Constraints. In the previous chapters, three 
types of beams have been considered: the cantilever, the 
beam freely supported at the ends, and the beam with 
hangs. In all cases, the reactions at the supports can be 
determined from the fundamental ecjuations of statics . hence 
the problems are ‘^statically determinate.” In the problems on 
the bending of beams which follow, the equations of statics 
are not sufficient to determine aU the reactive forces at the 
supports, so that additional equations, based on a considera- 
tion of the deflections of the beams, must be derived. These 
problems are examples of ‘‘statically indeterminate structures 
There are three types of supports a beam may have: (a) 
hinged movable support, (6) hinged immovable support, f and 
(c) a built-in end. 

Type (a) support can be imagined as a hinged joint supported 
on Motionless rollers on a horizontal plane mm. It is evident 
that in this type of joint the reaction must act through the 
centre of the hinge and vertical to the horizontal plane mm. 
The only unknown element of this reaction is its magnitude. 

In connection with the type (6) support, it is evident that the 
reaction must pass through the centre of the hinge, but it may 
have any direction in the plane of the beam. There are now 
two unknowns to be determined from the equations of statics, 
the direction of the reaction and its magnitude, or the vertical 
and horizontal components of the reaction. In the case of the 
built-in end (c), not only are the direction and magnitude of 
the reaction unknown, but also the point of application. The 
reactive forces distributed over the built-in section can, how- 
ever, be replaced by a vertical and a horizontal force acting 
through the centroid of the beam section at the commence- 
ment of the support, and also by a couple of magnitude ikf. 
For beams, loaded by transverse loads in one plane, to 

t See “Three-hinged Arch.” 

78 


* See also page 162. 
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determine the reactions at the supports, the three equations 
of statics are — 

£ Vortical forces = 0. 

£ Horizontal forces = 0. 

£ Moments about any point = 0. 

If the beam is supported so that there are only three unknown 
reactive forces, then they can be found from the above three 
equations. When the number of reactive elements is larger 
than three, there are then redundant constraints, and the 
problem is statically indeterminate. In the cantilever there is 
only one support. The number of reactive elements is three 
and therefore they can he determined from the equations of 
statics. For beams supported at the ends it is usualljrassunaed 
that one of the supports is of type {a), and the other of type (6). 
In this case there are only three unknown reactive elenmnts, 
which can be found from the equations of statics. If a beam 
has immovable hinges at both ends, then there are two un- 
known reactive elements at each end, the two components 
of the corresponding reaction and for determmng these tour 
unknowns there are only the three equations of statics. Hence 
we have one redundant constraint, and a consideration of the 
deformation of the beam is necessary to determine the 
oinons 

In the case of the beams built-in at one end and freely sup- 
ported at the other, there are three reactive elements at one 
Ind and one at the other. Hence the problem is statical^ 
indeterminate, with one redundant 
on Propped Beams for method of solution). The 
is assumed to be direction-fixed, i.e. the angle of the tangent 
to the beam at the support after 3" 

beams built-in at both ends and direction-fixed at these ends, 
there are six reactive elements, and therefore there are three 
redundant constraints. However, for ordinary 
horizontal components of the reactions can be neglected, which 
reduces the number of statically indetermmate quantities to 
two In the examples which foUow, the moments at ^P’ 
ports will be taken as the staticaUy indetemmate quantities 

Fnaras 42 to 50) As the beams are direction-fixed, then the solu- 

& the" Sport moments depends upon t^fa^^^^^^^^ 
change in direction of the tangents to the two ends of the beam 
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is z6ro aftor deformation of the beam occurs. In the case of a 
beam on three supports, there is one statically indeterminate 
reactive element which may be taken as the central support.* 
Here one support is usually considered as an immovable hinge 
while the other supports are hinges on roller’s. In tire case of 
a beam continuous over marry supports, one support is agairr 
considered as an immovable hinge, while the others are hinges 
on rollers. In this arrangement every intermediate support 
has only one unknown reactive element, the magnitude of the 
vertical reaction ; hence the number of statically indeterminate 
elements is equal to the number of intermediate supports. (If 
the ends of the beams are built-in, then the number of indeter- 
minate elements is increased.) If the number of supports is 
large, then the solution of the problem is simplified by taking 
the bending moments at the intermediate supports as the 
statically indeterminate quantities and not the reactions. (See 
para. 51 onwards.) 

41. BnUt-m or EncasW Beams are beams fixed at each end, 
so that the supports completely constrain the inclinations of 
the beams at the ends. The two ends are usually at the same 
level, and the slope of the beam is then usually zero at each 
end if the constraint is effectual, i.e. dyjdx = O.f 

A built-in beam is in effect an overhanging beam, the over- 
hangs having downward loads which cause positive moments 
at the supports, which are equivalent to the fixing moments ; 
and due to these moments there will be a positive moment at 
all sections of the beam, neglectiog the ordinary loads for the 
time being. It was seen that for the overhanging beam, the 
loads on the beam between the supports cause moments as 
for a simple beam, and the moment at any section between 
the supports was equal to the negative moment due to simple 
beam loading plus a positive moment due to the overhanging 
loads. For the built-in beam, the moment at a section is the 
algebraic sum of the moments treating the beam as a simple 
beam plus the amount due to the end fixing moments. 

42. Buflt-in Beams with Any Symmetrical Loading. (Fig. 60.) 
The fixing couples wiU evidently be equal. There being equal 
couples at the ends, the positive moment at any section will be 
of the value of a fixing couple. 


♦ See example, pages 112 and 208, for solution of this unknown reaction, 
t These beams are also called direction fixed ended beams. 




STATICALLY INDETERMINATE PROBLEMS 8i 


111 Fig. 60 are shown the positive and negative moment 
diagram for a fixed beam, the shaded diagram being the 
resultant moment diagram. 

Let and if /a; represent the moments at a section X due 

to the simple beam and fixing moments. 

Then resultant moment at X = = algebraic sum of 

and Mf^ 

= 


Diagram as for a Simple Beam 


Taking El as constant, 

EI{ix-^i-i 


since as the beam is horizontal at the ends, the change of slope 
is zero ; 

that is, / Mgx * dx = -Y f Mf^ • dx; Mf^ == M^ = i.e. con- 
Jo Jo 

stant == -M’s 

so that f • dx =: Moh where = fixing couple at 0 and B 

Jo 

i.e. Area of the simple beam moment diagram ODEB (Fig. GO) 
== area of the fixed or cantilever moment diagram OF OB . ( 1 ) 

or Af 

Aq of the negative sense, A^ of the positive. 



'“‘ji 
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43. Beam Loaded in the Centre. (Fig. 61.) 

Af= A 

Wl 1 ^ 

^ ^ 2 ^ ^ 8 


Wl 

-f units 

■■ O 


+ f -M. 


-1^ 




2 


[Canti-l _ Simple 

K- lever. • 


L^=0 


Points . of 
Inflexion, 




Ms= + -g- 


Fia. 81t 

44. Beam with a Unifornily-distrihuted Load Over the Whole 
Span. (Fig. 62) page 83. ^ 

WP 4 4 

l[/f -r~. — — f { 

jy-i-smax. ^ / • 


MJl== 


wl^ , 2 


45. Built-in Beams with any Loading. (Fig. 63, page 84.) As 
before, the change of slope between the ends is zero, so that 

J\M, + Mf)-dx = 0* . . ( 4 ) 

or As A f = 0 

Ms is not necessarily equal to M^i and so let 


M^. 


* M,<= Simple Moment at any section. 

t Noum^^. 61. ’’Bendii^ moments of opposite si^ evidently tend to 
produce bending of opposite curvature. Change of sign involves p^mg 
Sirough a zero value of bending moment. This point of 
ohanee of sign is called a point of inflexion or virtual hmge. The fixed beam 
above is eqmvalent to a simple beam supported at the ends of two oantUover 
beams. 
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The fixing moment^ d^ will now be a trapezium, 

the positive moment at a section X, x from the origin will 

Mf^ Mq) j- 


k — ^Points 

F2lll\ Inflexion. *• 


Fig. 62 


Equation (4) now becomes 

0 = £^M,+ M,+ {M,,-M,)jYdx . (5) 

The equation of the areas is now not sufficient to determine 
M, or JUb- 

Taking 0 as origin, 

El ~ dx^ 

Multiplying both sides by x and integrating by parts (see 
Chap. Ill), 

= A„x„ 4- AfXf . . - 
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and Xf are the distances of the centroids of the 
nd positive fixed moment diagrams from the ongm O. 


Rgs = Reaction as for a Simple Beam 


^BS ^ Reset ion as for a Simple Beam 


the same for values rr = 0 and 


Eurther x 


then AsX^ + AfXf 
or Af{x, + Xf) 
or A,(x, + Xf) 

As A, = Ap then = 
same vertical line. 


so that the centroids lie on the 



If a load of P tons is at a distance nl from the origin, then 
= PI . ^(1 -n)^ and M-b == PI . n^(l - n) . (12a) 


46. Relation Between the Moments and the Reactions. 

Suppose the two ends 0 and P of a beam are hinged and at 
one end B is applied a couple in a clockwise direction. This 
couple will obviously induce a vertical reaction r downwards, 
at the other hinge 0, and an equal and opposite one at P, to 
form a couple, such that = Jfs? but of the opposite sign; 

therefore r, = 


* When the fixing moment diagram has been drawn, the difierence of 
ordinates between it and the bending moment diagram for the simple beam 
gives the bending moment for the built-in beam. The resultant diagrams have 
been shown for the cases considered. ^ 

,4—{T.543o),, , 
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From Fig. 63, 

= M,- + 2M^- . . ( 8 ) 

P P' 

then = i/„- f 2.M^- 

or + . , .. (9) 


This is a special case of the Theorem of Three Moments (see 
para. 52). 


■ ■ ■ 2 A 

From eqn. (1), M, + i/s = - — ’ . 

■ • (10) 

From equations (9) and (10), 


2A, LA^x, 

iUi. - ^ - p 

. (11) 

4A. 

^J-o— -Ji ^ . 

■ (12) 

and As will be of negative sign.* 
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Now suppose at the hinge 0 a couple = Jfo is also applied, 
but in the opposite direction, tending counter-clockwise to 
the one at B, then equal and opposite reactions ^ill be 
applied at B and 0, the one acting downwards at B and 

the other upwards at 0. . 

When two fixing couples of equal magnitude are applied at 
the ends of a beam and acting in opposite directions, dhey do 
not affect the reactions at the supports which will be the same 
for the beam as those for a simple beam for 



Now let the fixing couple at 0 be M^,, and less than Jlfs i 
then the induced reactions at 0 and i?, due to M will be 
less than those due to (see Fig. 64). y - 

Let be the induced reactions due to Md and those due 

to ifs. 

, = -r- and ri — 


I 


I 

M^ - M„ 


ri > and Ti - r^ — — y 

Now at 0 due to these couples there will be a force acting 
downwards and acting upwards. A resultant force t will 
act downwards. To balance this force, a force equal to t will 
act upwards at -B. 

Therefore, to find the reactions at the supports of a fixed 
beam, calculate the reactions as for a simple beam ; Where 

M - M 

> M„ subtract a force ^ from the simple beam 

M - M 

reaction at 0 and add a force — — - to the simple beam 
reaction at B. 
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47. Procedme for Any Loading of Fixed Beams, (l) Find 

the end fixing moments by formulae (11) and (12). 

(2) The reactions for a simple beam. 

fOV ~ 

(4) At the support where the fixing moment is the smaller, 

At The rapport where the fixing moment is the larger, add 
(3) and (2). 



Rgs = Reaction as for a Simple Beam . 

Rf = React ton due to Fixed Moments = ^ 

Pig. 65 


48. Deflections of Fixed Beams. General Mettiod. (Fig- 65.) 

R == value of reaction at 0 as for a simple beam. 

■^os ^ 4 .*v>vr^ T a; froin 0 9;iid between 

(a) Moment at a section X distant a: irom »./ 

the last load and B, 

di^y 


jEr^ = -Bo^+ W,{x - a) + W,ix -b)+ • • • - «) 

dx^ 


(Mb- Mo)X 


+ M,±^- 1 


^ !fi(£ii^l! 4- + . . . 


. (13) 

M,x^ 


6. 


6 


- 1 - 


(M^-Mo)x^ 


-L Ax + B 


. (14 
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Rosl^ W^{l-ay 


MJ. , Mol ^ M^l 


(15) 


6 W • ■ ■ 2 ^6 ‘6 

Substitute in equation (14) to give the general equation for y. 
(6) If using the reactions 

El^^ = - A- Wi{x-a)+ • • • + -^0 • 

where Bo = Bos ± Bo„ i.e. the reaction at the origin ; 
and, as before, neglect all terms such as (a: - a), etc., which 
become negative for a particular value of x. ^ 

49. Fixed Beams. Central Load IT. {See Fig. 61, page 8..,.) 

wr 


El 


dx^ 


W 

-.-^x+W 
W 




(«- 


+ Mo‘, 


M., 


8 


IV Wl x^ , . , p 

+ X 2 + + 5 


if a; == 0,y = 0 B = o; if a: = Z, y == 0, and 

WP W (IV WP . 

'‘*=12 - TIS ) 


0 


Between x = 0 and x = 


_ Tfx® 
Ely = - ^ + 


y is a maximum when x — ^ 


2 

W 

16 

I 


^-WP . WP 

Ely max ~ g0 


lfZ3 


+ 64 " 192 


The deflection at D = | from 0 and E 


I 


from B 


■yn 


=a±( 

El\ 


WP 


WP 


ymax 

2 


12 X 64 


+ 16 X le) 38415/ 


TfZ^ 


(17) 


(18) 


(19) 


Note at the points D and J®, the moment changes sign. 
From 0 to Z) it is positive. D to it is negative. 
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Therefore 0 to D will bend as for a cantilever, concave down- 
wards; D to win bend as a simple beam, concave upwards, 
because bending moments of opposite sign produce bending of 
/ opposite curvature. 


Slope '.at:!), x ^ 

Elir, 


I \ --Wx^ Wlx 

jisM / = — h -w™ 

4 dx 4 8 


■Wl^ ^ Wl^ 

64 32 


Wl^ 

64 


( 20 ) 


WP 


Note, the slope increases from zero at the origin to 

D and then decreases to zero at the centre of the beam. 

Thus the points D and are points of inflection. At these points 
the slope of the tangent to the deflection curve is a maximum, 
50. Fixed Beam with IJnifoimly-distributed Load. (Fig. 62, 
page 83), (Over the whole span.) 

-- TIT 

: , Mo = ITb ~ 


Ely^ 


wl 


12 

as for a simple beam 


wlx^ 


wl . WX^ ; 

■jx + -^+ M, 


12 + 




~f“ Ax -f” L 


Both A and B are zero {A = 
wlx^ 


0 for 




Ely 


dx 

wxA . wl^ 


0 when x 0) 


12 


+ 14 + 


24 


At the centre of the beam, y is a maximum, x = -^ 


lY wP/lY 


wlflY , w flY , wP/l\ 
Elymat — 12(2/ + 24 ‘(2/ '^24(2/ 

wl'^ 

3^ 


( 21 ) 


To find, the sections having no moment 




0 


wlx 


wl^ 


wx‘ 

2 +W+ 12 


lx “1“ 


0 



lem 14. 

50 ft. long carries a load of 12 tons at a distance of 16 f1 
)nd. Find the maximum deflection, the section at whic' 
oints of inflection — a constant. (Fig, 66.) 


of positive and negative moments 
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Equating moments of the positive and negative areas about 0, 
From (1) 45 

,, (2) ikf, + 2itfB = 78-75 

Jfg — 33-8, say, and both ) 

Mq = 11*2 are positive ) 

M, 22*6 ^ 

^ ^ 1.13 tons 


The total reaction at the origin == S-l-lS— 1*87 tons 
„ „ end JS= 9+ 1-13 == 10*13 „ 


Total 


Deflection of the Beam. Take a section X distance 
from 0 and between the load point and B, 


jB = 0. == 0, because at a; = 0, ^ = 0 

Between 0 and G the term a; ~ 15 is negative and is eliminated, 

ll*2a;2 


For a maximum and which occurs between 0 and 0, for 
OG is longer than GB, 


max 


El in tons-feet units, in feet, 
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If E = 13,000 tons/sq. in. 

„ I = 300 (inches)'^ 

275 X 12® 


ymax — 13^000 X 300 
= 0-12 inch. 


inch 


Qf with that for a simple beam, problem 8, Chapter III. 
The points of inflection occur at (l),a point between 0 and 0. 

(1) £7g = ll-2-l-88^ = 0 

X = 6-95 ft. 

and (2), a point between C and B, 

11-2 


Ely = 
El 


l-87a:® , 12(a: - 15)® 
- + ,■ 


2 6 ' 6 

-T^dy = 11-22: - •94r® + 6(2; - 15)® 
dx^ 

For a maximum which is at the point of inflection, 

0 


EI~ 2 = 11-2- 1-882: 4- 12(2;- 15) 
10-122: = 168-8 




51. Continuous Beams. A beam resting on more than two 
'supports and covering more than one span is called a con- 
tinuous beam. The ends of the beam may overhang, be 
simply supported or fixed. The moments of inertia of the 
section may also vary with the span, i.e. one span may have a 
moment of inertia J, another and so on. 

There will be fixing or hogging moments at all the inter- 
mediate supports and also at the end supports, if they are 
fixed, or if the end portions overhang. 

52. Theorem of Three Moments. (Fig. 67.) Take two 
consecutive spans AB and BO of lengths li and respectively. 
For each span, the moment at a section is the algebraic sum 
of the moments as for a simple beam and that caused by the 
fixing moments at the supports. 
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The slope of the beam at the supports may or may not be zero/ 
Let support £ be y, below support A 
: and ' : B ' ,, G. 

If B is above A or (7, then the sign of or is iiegative. 
Let El be the same for both the spans. 

{a) Consider beam AB and take A as origin ; The moment 
at a section X distance x from A is + Mf^ 

If 335 moment as for a simple beam, 

Jify-j, moment due to end fixing moments. 

Mf.^_ is generally of the opposite sign to ; M^x - ; j- ; 


dx^ 

I du 1 fh 



= slope of beam at B. El constant 

AgX -j- AfXi 


^1% ^ Vi 


El 


( 22 ) 


A, 


area of simple moment diagram and 
Af = area of fixed moment diagram ; 

X and are the distances of the centroids of the simple and 
fixed moment areas from A, 

(b) OoNSiDEB Beam BG with G as Obigik. Take a; to the 
left as positive and y downwards as positive. 
dy _ Ag X' -\r A/ Xi\ 

- y 1 = 1 , 2 ^ - " 


X . 


dx 


■ 2/2 


El 


{22a) 


Ag = area simple moment diagram ; 

A/ == area fixed moment diagram; 
f ' and x/ are the distances of the respective centroids from C. 
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From (22), 


A,x + Af^ ^ 


EIL 


XJU ^ I 

From (22a), is — 


AJx' + Af'x,' Vj. 


I ^ 

+ L ■ 


( 23 ) 

(23a) 


but of opposite sign to in equation (23) 
because x' and x^' are taken in direction G towards B. 

( AgX + 


Therefore 





k 


( 


^sX 4 “ 


') 


From Equation (8), 


, _ (M-h. 4 - 7 2 

-4/3?! = — — g— 4 

Hf Xi — . A ^ 


Afi . EJyt 

^ 6k G' h 


a:^ W 

I 2 ' + ""64" 

, 2M,l/ , EIy^ 

_j 


6L 


L 


) 


Hence, 

A^ A^Yf ^ Mtk _i. ^ (j I i \ 4. 

+ -_ + - (?7 + y + 6 




So that + ^ + MA+ ^M,{k + k) + Moh 
H h 


+ 6F7 ^ jV+ y*) = 0 . (24) 


and this is the general equation for a beam continuous over 
three supports and where El is a constant. 

If f/i = yi= 0, 

that is, supports at the same level, then 

+ M,k + 2M,{k + k) + Mok = 0 . (25) 

h h 


— I 
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Let the supports be at the same level and let a load on 
the span be distant from A, and let a load Pj on the 
span PP be distant /cgZg from C*. 

Then = Pj^i^ik^-k^) . . . . 


and 


h 

6A/x' 


— h^) 


(25a) 

(256) 


Let a uniformly distributed load of per unit length extend 
from hJi to hfl^oin the span AB, and kfl^ are both measured 
from 


Then 


%AsX 


. ■ rki ^kf ' . 

■ I w , d{kili){ki - where w . d{kjl{) 


corresponds to Pi in equation (25a). 

6A^ r*' = *'■ _ jSki^ ki*f^ = 

wlW ycx^hf 

=xh“-‘d-p- • • • 

If the load oceupies the whole of the span ylP = Zj 
kf = l, Z:„ = 0 

4 


then ^ = ^[2-1] 


(25cZ) 


Similarly for span BC if the uniformly distributed load 
occupies a part or the whole of the span BO: in this case 
working from G. 

If the type of loading on the continuous beam be known, 
then the terms dependent on the simple moment diagram can 
be easily calculated in terms corresponding to those given in 
equations (25a) to (266). 

If the loads are uniformly distributed over the spans, 
values of and A^ can be obtained (in terms of these loads 

, wP 21 
and the spans) == X 

The reactions are found by the method previously indicated 
in Art. 46. 

Total reaction at P is 
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B = Reaction at B considering AB as a simple beam 
B 

i^BBc ’’ 

and similarly for A and (7 making allowance for the fixing 

If the moments of inertia are different and is the moment 
of inertia of beam of length k and I, is the moment of inertia 
of beam of length and E is the same for both beams, then 
eqn. (24) wiU read — 

6^3® 6A'^' MJi ^ (h. j^h \ -f ^ + 6Jjf + r ) 


53 . Deflections of Continuous Beams of Umfom Section. 

(Fig. 68.) The mathematical method of Mr. W. H. Macaulay 
is easily applied to the case of continuous beams. 



Fig, 68 


Take the left-hand support as the origin. 

The true reactions B,q, B^, B^, Bq, Bn . . . i?„ and + j 
have all been obtained by some method, and aie, theiefore, 
known: they include the fixing moment effect. 

Take a section X in the space between the last load and the 
last support. The spans are li, 1^, la • • • 

El^^=-B^+W^{x-a)+ . . . W„{x-n) 

— M^{x — li) ■“ jR'ig{x I2) • ““ *" 1 ) 
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Ma— + 



3Tt>lf 


8 



_5_wl 

i. 

Moment Diagram 

Su/l\ 

^ i. 




Shear Dia|,pam 

Note - Shear changes si^n at 3 places, indicating 
two maximum negative moments (one for 
each span ) and one maximum positive 
moment 

Fia. 69 


Ely 


■R«x^ 


6 


R. 


{X - z,)« p {X - kr 


6 


6 




{x- 


W W., 

+ -— (a:-a) 3 + +-j- (x-nf + 


6 


{26a) 


+ Ax -j- B 

X = 0, y = 0, B = 0 

To find A, take the conditions regarding y as for the first 
support distant from the origin. 
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Substitute the value of A in equation (26a) and the general 
equation for j/ at a section for an irregularly-loaded continuous 
beam is found. K there is a uniformly-distributed load on a 
position of the beam, then it must be treated as indicated in 
paragraph 30, Chapter III. If at the support at the origm 
there is a fixing moment {M^, then this term will appear in 
the fundamental equation 

. -i?„ (*- - l) -f . . . + W'n (« - 




The foregoing is a good method when dealing with concen- 
trated loads only: when working with nniformly-distribnted 
loads, which vary for different spans, take each span separately 
and work as shown in Problem (17) by the theorem of three 
moments. 

Illustrative Problem 15. 

(1) Beam continuous over two spans of length I and loaded with a uni- 
formly-distributed load of w tons per miit length. All supports at the same 
level. Find the maximum moment and where it occurs, the point of innec- 
tion for each span, and the maximum deflection. (Fig. 69.) 

The origin will be at A, 

h — h — ^ 

Using Equation (25), 

2M-S {I -f- 1) 


6 fwP 


2 , . ^ 
3^ ^ 2 


I) 


M, 


R. 


R. = 


jf2„ 


wP 

~ +“2 
_ ^2 

~ 8 
wl wl __ Zwl 

'2~~8^T 

Zwl 

T 

wl wl wl wl 

■J+J+J+J 


(27) 


:wl 


The maximum positive moment is = 4- 


wP 
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There are also two maximum negative m one for 

each span, occurring at the points of zero shear shown, which 
are at distances of P . from the end supports. 

Take a section X in the second span, distant a: from A 


For anj section, X in the first span, 


A maximum when x == il 


= - — 7 ^ = maximum negative moment 

Integrating equation (28), for any section in the second span 
-Zwlx^ wx^ 6wl{x-l)^ 


For any section in the first span, 

- Zwlx^ . wx^ , wPx 


Maximum value of y when 


Point of inflection when 


and is at the section where the moment is zero. 
Differentiating (28c) 

dx^" 48 ^ 6 ^48 

-9ia:2+ 8x®+ P == 0 
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Solving (28d) x — I OT x — •42?. 


when X — I, 


y = 0: a minimum 


when a; = -42?, ’g= 0, 2 / is a maximum 

wl* -0316 , tal'^ -42 _ ^ 
/yma;c = - Ye • ■0'^® + 24 '^48 186 


To find the pomts of inflection 


dx^ " 


Qwlx VJ^ 
■ ^ + 2 


12a: = 9? 


X — II 


The point of inflection for each span is at a distance |? from 
the free supports. The deflections for the second span may be 
obtained from equation (286); they are the same as lor the 
first span, working to the left from the free support C as origin. 

Illustrative Problem 16, 

A girder continuous over two spans each of length ^0 ft- oawies a uni- 
formly-distributed load of 1 ton per foot rm over the whole length of 40 ft 
The girder is simply supported at the ends. The centre sup^rt is 1 foot 
below the left-hand support and -05 foot below the right-hand suppor. 
Take £7 = 40,000 (feet^)* ton units. Find the bending^ moment at the 
centre support and the maximum negative moments m the bays. 

(1) If all the supports were at the same height, the moment 

at the centre support would be 

■ 

if = 4 - — where I — length of one span 
8 

400 , 

= -i- B= 4- 60 tons-ft. 
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The moment at any section in the first bay (supports same 
height), 

Jf* — ^ 10 4- 20 / •*' + 2 ’ V ® 20/ ^ the left support 


=!= - 7-5a?, + 

^=:-7-5 + a;=0 a; = 7-5 ft. 
ax 

i.e. the moment is a maximum negative at a section distant 
7-5 ft. from the origin. 

The maximum negative moment 

4= - 7-52 + -| X 7-5^ = - 28 tons-ft. 


(2) With the supports at the different levels, 

where t/i == deflection centre support below the left-hand 
support ; 

yj = deflection centre support below the right-hand 
support ; 

/•I ■05\ 

8QMb = 4000 - 6 X 40,000 ( ^ + 


Jlfp — -f 27-5 tons-ft. ^ 

The moment at any section in the first span is 
= (- 10 -f -^]x +:^ = - 8-Q2x + 


For a maximum- 


0 == - 8-62 4 a; = 0 


solving X = 8-62 ft. from the origin. 
The maximum negative moment is 


TMOkt OP SPRXJCTUREB 


In the second span working from the right support as 
origin, the results will be the same. 


Maximum negative moment for .both 
jfef spans and the position at which it 

® occurs. . . 1 

Supports all same + 50 tons-ft. 

Atthedffierent + 27-5 tons-ft. “ 


This example shows that if the props sink varying 
then the moments at the supports vary. 

T» a.v iTnnTn negative moments in the span , if, say, the centre 
Tupport sank^ very great deal, the moment ^^lie sjport 
woidd perhaps become a negative moment until, if the sup- 
port was entirely removed, the girder would become a simply 
Lpported beam of 40 foot span, with a maximum negative 
momeiit at the centre, 


- 200 tons-ft. 


Illustrative Problem 17. (Fig. 70). 


A continuous girder covers three spans: AB, 30 ft. ; BO, 40ft. ; and 
GD 20 ft The Saiformly-spread loads are 2, 1, and 3 tons per foot run on 
An no ‘and CD respectiv&y. K the girder is of the same cross-section 
thf^ufhour^d the Lments at the supports B and C, and the pressures 
on the supports. Find the maximum negative moments for each span, the 
S^^iTStions, and the points of inflection. Also the slopes of the 

beams at the supports. 



2lfB{30 + 40) -h .M.(40) 


6 /-2X30\,30^,^30 
x-^X2X 2 


6 / 40® 2 40 

3 X3X40X^ 


Mb X 40-1- 2M.(40 -f 20) 


6/402 2 40 

_ __X3X40Xy 


6/ 3X202 2 ^ 

^XgX 20 X 2 


140JfefB -|- 40il/j 
40Mb + 120M„ 


15 X 302 + 10 X 402 

16 X 20* -h 10 X 402 




wwiirar'’ 
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Ston^oot. 


Shear Diagram 

I 

Fig. 70 
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The maximum moments occur wherever the shear force 
‘‘Zrimfr^egaSmomentB occur i» ^ f 

12-1 ft. from 4, 21-2 ft. from J5, and 12-07 ft irom o. 

Maximum positive moments at the supports, 

Ms — I'^S tons-ft., ll'o = 125 tons-ft. 

Maximum negative moments, 

24-2 X 12-1 _ _ ^oQg.ft. 


Ist bay = -- 

2nd bay = 175 (J^b) 

== - 50 tons-ft. 

3rd bay (working from D) = 
■ 94-2 tons-ft. 


175- 225 


23-8 X 7-93 


The moment at any section is f omul by 
shear diagram from the origin to the section taken. 


Deflections 

First Spa7i. Using the correct reaction at the origin (4). 
(for no fixing moment at (4) ) 

= - 24-2a: + “ for any section X distant x from A 
dx^ 2 

Ely = - 24-2 ^ ^ 

when X — 0, V ~ 0, B — 0 
„ x — l —30 ft., 1/ = 0 

1377 

then = + 1377, i.e. the slope at 4 is ^ 



24-2a:® 


12 


1377a; 


6 



when X — 0\ y = 0 .•.5 = 0. 
When «/ = 0 ; a: = 20 and A becomes 
-23-8a:3 , 3a:* . 


To find the maximum deflection in the third bay, 


0 for maximum. 
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2/m«» 1st span- 


EI 


dx 


~ 12-1*2 + — -f 1377 = 0 
X = 13*5 feet (by trial). 


/. Ely^ax == 11,527. El in tons-feet units, in feet. 

At a point of inflection, 

EI^^ = - 24-2X + x^ = 0 

i.e. X == 24-2 
d/V 

^ is a maximum 24-2 ft. from A 
dx . 

Slope at A, ir = 0, EI^ = 1377 
„ * = 24-2, EI ^=- 1000 

du 

513 


jB, X ^ 30, El 


% 

dx 


For the third span (all supports being at the same level), 
take D as origin, and taking x to the left positive and y 
downwards positive, 



THEORY OF STRUCTURES 


By trial a; = 9 ft. 

Max. deflection. Ely,, 


The point of inflection is when ^ = 0 

^ = - 23-8a; + = 0 

dx^ 


15-8 ft. 


The slope changes sign at the section 15' 8 ft. 

Note. — ^T he slopes of the beam in this span will be of the 
opposite sign from those in the first span. 


Rbs ~ 20^ due to simple beam BC 


Fid. 70a 


For the Second Span. It has been found better to work as 
foUows. Take the origin at B ; the reaction at B will be the 
one for the span simply supported. (F^. 70a.) 

Moment at any section X, a; from B 


(176-126) 

■ 20x + "2 "I" ® 


. 21-25X + 175 . 


When = 0. x= 11*65 or 31*8, 
thus there is no moment at sections, these distances from B. 
Integrating Equation (29), 

--dy X 1 t _1_ J 


= — - lO-Qx^ 4- 176a: + A 
dx 6 


when » = 0, EUb = - 513 from the first span, 


+ 175a: - 513 , 

ax 6 
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dy 'I 

Giving X various values, it is found ^ = 0 when 


X 


3-8, 21-6, and 38-1 ft. 

Between a; = 0 and 3-8, the slopes are negative 
- - 21-2 „ positive 

38-1 ,, negative 

40 ,, positive 

+ 190 


3-8 

21*2 

38-1 


X ~ 40. Eliio — Elic 
Integrating Equation (30), 

x^ 10-6a:3 n5x^ ^ r< 

When ic = 0, t/ = 0 ; therefore C = 0. 
Then the deflection at any section is 

n - ■ mm m* O 


Ely 


x^ 10-6x^ , 175a:^ 


+ ¥4~ 


513x 


(31) 


3 2 

Atx^ 3-8, Ely =- 876 

X = 21-6, Ely = + 14,630 
a; = 38-1, Ely = - 1500 

For this span, therefore, two portions of the beam deflect 
above the horizontal. 

Illustrative Problem 18. 

A beam is continuous is^loaded^^mg whole length 

ends are both fixed honzontafiy. The (|ig. 7I.) 

" Knd S the moments at the supports ; also all the 

reactions. ^ , , 

For the first span and treating B as origin, 

iM, + M. + _ 0* (.4 negative) 

{x = distance cen troid simple moment diagram from A) 

or, as is direction-flxed at imagine another beam to the left 

similar to AB and loaded similarly. 


Then and we shall have 


■ 2 X ^(i-5). 


eAx 

--f- I " 
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{See Equation (9) for beams fixed at two ends.) 

1st and 2nd spans : 

MJ + 2M^{l + li) + M,k = 

(5j from G) 

2nd and 3rd spans : 

+ h) + = - ~ 17 ~“ " k 

(ij from D, Sj from C) 


Ma Mb Me ^ 

7 Ton f B^perft/^C^y^^ ^ 


-100 


FT. 


i-lOO—. 

cc 

Fig. 71 


r60^ 


3rd span : Treating 0 as origin, and the beam as a beam 
fixed at two ends, 

+ + jV — = Q- (42 negative.) 

Simplifying and solving the equations (1) to (4), 

Mi = + 807 tons-ft. 

Mb = + 886 „ 

Mb == + 650 
Mb= +125 

Reactions at the supports (working by the rules laid down) 
are — 

R^ = 48-55 tons ; Eb = 104-4 tons ; Eo = 85-4 tons ; 
iJj, = 21-65 tons. 

Illustrative Problem \Sa. 

A beam is oontinuous over two spans of 21 ft. and 21 ft. It carries loads 
of 1 ton every 6 ft. from the left-hand support. Calculate the deflexions of 
the beam at the load points: El = constant in tons (ft.)* units, riieend 
supports are free. (Fig. 71 a.) Supports all at the same level. 
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The fixing moments at J., (7, and 5 are 0, 0, and + 9 2 

Tim tS reaSm^at^ and C are -848, 4-304, and -848 

Moment i'OT a geiieral section X, a: ft. from X, and between 
the last load and C is 

Ij _ — - .848.1: + l(a:- 6) -f 1(.'C- 12) + l(a:- 18) 

- 4-304(.r - 21) + (a: ~ 24) -f (.i: - 30) -4- (a: - 36) 

1^ t ( f 




"^-^0 = Origin i 


Fig, 71a 

a;3 4- 304(a: - 2 1 )3 {x - 6)^ 

... Ely = - -848-^ 6 + G 


a: -363 
6 


4- Ax -h B 

a; = 0, 2/ = 0, B = 0. a: = 21 ft. i/ = 0 ; 
... 0 = --848 X ^* + 2U- ^ = 29-7 

Deflections at the load points, 

Ely. = - -848 X I + X 6 = + U7-6 


r, 8.RX-+—-- + 29-7x12= + 148-2 

Ely IS = - '84:8 X g i- 0 ^ 

-848 X 18® 1^ ^ L 4 . 29-7 X 18 == + 32-8 

Blyis 6 r 6 6 ^ 

.848 X 24® 4-304 X 3® 1^" ^ 

Ehjs. == 6 6 +6^6 6 

4- 29-7 X 24 = 4- 32-3 . , , 

of oalculattog the o— ^ ctStw 
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the deflection at the position of P^' P ^ 

forces the beam or cantilever upwards until it is level w^n 

thr»umorts thus treat the beam or eantileyer » mnpljr 
the supports rn deflection. 

formulae, and the load in the 


Tons ^ 


-6 tons 



8-25 


•r „ 

I + 12 tons ft. 
_i_ 


Moment Diagram. 

Fio^^ 


prop wiU be obtained. (U) Por an dastw prop, the level of it 
will be below the support levels, dependmg on its elasticity. 

If the prop is to be below the supports, treat the beam as 
having one concentrated load causing a^ deflection, which is 

less than the deflection of the beam without the prop by th 

distance below the supports. ^ _ 

Illustrative Problem 186. Cantilever loaded as m Iig. 72. lo 

find tlie reaction P. 

s/g-eao-x) 

— 60a; - Sa:® + A 


■ dx 


a: = 0, 


0 


Ely 


X ■■ 


FlVi 


% 

dx 

30a:® - X® + ^ 

0, y = 0, . 

30 X 8® - 8® == 


. 5 = 
1408 


0 
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(a) P acting alone causes a deflection upwards at section 8 ft. 

_ 

WP 

By a previous formula, this will be 

P • 8® 


1408 


ZEI 

P X 512 


p ^ tons = 8-25 tons 


512 


m 


I 


8^ 


10 


B 






■ ^^2^ 
-4'OS 



Q'BS 


Moment Diagram. 
( Foot tons ‘') 

Fig, 73 


(6) If the prop is non-elastic, at a distance of below the 
fixed point, 1408 P, X 8® 

El 


El 
Pi = 


1308 X 3 
512 


ZEI 
— 7-68 tons 


Tlhmtrative Problem 18c. A beam is fixed at one end and 
„nli ftSTmiTeto » Blide in a horizontal diteotion at the 

othL Jore.B »< “^rJmTheT'S 
r tte auie and dnaw the bending moment 

diagram. (Pig- 73.) 
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The deflection at the end of the beam with only the 10-ton 
load the general method for the deflectmn of a 

cantilever, and where a: = 12 ft. and » — J it. 

10(9 -12)3 10x93x12 1 0 X 9^ 

EIy = g b 2 6 

— in V 81 X 6 - 10 X 81 X 1-J5 


= 3645 

neglecting the first term as (9 -12) is negative. 

With only the 8-ton load acting, 

8 X 63 X 12 8 X 63 

Ely = —2 6 

= 8 X 36 X 6 - 8 X 36 
= 1440 

therefore the slide reaction will act m the same direction as 

the 8-ton load. r. i 

To find the reaction. Let it be P tons. Ly the method of 

superposition 

PP 

Ely = 3645 = 1440 -f y 

„ 144 X 12 

3645 = 1440 + P X 3 

576 P = 2205 

P = 3*84 tons 


55. A beam of length 21 ft. carries a uniformly distributed 
load of w tons per foot run. It is supported at the centre by a 
non-elastic prop level with the supports. 

Find the loads carried by the prop and the non-elastic 

supports. (Fig. 74.) 

Without the support, the deflection at the centre is 

5w{2l)^ 

384 El 
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Imagine tlie beam as a simple beam carrying a prop load 
acting upwards ; tlie deflection upwards 

Lw{2lY 


therefore 


r2l) as fora 

I ^ Simple beam, 
. 1 . uniform load, 
and Is negative 


Sw (2l)(7V) as fora simple 
6 4 , 

beam, with coned load P 
at centre, and Is positive 


Shaded Diagram Is 
Resultant Moment Diagram 

Fig. 74 


Reaction at the supports when the beam is propped 


The moment diagram is negative, due to uniform load 
acting on a simple beam ; then the moment diagram is 
positive due to prop load. 

The effective moment at the centre 
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This propped beam is a case of a beam continuous over two 

equal spans which is discu^ed in of Three 

Problem 18c can also be solved by the Theorem ot inree 

Moments. 


Illustrative, Problem 18d. j. 


' M 




1 


p ’ 

“C — 


B 


Fio. 75 


AB is a beam direction fixed at B and simply supported at 
A. Jf is a couple applied at a point distant c from B. 


EId^=: 

when considering the prop missing at^ , 

EId^ = Pl^l^ 

when the prop load P is at A and M missing. 

7 c' 

Si = 0, PP/3 = r- 2 
me! 


For 


P = 


If e — l, then P 


P 

ZMV- 

2P 


I- 


ZM 
2 I 


lie = I the moment at B is and it is equal to 
3,. M ■ 
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Therefore if there is no displacement of the point A when 
the moment if is applied at J., then the moment at J5 is one- 
half the applied moment at -4, but of the opposite sign. 

If c == 1, the slope of the tangent to the beam at 4. is 



4M* 



Assuming the couple if is applied at the point 4, the solu- 
tion for the moment at B by the Theorem of Three Moments 
{see Fig. 76) is given by the following method — 

By Theorem of Three Moments. 

The span BA^ is made a reflection of the span AB. B, A 
and A-^ are at the same level. 

By the theorem, 

if J + 2M^{1 + I) + i^A^ = 0 
2if^ = - 4ifB 



is equal to M in the previous solution and therefore 
if 

If 3 = - — when if is applied at 4. 
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EiX-AMPLES K of 

„gl,..« tk- •g"' WiW «««“• » “■• a.M.E.i 

'J 't TiX'SSi'S <2. ouuid. n»» 1. H •«• «»> 

5.JX rrrsssySxSdT..^ 

o.”:— -- -- — ^ 

loaded and supported at i*® ®g^e level as the two supports, *0 load 
applied, and the oeniii'^ calculate— 

E = 12,500 tons per square inch, ,TT of B 1 

-iTS "So^ TX 

Soft' Sd’ioi iss". srs,.“»i“ ?pS‘°'S; 

-^HrSrs'-^ ”.: 

K.Tr,£'.rr. 

S A oontdever 13ft.lodB..ft‘'.®d “'‘t "f r'om '.S' trw «id so that 

Z^B sod. .od .. . 0 - 

“ S-YsS. i 0 « h.. «. -d A bud. ‘SSf'jS'YdTSr.lt’i 

';”jtoo‘irs A .!sf^ i. f“<*nii°w‘Sfi 

16 ft. vertically abovejihe ]oist. B h t iermion m the tie 

S.'.“ — I.S. » did i.™. •• <”■ “ 


CHAPTEB V 



DiSTBiBaTioN OF Sheab Stbbss 

56. Definitions* Sheab Stress exists between two parts of 
a body in contact when the two parts exert equal and opposite 
forces on each other in a direction tangential to their surface 
of contact. 

Let a == area of contact in square inches ; 

P = total tangential or shear force ; 

g = intensity of shear stress in tons per sq. in. ; 

P 

g = — tons/sq. in. . . . . . (1) 

Shear Strain is alteration of shape due to shear stress. 
Considering the side CD fixed, Pig. 77, q ^ ^ 

square face ABCD of a piece of material | ^ ^ — P 
under simple shear will suffer a strain as / j 

indicated by the new shape GA'B'D, j j 

AA^ is extremely small, and it 0 j gj 

practicaU35^ coincides with the arc of a 
circle of radius GA with G as centre. j / 

The shear strain = 6 radians == angle / / 

through which the edge GA has rotated q q 

on apphcation of the shear stress. 

AA' 

6 (very small) = radians . . . (2) 

The Modulus of Rigidity, or shearing modulus, is the 
modulus expressing the relations between the intensity of 
shear stress and the amount of shear strain. It will be 
denoted by the letter G and has dimensions of force per unit 
area. 

Let q == intensity of shear stress in tons per square inch. 

Shear stress = shear strain X G 


q shear stress 

G (tons per sq. in.) 

For steel, G is about |P, i.e. if P = 30 X 10« lb. per sq. in 
then (? = 12 X 10® lb. per sq. in. 

117 

5— (T.5430) 


tseoeti of steuctvees 


57. Stale oi Staple Sheai. A BCD is a reetogiJar block 
of unit thickness to the plane of the paper. (Fv •) 

A shear stress q is applied to the surface AB X 1, the 
along CD there will be an equal and opposite intensity of 

shear stress q. at> nn 

Total shear force on each face = - 9^^; 

These forces acting alone would tend to rotate the block, 

the turning couple being qAB ■ BO umts. 


B A 



Fig. 78 


For equilibrium, therefore, there must be some couple of 
equal magnitude, but acting in the opposite direction. 

Hence tangential forces along AD and BC. , 

Let the tangential or shear stress on AD and BL be q , 
the total shear force on each face = q'AD — q'BG. 


The couple = q'BC X AB units, 
then q'BC xAB=q-AB-BC 

g' = q ( 4 ) 

that is, the intensities of shear stress across two planes at 

right angles are equal. xi.ii. 

68. Distribution of Shear Stress in Beams. It has been 
shown that on each vertical cross-section of a beam there is 
a vertical shearing force acting, and it is now requned to find 
how this force is distributed across the section. The vertical 
shear stress at any point is accompanied by a horizontal shear 
stress of equal intensity. 

AB, CD are two sections of a beam dx apart, (hig. 79.) 

Moment at AB = M 

CD = If + m 


Consider a fibre of breadth z and thickness dy at a distance y 
from the neutral axis. 







mSTBIBUTION OF 8HEAE STRESS 


Suppose the cross-section is constant and therefore / is 
constant. ■ 

If / is the longitudinal stress in the fibre for section AB:. 


The total thrust on the 
fibre, section CD 

M + ^M 


The total thrust on the fibre, 
at section 

^fz^dy 


M^SM 


Neutral 


■Zr— H Section 


Elementary 

Length 


EF is a line fixed on the section drawn parallel to the 
neutral axis at a distance from it ; y^, is the distance of 
the outer skin from the N.A. 

jS» = resultant thrust above EF for section AB 


— T -y^' -^1 = S — T — -y^' ^y 

^Vx ^ Vi. ^ 

is taken as acting from left to right, and R^ as acting 
from right to left. Hence the small portion of the beam dx 
long, and contained by the two parallel sections AB and CD, and 
a horizontal plane EF situated at a distance yi, width Zi, 
from the neutral surface is acted upon by two horizontal forces, 
R^ and J?i -« 

The resultant force R^ - R^ tends to make this portion of the 
beam slide over the horizontal surface EF. This tendency to 
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slide is resisted by the shearing action at the surface, and d 
q is the intensity of the shearing stress there, 

q • Zydx = - i?2 

dM 


-T t 2/^ 

dM 1 


dM 

2 = 


dx ' 1 • Zi 

JL 

Tz 


dy 


S yz-dy 


rvi 
h Jpi 


yz - dy 


vfh-Qiidx and made infinitely small. 


— S — total shearing force at the section 


or q 


dx 


/Zl 


8 


yz • dy 


rvi S 

J ydA\.Q.j^^.Ay=-q 


(5) 

( 6 ) 


where A = area of the section, between the limits y^ and 2/1 
Tnd y is the distance of the centroid of this area from the 
neutrll axis of the section, therefore represents the 

moment of the area considered with respect to the neutral 

axis. liHS latter 
formula can with ad- 
vantage be used for 
any beam section 
which can be taken 
as being made up of 
rectangles, such as I 
beams and built-up 
7 beams. 



69. Examples 

(1) A beam of rect- 


Shear Stress 
Diagram. 

Fig. 80 v-/ ~~ . 

angular section, depth a, 

breadth 6. Investigate the distribution of shear stress over a section at 
which the shearing force is S, (Fig. 80.) 

Kjiowing b, 
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and using the mathematical method given, the distribution of 
shear stress is as shown in Fig. 80. The maximum shear stress 
will occur at the neutral axis. 


where g. 


max 


shear force 


area cross-section 


^mean " 

(2) A beam of solid circular section is of diameter d. Investigate the 
distribution of shear stress over a section at which the shear force is 8, 
{Fig. 8i.) 


cf axis 


Heutral 


Shear Stress 
Diagram. 

Fig. 81 

Note on the distribution of the shearing stresses in the case of 
a circular cross-section. 

It has been shown* that at the boundary points such as b 
and b of the section of width 2 ; in Fig. 81 the shearing stresses 
are tangential to the boundary. At the mid-point of the chord 
bb (Fig. 81), symmetry requires that the shearing stress has 
the direction of the vertical shear force 8, Then the shearing 
stresses at the boundaries and the mid-point pass through a 
common point. Assuming that the shearing stresses at the 
intermediate points also pass through this common point, then 
* Strength of MaterialSf by S. Timoshenko. 
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the shearing stresses can be determined in direction and 
tnL, if we can find the magnitude of the vertical component 
krther, we assume that the vertical components “e the same 
at all points in the chord BB: using the method_ developed, 

this component can be found. After f 

section of the tangential shear stresses at the boundary end 

of the chords, then the shear stresses can be determined 

°°Referring to Fig. 81, it is required to investigate the shearmg 
stress along any section of breadth % which is at a constant 

distance Vi from the neutral axis. , , , • 

Consider an elemental strip represented by bb, havmg a 

length z and a width dy. 

d^ 




also 


Id^ 

V4- 




The moment of the strip z.dy about the neutral axis is 
z.dy .y and the total moment of the area of the segment ot 

the circle between the limits ^ and y^ is Ay 




2/d2 , 


■ y^ . y - dy 

. ^ S ■ ■ 

Consider equation (6), 3 = 

Here g' is a vertical shear stress and it will be equal to g*, 
assumed constant as the vertical component of the shear 
stresses across the strip of the circle. Therefore g* for the strip 
of breadth Zj distant y^ from the neutral axis will be equal to 

S 2/d* V/* 1 S 


! yi. 

-yi^) ' 




zl 


■Vi 


(7a) 
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The total shear stress qt at the end of the strip of length Zj is 


When = 0, then g'j is a maximmn. 

Also at 2/i = 0, qt == q„ = q 
zontal component of the shear stress, 


max 


xiicAi tfnax max ^max ~~~~ j^2J A. 

where A is the area of the circle, see p. 126. 

In the case of the circle, therefore, the maximum shearing 
stress is equal to four-thirds the average value obtained by 
dividing the shear force by the cross-sectional area. 

_ 2 _ 32^ . ^ 


(3) Investigate the distribution of the average vertical component of shear 
stress over the built-up section given in Fig. 82. 


^q-axfs 




Neutral 

Axis,^ 


ram 


Note on the distribution of shear stress in the flange of an 
section. 

The actual distribution in the flanges of an R.S.J. section is 
somewhat complicated, and here the assumption that the ver- 
tical component of the shear stress on all horizontal sections is 
constant has been assumed and the curve as a consequence 
has been dotted in on Fig. 82. In the case of the web, the shear 
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stresses are obviously aU vertical, and can be determined by 
the method already developed. + oViPar stress 

For the Flange, q. = vertical component of the shear stress 

at a distance yf from the neutral axLS. Using the form 


and where Zi = B, 


^ IZi 

it can be shown that the average vertical component of the 


shear stress is 

^ ^ ' D .d 

which holds good for values of Pf between and ^ 


y/ 


d 




(10) 


when y/ — 2 ’ 

For the Web. q = shear stress at a distance y,„ from the N. A 
and it is vertical in direction. 

SAy 


then q=^xf + U (4 


8/^6 


and Zi — b, 
B 


and only holds for values y„ between 0 and ^ 


When y„ = 


S B 


8/ ^ b 


(d^ - 


( 11 ) 


Wheny„=0, 2 = 

Notice. Passing from the flange to the web, the shear 
stress suddenly increases from 

and a consideration of the stress diagram shows that the web 

takes almost all the shear. . 

60. Elastic Energy in Shear Strain. Elastic strain energy 
is stored by a material having shear strain within the elastic 
limit, just as in the case of direct stress and strain. 
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Consider a cube of side dx, of wliich. one face is strained by 
an amount dy^ with respect to the opposite and parallel face 
by a tangential force 

T=^q\dx,,dx.; dyJdx=^qfG. 


Then shear resilience = ~ dy^ 


:l(dx)Hy^ = ^iclxr^ 


2G 


{dxf 


•s= _ per unit volume. 

61. Deflection of a Beam Due to Shearing. In addition to 
ordinary deflections due to bending, there is a further deflec- 
tion due to the vertical shear stress on transverse sections of 
a beam, except for those portions of a beam which bend to 
the arc of a circle. 

The shear stress is not evenly distributed over the section, 
but varies from a maximum at the neutral surface to zero at 
the upper and lower edges of the section. 

In many practical cases the shear deflection is negligible 
compared with the bending deflection. Also in some cases of 
design to allow for it a smaller value than the correct value 
of E for the material is assumed, and assuming the ordinary 
bending deflection formulae, gives a higher value of deflection 
for the beam than that using the correct value of E, 

62. Deflection Due to Shear. (Fig. 83.) Let an elementary 
length {dx) of a beam deflect a small amount dy^. 


0 .^ 


shearing stress 
shearing strain 


dx ■ ■ 

G dx 

T£ 8 = shear on the section due to external forces 
and A — area of cross-section, 

8 


theobt of stevgtubes 
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Assume w constant oter , 

8 / also applicable to 1 beam \ ^ 

dx ^ AO Vwhere A = area of the web/ 

The Effect of the Sheabihg Eobcb oh the 
Deflection of Beams 

An additional <l®^f “ S/5 rf^^t^S^toS abn“ 
S; MT^Silf o^lhe iiUniform distribution ot 
each othe . shearing stresses, the cross-sections, 

Elementary TOeviously plane, become curved. At 

, "fi the neutral axis the shear strain IS a 

^ ^ ■ maximum, and at the edges it is zero 

and here the tangent to the warped 
plane is tangential to the beam 
NA. flange. If the shear force is a con- 
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stant along the beam, the warpmg 
at all cross-sections is the same, ^Tid 
therefore does not affect the longitm 
/lma.1 strain produced by the apphed 
bending moment. Neglecting the 
deformation produced by the bend- 
ing moment, under the shear force, assuming vertical forces 
acting on the beam, the elements of the cross-sections at the 
centroids remain vertical and slide along one another. The 
slope of the deflection curve, due to the shear force above, is 
equal at each cross-section to the shearing strain at the cen- 
teoid of the section. Denoting by y. the deflection due to shear 
we obtain for any cross-section the following expression for the 
slope of the shear deflection curve— 
dy. gv=o 

dx O 0 A O 

in which 81 A is the average shearing stress q, 0 is the modulus 
in shear and m is a numerical 

shear stress must be multiplied in order to obtain the shear 

■ ■' ■ m ■ ■ 

stress at the centre of the cross-section ; also C* — ^ 

m = 1-5 for rectangular sections and 4/3 for circular cross- 
sections. 

The assumptions made in the examples are that the beam 
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can work freety, and in the case of the uniformly-loaded 
simply-supported beam, this condition is approximately satis- 
fied : the condition of symmetry of deformation with respect 
to the middle section is satisfied. The warping will increase 
with shear from the middle where == 0. In the case of a 
central point load, the condition of symmetry of deformation 
with respect to the centre will hold good. The centre section 
remains plane, but at sections immediately adjacent the shear 

. P ■ ■■ ■ ■ 

force is * Warping of the cross-sections of these must, how’-- 

ever, take place: and there cannot be an abrupt change in 
warping from section to section. Therefore the warping at the 
central section cannot be that due to the shear forces on the 
basis given. Warping here must be partial, and the additional 
shear deflection less than that given by the elementary theory. 
The shear deflections given in the examples and based on the 
elementary theory will therefore be approximate displacements. 

^ for varying q, so that jz I S • ax (17) 


for constant g, so that y, 


For the rectangle z^b \ 

A == whole area = b X d. 


It has been shown that G 


For the circle, ^ ‘ 

1-5 and 4/3 are the factors with which the average shearing 
stress must be multiplied, to give the shearing stress at the cen- 
troid of the rectangle and the circle respectively (see para. 59). 


The Afpboximate Sheab Displacements poe 
Given Beams and Loadings* 

63, Simple Beam and Cantilever, ys == shear deflection at 
a distance x below and from a convenient origin. 


* For a further discussion see Strength of MaterialSf Part I, by S. Timoshenko. 
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Now jy-dx = area shear force diagram between the origin 

and a;, and for a simply supported beam 

= moment at distance x from the oiigm- IM* 
for here there is no moment at the support (origin). 

. . - (21) 

Then y>=^ Q 

64. (a) Simple Beam. With a uniform load OTer the whole 
length of the beam, 

I (wlx wx^\ wxf \ 

= — rj-2AoV ) 

wxC 


or ^-^il-x 


■) 


T" 

1 

1 

D 

2 


= — -H 

pT^j "y is a maximum at the centre of the beam, 


1 

< I N eutral 

T” AxfS^ 


3 

i. 


D 

■1 

) 

1 

! 


1 

'-D! 

t 

1 



-■ I^D 


ZD 1 


3 

1 


LJ 

dT 

! 


i.e. when x 


I 


UL 


' • Vs mofls 

wP 

“ 8^6? 

wPO 

“ SG 


for uniform q 
for varying q 


( 22 ) 

(23) 




(b) Simple Beam. With a single 
concentrated load W at the centre, 


Fig. 84a 

at the centre : y, max — 'YJ fi 


for uniform q • (24) 


= for varying q • (25) 
AG 

65. Cantilever, (l) Uniform load the whole length of the beam. 
(2) Concentrated load Tf at the free end of the beam 
The maximum deflection due to shear will occur at the free 
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i: 


end of tile beam; i.e. the deflection below the fixed end, taken 
as the origin. 

~i 

S . dx — of shear force diagram between the 
support and the free end. 

T-i ^ wP wl^G . ^ . 

For (1) y, = or msmg Equation (21) 

Wl WW 

For (2) y,= ~AQ^^ Equation (21) 

66. For a symmetrical I beam, find 0,* or assume that the 
web takes all the shear and that it is evenly distributed over 
the web. 


Illustrative Problem 19. 

In a beam of / section the thickness of the web is half that of the flanges, 
which latter, i.e. thickness of the flanges, is half the breadth of the beam. 
If the breadth of the beam is one-third the depth, find the ratio of the 
maximum to mean shearing stress in the section. (Fig. 84a.) 

The dimensions of the section will be as shown in Fig. 84a, 
and let them be in inches. 

The neutral axis will be at a depth ^ from the boundaries. 


^XX 


D 


(D /^Y 


12 


324 


D* (in.)^ 


Area 


D D 2D D 
2 X ^ X ^ + X 


6 


sq./in. 


Let S tons be the shearing force at the section, then the 
mean shearing stress 

S 8 ^ ^ . 

?«..«» = 2 = 51 = 52 tons/sq. m. 

T 


* From Eqn. (12), page 324, and referring to Fig. 82. 
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The maximum shearing stress srill be 
neuSTaris. Using the method m paragraph 58, Eqn. (6), 

_ ^ 

(Imatt ^ Izi 

rrdit“ro.Thrlt%rgtrit?r.^ 

r, 

2i = Y2> 

R 

3 


/S324 

- 72)4 


9max 

k-5-^ 


X 


u 

D 


A = 
D 


3^6 


6X2 

D 


sq. in. 


X 




-Compression* 


12 

) \ 

+■ 

15-6iS 

D" 


R^-R 

3 ^ 12 


D 


R 

^ 12 ^ 6 


n 

1 


1 

1 

1 


1 « 
lO'SS 

IS 

1 


br 

Neutral ! 


1 Axis. 



\ 


\ « f 

1 


4' 65 1 

2" t 


J 

iP Tension. 1 i 


9max 

^meitn 


15-6 


i)* 




6 




:6'65 


h“ 


— ;4." >1 

Fig. 84b 


Illustrative Problem 20. 

Obtain a formula giving the inten- 
sity of shear stress at any point in 
a vertical cross-section of a beam, 
and use it to find the ratio of the 
rnaximiim to the mean shear stress 
' at a section of a cast-iron beam in 
which the top flange is 5 in. by 
Uin., bottom flange 14 in. by 2 m., 
and web 16 in. by If in. (Fig. 84b.) 


The maximum shear stress 

occurs for the section at the 
neutral axis. 

Let y be the height of the centroid of the section above the 
tension flange (denoted BB). {See Fig. 84 b .) 

Area of cross-section=(6x 1-5+15X 1-75-f 14x 2) sq. in. 

= 61*76 sq. in. 

61*75 X == X 17*75 -j- 26*25 X 9*5 -)- 28 X 1 
= 6*65 in. 

Zxx about the neutral axis = Zbb- ^{y>f — 2760 in.« 


♦ See page 126. 
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== width of the cross-section at the neutral axis 
■ = 1*75 in. , . 

S = shearing force in tons 

8 Ay A = area above the neutral axis, 


^max “ 
^max ■ 




Izj y = height centroid of A above N.A, 
7-5 X IM + 1*76 X 10-35 X 6-18 j 

• . . - {A) 


2760 X 1-75 

8 X 177-3 5 

27-2 ' 


4820 


^mean 

Ratio 


s 


61*75 


^Imax 61*75 


ime 


27*2 


Working with the area below the N.A., 

^max 


4820 

ms 


4820 


(28 X 6-65 4- 4-65 X 1-75 X 2-34 j 

. {B) me (u4) above. 


S 

27*2 * 
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EXAMPLES 

1. A roiled steel joist has the following cross-section : depth of section, 
4 in. ; width of flanges. If in. ; thickness of flanges, f in. ; of web, in- 
This joist rests freely on two supports, 40 in. apart, and carries a load of 
If tons in the centre of the span. Calculate the maximum intensity of the 
shear stress in tons per square inch. Show by a diagram the actual dis- 
ti'ibiition of the shear stress. Find the deflection of the beam at the centre 
due to shear. G == 12 X 10® lb. per sq. in. (U. of L.) 

2- A cast-iron beam of elliptical section is simply supported upon two 
supports 8 ft. apart, the major axis being horizontal. The greatest width 
of the beam is 12 in, and its greatest depth 8 in. The beam is uniformly 
loaded with a load of 2 tons per foot run. The weight of the beam should 
be taken into account. Weight of cubic foot of cast-iron, 460 lb. Find the 
maximum shear stress along the major axis. What is the deflection of the 
beam at the centre, (a) due to bending, (6) due to shear ? (XJ. of B.) 
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3 P.ove that the intensity of shear stress. at any point of the cross 


section of a beam » 

r.KTi “r ”r4f 

and a half times the horizontal tubular beam is 1 foot external 

4. ■nie vertical cross-section of a h maximum shear stress 

and 6 in. internal 4here the shear load is 6 tons. 

to mean shear stress at the sec supports a uniformly- 

5. A 9 in. by 3 in. ^0°^ ^r^beSiine the de&otion in inches at 

distributed load gheM If tbe beam also supports a load of 

the centre of the beam due .*° ®“®®5 .g “^ion at the centre of the beam due 

?;fsrart^t tSt^o^XS: We . = 9 X 10* Ib./s,. m. 

6. T.ke th. bera 

•"t “ nl” 

support of a cantilever is equal to _ 

wor , 

^ ^ 2 J 

for a beam uniformly loaded over its i^holo length; and 

WG, 


FAy. ^here F = shearing force at the section, 


2/' “ 2G 


(r) 


a V»An.Tn with 


. AAtt'f.T’Jl.'f.Afl lOOlCl 


Txr iViA (Vf-'if’t 


CHAFTEE VI 
CoLUMisrs 

67. Long and Short Struts. A length of material, which may 
be of solid section or which may be built up, and which is 
subjected to thrust loads axially or non-axially, is a column 
or strut. 

68. Short columns fail by the stress exceeding the yielding 
stress of the material in compression ; long columns fail by 
what is known as buckling, and between these two extremes, 
failure occurs by a combination of direct compressive stress 
and buckling.* 

69. Euler’s Theory of Long Struts. {Fig. 85a.) Long struts 
fail by buckling, or lateral bending, and the determination of the 
buckling load really becomes one of stability. The Euler 
formula tries to find what end force will cause a bending 
moment which will make the ratio of (increase of deflection) 
to (increase of load) equal to infinity. It neglects the effect of 
direct compression and only deals with the bending moments 
as a cause of failure. For usual shapes of columns it gives 
results which are far too high, Euler’s solution is generally 
the one used in strength calculations of very long struts. The 
Euler strut is homogeneous, of uniform cross>section, very 
long in relation to its cross-sectional dimensions, and the load 
is supposed to be applied perfectly axially. It is also perfectly 
straight, that is, there is no initial deflection due to workman- 
ship, etc., which would cause an initial moment to be applied 
to the strut. The end conditions greatly affect the strength to 
resist buckling. 

* Columns made of brittle materials, such as cast-iron, vsdll fail suddenly 
in shear. Short solid specimens of a ductile material, such as mild steel, will 
squash or flatten out. (Refer to textbooks on strength of materials for 
diagrams and photographs of failures in compression.) On loading a long 
column of ductile material, for a small addition of load, the column will remain 
straight. On further applying load it will eventually begin to bend laterally, 
or buckle, until just above some (iritical load it will continue to keep on bending 
under this load until it reaches the failing strength of the material in compres- 
sion, when it will fail suddenly by buckling. 

The kind of failure depends on the type of column. In dealing with columns 
therefore, large deflections of the body as a whole have to be dealt with, 
(Photographs of failures of experimental aeroplane struts are given in a 
paper on the “ Development of Metal Construction in Aircraft,” by Major 
J. S. Nicholson, Engineering, March 12th, 19th, and 26th, 1920.) 
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long column OB STBITT, PIN-JOINTED AT BOTH ENDS 
Tet AB of length I be such a strut, pin-jointed at ^ and B, 

p a; downwards as positive, and let the strut 
. Y under a load P deflect as shown m lig. 85^ 
Or^in-fAY. Lgi- y ije the anaount of deflection of section Z 
If. 1 distant n from 4. Lrt !/ 

Strut bends concave upwards towards its 

°"£eSt1fx _ P, wil be of tie n^ative 

sense. 


4 

y 


loc 




I 

1 


i 


El 


Eig. 85a 
Solving Equation (1), 

IP 


dx^ ■ 
dx^ 


-Py 


p 

'EI^ 


(1) 




where A and B are constants depending upon initial conditions, 
a: = 0, y = 0, hence P = 0 

rj- 


y 


x=^ly y = 0 


0 = 

A cannot be zero as if so no bending would take place, and 
the critical load has not been reached. 


therefore sin 


“V® ■ 


I = 0 


/A .1 therefore = 0, n, 27r, etc. (in radians.) 
El 



COLUMNS 


Clearly the zero value is inadmissible, and co nfini ng our 
selves to the smaller of the values tt at which sin .1—0, 

then the crippling load is obtained from the equation 


Euler load 


Critical load = P 
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Then the bending moment at X, distant x from A, is 

^ Py u. {Fy is taken as of the negative sense.) 


d^V r. 

Then “ u-Py, ^^2 

Let PIFl = 

d^ 

dx^ '' 


P [ u 

Eiv P 


) 


■■ a 


As before, 


d^ 

dx^ 

z- 

y~a 

dy 


' dx^ 


n^{y-a) = 

- 


-nH 


: A sin nx -)- B cos nx 
: A sin nx + cos nx 


1 


Differentiating ^ cos nx - nB sin nx 

when a: = 0, dyfdx = 0 : as previously cos nx 

Again if x 0, y ^ 0: B ^ 

y - d cosnx 

// y a(l - cos nx) 

lfx:=l,y = 0 

\ 0 = a(l - cos nl) cos nl = 1 

Hence nl can have values 0, Sjr, etc. 

By previous reasoning take the value 2ji= nl 

45i;^ - 

/ . ^ 2,2 and 

^ 4^EI 

p=— . . ■ ■ 

This value for P gives a value four times as large as that 
obtained in the case of the pin-jointed column considered in 
paragraph 69. The end-fixed column thus has four times the 
strength of the other. 


( 3 ) 
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It can be shown that the points of inflexion occur at the 
quarter points; the distance between these points h If 2 and 
this length is called the effective length of the strut ; it is an 
equivalent strut, pin-jointed at the 
ends. Using the formula for this 
strut 

' nWI 

And replacing P by 
then P = 

obtained by mathematical analysis. 

71. Long Colunm or Strut, Pin- 
jointed at One End and Fixed at the 
Other. (Fig. 85d.) The pin-jointed end 
is considered as being able to slide 
freely in a Motionless guide, the nor- 
mal reaction at the guide being Q ; 
this normal force is balanced at the 
fixed end. 

Take the origin at the fixed end A. 



Fig. Sud 


B.M. at X = ifv 


dx^ 


Q{1 


= - Py -b Q{1 -x) 
x) P 


Eld^y 

dx^ 


El 

P 

El 


El 


y 


\y-f9- 


X) 


XjcI} 


Then 




: PfEI, and z 

\ ^ dz 

- n^z and 


{y 

dy 


Q 


il-x) 


- +- 
dx^ P 


d^yjdx^ — — tv 

&n6.dHldx^ = dhjldx^ = -nH 
By the general solution z = A sin nx B cos nx 

so that, y -^{l - x) = A minx B cos nx 
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P' 


0, y = 0, .-. B = 


when 
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Differentiating 


When 
So that, 





But secondary failure may take place due to the minimum 
value of I, unless precautions are taken to prevent this by 
side supports or other means. 

Euler formula. P = . • • 1®) 

Ott^EA ('i\ 

“ ■ ■ ■ 

where 1 = moment of inertia for the axis about which the strut 
is made to bend, 

C — constant depending on the fixity of the ends 
= 1 for pin ends, 

= 4 for fixed ends, 

= i for 1 fixed and 1 free end ; 

^ = cross-sectional area, 
k = radius of gyration. 

For a constant cross-sectional area of strut, 

p = constant . - (8) 

Plotting P against a rectangular hyperbola is obtained, 
which is the Euler curve. (See. Fig. 86.) 

74. EaoldiM Fonnuta Sor Stmts. 

the failinv load would be AU where /<, is the crushing or 
Siding stress of the material, and 4 the eross-sectional area. 
For a long strut, the Euler buckling load 

(^eeEqn.6) 

G a constant depending on the fixity ctf the 

For struts which are sufficiently long to ^ 

to buckle and yet are not long enough 

pressive stress to be negligible, it is clear that the ultimate 

failing stress 
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Many formulae have been suggested, but the most used one 
is that known as the Eankine formula. This is 




Af. 


V- ~ a/l\- 

^ + AfcX ^ + 0 U 


(7) where a 


It is often written P = 


Afc 


1 + a 


hV 


{I 


A 

tt^E 

(theo,) 

. (9) 


where is the effective length of the strut 

If I is very large compared with Ic, 

^ ' Af, Af, -nm 


Vc 




AfA^ 

Trm 


h- 


U fl 

If Z is very short, then f ^ 

will tend to become small and negligible compared with 1 
when P — Afc 

The value of a for some materials has been ascertained by 
experiment ; but the theoretical value, though not so good 
as the experimental, is very useful where a practical value 
has not been obtained. 

The Rankine curve for a mild steel tube, where a = 

7600 

is shown in Fig. 86. 


Rankine’s Constants. 


Material. 

tons per square inch. 

a. 

Mild steel 

. 21 

y 5 0 0 

Wrought-iron . 

16 

y U U 0 

Cast-iron 

. 36 

T"eVo 


As j- increases in value, the Rankine and Euler curves tend 

■ ^ I 

to meet. Above the meeting point value of y- ■ that is, values of 

Z ^ 

^ greater than this, use Euler values for the failing loads. 
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For struts of a channel section, it has been found by experi 

mBiit that for 

Mild steel, values of |■>150, Euler curve holds good. 
High tensile steel, values of ^>120, „ 

Duralumin, values of 170, » » 

75. To satisfy the experimental curves of (p, for thi 
intermediate lengths of strut, varioi^ other empirical formula. 

have been developed, chief of which is 

J. B. Johnson’s Parabolic Equation. {See rig. 8b.) 


9 IS 
curve 


a constant of such a value to make the paraoouc 
tangential to the Euler curve at some fairly high value 
I is the exact test length of the strut. 

Mild Steel [American constants)* ^ 

End conditions. /jlb./sq.in. g- Limit of ^ 

Pin ends. . 42,000 0-97 150 

Flat ends . 42,000 0-62 190 

Note.— When j == 0 ; /« = 42,000 lb. per square inch is less 

fbgn the yielding stress of mild steel, which is about 52,500 lb. 
per square inch. 

Note.— For a strut absolutely freely hmged, and to make 
the parabola meet the Euler curve tangentially, g must be 

theoretically equal to 

Note osr J. B. Johnson’s Paeabolio Equation. 

The maximum load which can be carried by a strut is Pm- 
Then, by Johnson’s equation 


4.Gn^E • k' 


• The constants in paragraphs 76, 76 and 77 are from Structural Menibsra 
and Connections f by Hool and Kinne 



COLUMNS 


143 


where G is the fraction for the end conditions. 
Or, if P is the safe working load 

A 


P , 


where x = 




^ is a constant depending upon the shape of the cross-section. 

The formula for A is one which can be used for design 
purposes. 

The corresponding values of Pm a»nd A on the Euler basis 
are. 


and 


If- 


Otc^EA . ~ and ^ 


fc 


(B) 


P 

"fc 




fc 


P 


4:Cji^E ' ^ column design is equal to, or is less than, 

1/2, the Johnson formula is true : if this discriminant is greater 
than 0-5, the Euler formula is true. 

The Johnson formula is an empirical formula to change 
from Pk = Afc true for short columns, to tangency with the 
Euler curve, at the point where the strength has fallen to one- 
half that of a short column of the same material and section. 
Used in its proper range, it fits the maximum loads (engineer- 
ing strength) with surprising accuracy. It is a good design 
formula for long columns, whose probable strength Pm is 
greater than one-half of Afe- 
From equations {A) and (P) if 

P« 1 „ CtPE P 1 ^ p 

ChPE'kP 




1 ,, CnW 
- then —f — 

Jc 


*2 1 
P ~ 2°^ ^ 


and 


/ fc I 

V Cnm 


Cnm • k 


. r-= 1-414 = V'2 


Therefore for values of J . | < or = a/ 2, use the 


GtPE ■ k 

Johnson formula for calculating Pm/Vc and for values of 
/<= V2, calculate PJAf^hj the Euler formula. A 


KJ-i 

y 


Cnm • k 
curve of PujAfc against 


J 


fc I 


^ • r can be plotted which is 

OtPE k ^ 
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suitable for use for the design of the practical column. {See 
Fig. 86a.) The change for the Johnson curve to the Euler curve 

I 

Ckm ■ h 


wiU occur at the value of 


uxxv/ 

v: 


V2. 


76. American Straight Line Formula. {See Fig. 86.) A 
formula easy to work with, and giving approximate values of 
p 

-r , useful for preliminary calculations. 

A 

J =/,-»(!). . . .(10.) 



The point of tangency of the straight line with the Euler 
curve is the limiting value for which this formula can be used : 
fc and g are empirical constants, so chosen so as to make 
the formula fit the results of column tests ; 

I is the exact test length of the strut. 


SiEtrcTUEAL Steel {American Values) 


End conditions. 

fc Ib./sq. in. 

g- 

Limit 

Flat ends 

. 52,500 

179 

195 

Hinged ends . 

, 52,500 

220 

159 

Round ends . 

. 52,500 

284 

123 


Cast-ieon 


Failing stress 


P 

A 


34,000 - 88 


© 
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77. Other Straight Line Formulae. 

(A) American Railway Association for Working Loads — 

■ ( Ib./sq. in. ) = 16,000-70 (f) J ^ > 14,000 Ib./sq. in. (11) 


From 


14,000 Ib./sq. in, 


Centroid 
of Area* 


Neutral 


Centroids 


Fig. 87a Fig. 87b 

(B) American Bridge Cofs Formula for Structural Steel 
Workmg Loads — 

^ (ib./sq.in.) = 19,000- 100 13,000 Ib./sq. in. (12) 


i.e. from ^ = 0 to 60, = 13,000 Ib./sq. in. 

78. Struts — ^Eccentrically Loaded. In Big. 87a, the load P 
is acting at an eccentricity e from the centroid of the cross- 
sectional area of a column. This force P is equivalent to a 
couple of magnitude Pe plus an extra force acting downwards 
at the centroid. 

The couple will produce bending, and consequently com- 
pressive and tensile stresses in the material ; whilst the addi- 
tional P (thrust) at C will cause a direct compressive stress 
of equal intensity over the whole of the cross-section. 

79. For a Short Column. Crcss-sectional area A (Fig. 87b). 

Maximum compressive stress for P applied at an eccentricity 

e on one of the two principal axes of the cross-section. 

P ^ I / / \ 


(13) 
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Maximum stress on the other edge distant from 0 
P Peyt P 
~A~ I ~ A 




ts 


(14) 


If ^ a resultant tensile stress will be developed, as 

1 A 

shown in Fig. 88. 


iCompressive pj 
^ Stress, 


Tensile 

Stress. 



Compp&ss/'ve S'tress 
due to R^actin^ az'C^ ^ 



Ip G 


IS 



Fio. 88 ' 

Referring to Fig. 88, 

ABCD = normal stress distribution 


AEFB 


AGKHBK 


stress distribution when <C ^ 


Pey, 


> 


80. Long Struts — Euler Form. Pin Joints (Fig. 89). Let 
P act on one of the two principal axes at a distance e from the 
centroid of the cross-sectional area. Let A be the origin. It is 
required to find the deflection y of some section X distant z 
from the origin. Take y as positive. 

Moment sA X = - P{e + y) 

= . . 

dx^'^ EI'^ EI~ ^ 


( 15 ) 


B 
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The solution of this differential equation is 

y e = A sin J ^ .x + B oosj 

x = 0, y=0, 

"P 

1/ * 

1 

2 

X 1 

' EI ‘ 2 
^ I 


El 
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(16) 


dx 


i 

^ V M 


'^) ® V El (V El • *) 


dx 


■ 0, when x = 
e tan 


y -(- e == e tan 


Er 2 


“(y£'*)+"“CyE'*) 




Particular values of ^ that make tan 


(yi4)‘ 


(17) 


infinite 


will also make y infinite. The only interpretation of this mathe- 
matical infinity is that the column is unstable for values of 

l~P 

J satisfying the equation 

IT I 

i.e. values of J ^ • given by 


/ 

V 


PI 7t 6jt 

^ * 2 "" 2^ T’ "2 


, etc. 


The load at which instability really appears is the first one 

EI'~' 

Tt^EI 


given by 


i.e. the critical value of P is 




which is the same as for 


the axially loaded Euler column. In this case, the strut bends, 
however small the load, and the deflection is correctly given 
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by the equation for y before instability is reached, but at the 

Tt^EI . 

particular load given by P = the rod is really ■ unstable.. 

If the length is great, the stress in the rod may become so 
great, before the load is large enough to produce instability, 
that the strut just fails as a beam would fail under transverse 
loads. 

If this is possible two separate calculations are necessary, 
p one to find the safe load assuming instability 
^ impossible, the other to find the buckling or critical 

' . load assuming the stresses do not become unsafe 

I before buckling begins. The smaller of these loads 

is the safe load for the strut or column. 

/ I Prom equation (17) the deflection y is obtained 

X W for any value of x. 

p • , ^ 

] y IS a maximum when x — — 


-p l_ 
El' 2 


-f- e cos® 


El '2 


Then + c = e sec 


ymax ' 


H i' 

El '2 


Er 2 


El '2 


is small, it is accurate to assume that 


II ^ 

N Er 2 


in the numerator and = 1 in the denominator of equation (18o). 
PeP 

Then y^ax — - or varies directly as P. 

This coincides with the expression for the deflection of a 
beam bent by couples Pe at the ends. 

For other cases, equation (18) will give the displacement 
under a load P. 
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The moment at the centre is 


max 


The maximum compressive stress in the material at the 
centre will be 


max 


(This latter, assuming the elastic moment form holds good for 
all values of P, and = distance from the 'NA, to the outer 
compression fibre — see Fig. 87b,) 

P y 

The minimum stress will he -r - 

■ A I 

which may be compressive or tensile. Prom equation (19) 


Knowing the ultimate compressive stress of the material, the 
probable failing load P can be calculated for a given strut. 

81. Failure of the strut will occur usually in the compression 
flange when the maximum compressive stress reaches the 
ultimate stress of the material. 

With built-up struts, failure should occur by the compression 
flange buckling; if not properly designed, it may not do so, 
but fail in a secondary manner due to rivets failing or webs 
buckling, etc. 

82. Professor Pippard and J. L. Pritchard have shown in 
their book Aeroplane Structures'^ how the Ranldne formula 
for axially -loaded struts may be adjusted to apply to an 
eccentrically-loaded strut. 

For a short strut eccentrically loaded, the maximum com- 
pressive stress developed is 


From which 


♦ Aeroplane Structures, by A. J. Pippard and J. L. Pritchard. (Longmana. 
Green & Co.) 

6 — (T.5430) 
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In Rankine’s formula, replace in the numerator 

/; 


fM 


1 + 


p ) 


, the eccentricity factor 


then P 


Afe 


^ = Rankine’s failing load 

3 ( 14 . a(-\ I 11 +( — Iffoi' eccentrically-loaded 
{\ \^/ ) ( \^^/)struts . . ( 21 ) 


83. Combined End and Transverse Loadte/ In certain 
structures, members acting as struts may also have transverse 
loads applied to them, e.g. members of the frames of an aero- 
plane wing. In these cases a compressive stress will be 
developed in the strut due to the end load P, the moment 
Py (where y is the deflection of the strut), and the moment 
caused by the transverse load. 

84. Case I. A concentrated transverse load of W acting at 
the centre of the strut having pin-ends. Assume the strut 



elastic to failure and that it will fail by buckling of the compres- 
sion flange, find the approximate axial end load P to cause 
failure. 

The strut is constrained to bend in the direction of one of the 
principal axes. 

Let A be the origin. (Fig. 90.) 

W 

Upward reactions at A and B due to If = — 

X to the right positive : y downwards positive, 

d^v W 

theni/Z J = 

, P , w 

dz^ PZ • ^ 2P/ • * “ ® • 


( 22 ) 
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The solution of this equation is 
y = A sin 


,x ] + B QOS 


u 


when X = 

dx 
0 = 


X = 0, 

# _ 

’ dx 

z 

El 

Z 

El 


2/= 0, 


J?/’ 
5 = 0 


a: 


TFrc 

2P 


( 23 ) 


0 




, ^ cos 


W 


- ■■ lEl 

2P‘ 4 P • 


5/ 

Z 

57 

1 


K 

2P 


) 


w 

'2P 


W 

2P 


m 

p 


cos 


sm X 


M 


'JSi) 


COS* 


^JSi) 


'2P 


(24) 


An equation giving the deflection for any value of x, 
knowing P and W, r \ 

y is a maximum when x = ^ 


W lEI ^ (I /_P\ 
Vmax — 2P 4 P • \2 4 BI] 


m 

AP 


(25) 


The bending moment will be a maximum at the centre, and 
wiil be of the negative sign for known values of P and W. 

W fWl , (I 

- Ta/7-‘“(v 


■M. 


■ . tan 

w m 


m m 

T"^ 4 


2 V P 


V®)- _ 

(I -Vi 


(26) 


Assuming elastic conditions hold up to failure, the critical 
load for P, will be that value when the maximum compres- 
sion stress ’becomes the failing stress of the material =/c. 
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~ distance of the compression flange from the neutral 

axis. 

There will be an equivalent load P acting at the centroid to 
complete the couple Py^ax 



Knowing /<;, If, /, A, and the Equation (27) can be solved 
to give the failing value of P. 

85. Case II. Strut pin -jointed, end load applied axially, 
with a uniformly-distributed transverse load (over the whole 
length of the strut). (Pig. 91.) The strut is constrained to bend 
in the direction of one of the principal axes. 



Fig. 91 




wl 


wx^ 


■Py--^x+ ^ 
The solution of this equation gives 




. X 


wlx . wx^ 


El 


'2P + 2P' 


when a; == 0, 


y=0, 
I dy 


B — -\-w- 


El 


pa 


(28) 


( 29 ) 
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when X 


T 

9. ' 


maximum 


= + 


wEI 

W 


l'T\ 

• V^j 


El 

-j- COS 


y.4) 


wP 


4P 8P 


p2 

- pz sec^2 'Vp/zJ 8P 

The moment at the centre will be a maximum 

wP wEir fl IT 


(30) 


■M„ 


^Vmax "h 


8 




Assuming elastic conditions to hold to failure, 

= failing stress in compression of the material, 


fo = 


wEI 


f I I P\ 1 1 

M2Vljj 


yo M — 


(31) 


85a. If P« == Euler failing load for the struts with 
transverse loads, 

TT^I 

ft ' 




El or 


P 

I 


TT 


Vei Vp« 

86. Case I. Concentrated transverse load at the centre of 

the strut, 

W I IP.. 


fe 


I IP. /tt /P\ y, 
nAj P ^Pj' I 


yo 4.?- 

A 


It can be shown* that i£ P < P. 

P . Wl . WP 


then/„ = 2+42 
where Z — Ijy. 


+ 


iSEI'Z'Pe-P 


(32) 


(.32a) 


* Materials and Stmctures, Vol. I, by E. H. Salmon. 
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The longitudinal load P increases the deflection due to the 
lateral load, in the ratio Pe : (P^-P). 

87. Case n. Uniformly -distributed transverse loads, 


It can be shown* that if P < P« 


\y° _i_ ?~ 

^ A • 


then/, = 
where Z ■■ 


wP 


5 wP P 


^ + 8^ + 384 ■ El -Zy_- P, - P 

-ily. 


(33) 


(33ct) 


The longitudinal load P increases the deflection due to the 
lateral load in the ratio Pe : (Pj -P). 

Knowing wor W -fe' Pe and A, P can be ascertained from 
equations (32a) and (33a). 

Illustrative Problem 21. 

1, Calcxilate the thickness of a mild steel tube 6 in. in internal diameter, 
12 ft. long, to support an axial load of 15 tons. The tube is fixed at its ends. 

Taking a factor of safety of 4, 

Let Pj = external diameter in inches 

Pi- 6 


I = 144 in. 


t = thickness in inches 
4" 


(Pi^- 6**) ^ 


16 




the effective length 


64 

1 

2 


area X 


72 in. 


Take E for mild steel = 13,000 tons per sq. in. 
Using Euler’s formula, the buckling load is 


TT® X 13,000 X 


4 X 15 = — 
Take = 10, 


64 




then t = 


72 X 72 

P/= 1345 
Pi= 6-06 in. 

0-06 . .n . 

_ = Q.Qg 


* Materkds and Structures, Vol. I, by E. H. Salmon. 
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Eankine^s Formula. 
square incli. 


‘ 7000 + 36/ 

: Solving i)i= -^/iO == 6-32 in, 

■ 0 * 3 ^ 

The thickness of the tube is, therefore, 


15*2. Rankine 


15*8. Euler 


Illustrative Problem 22. 

An I beam, 12 in. x 6 in., 54 lb. per foot length, is used as a horizontal 
strut hinged at both ends, and is 20 ft. long centre to centre. The beam is 
arranged with its web horizontal. The least moment of inertia is 28*3 in.^. 
There is an axial load of 24 tons, and a vertical load of 1 ton at the centre 
of the length. Calculate the maximum bending moment approximately, and 
find the maximum and minimum normal stresses. (U. of L., 1923.) 

Cross-sectional area of the bea,m is 15-88 sq. in. 

(1) Neglecting the weight of the strut, the maximum 
moment is {see Equation 26) 


is in radians, 


Take E = 13,000 tons/square inch. Z to be in inches. 

1 /1 3,000 X 28-3 240 / 24 

24 2^13,000 x 28-3 

86-6 tons-in. 


max 


Max. compressiTe stress = 86-6 X 

= 9-24 + 1-51 = 10-75 tons/sq. in, 
Max. tensile stress = 9-24 - 1-51 == 7-73 „ 


* By Eqn. (32a) /<. ==: 11*08 tons/sq. in, 
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Allowing for the weight of the beam, il^an be sho^ that 


-if 


max 


g iur — - .. 


flint in the sum of the maximum moments due to n trans- 
verse Ucentrated and a umform transverse load acting 
individually in conjunction with the end load > _ ^ 

w = 54 lb. per ft. run = 4-5 lb. per m. run = 51 . 0 ton per m. run 


-M 


max 


500 


13,000 X 28-3_ / j (55.50)1 


24 

86-6 tons-in. 
= 109-9 tons-in. 


109-9 X ^ + 1-51 


Max. compressive stress 

11.6 -j- 1-51 = 13-11 tons/sq. in. 

Max. tensile stress - 11-6 - 1-61 = 10-09 tons/sq. in. 

mstrative Problem 2Z: ^ ^ ^ ^ ,,1 « in thick 

A oo„.i.b.g oI . STln “ 

is loaded along an the steel is 28 tons per square inch. 

tube is 120 in. long The jndd ^ress -8 to 

Find the crushing load o£ the^strut. (ine inehnot 

tion you devise must be clearly mdicated.) lu. . 

Take the strut as hinged at both ends. 

Using the Euler form for eccentric loadmg (liqn. 


f, 


fnax 




+x 


fmax 

E = 


£. - 
El ■ 2 

28 tons/sq. in. I = 120 in. = li 
13,000 tons/sq. in. i/c = 2 in. e 
f = 4-12in.^ 

A = 2-27 sq. in. 
jfc2 = 1-82 in.2 


i m. 


1 

k 


1-35 


28 


X j:j2sec 


(V 13.^ 


P 


X 60 


16-48 


,000 x 4-12 

3-86 2-27 

By trial, P = nearly 30-55 tons 


\ P_ 
'j + 2-27 
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By Raiikine’s formula for ecceatric loads 


Taking a 


I ‘ 7000 1-82 ^ 8 B82j 

Eccentrically -loaded strut : failing load 

is 30*55 tons (Euler method) 
and is 26*0 tons (Bankine formula) 
ti^EI 

Note — Euler’s Critieal Load — P — = 36-6 ton, 
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EXAMPLES.':. 

1. Find the buckling load of a channel section strut 12 in. X 7 in. x i in., 
length 16 ft., both ends rigidly fixed, by Rankine’s formula. Cheek your 
result by Euler’s formula and, if there is any discrepancy between the two, 
state which result you consider to be the more reliable, and why ? Draw 
the Euler and Rankine curves. 

2. A strut, whose length is 100 times its diameter, is compressed by a 
load applied axially. Describe how the strut gives way, and show how the 
nature of the end constraints affects the strength. Discuss the application 
to this case of Euler’s formula, 

, Ttmi 
Limiting load = 

Derive the Rankine formula and explain its use. 
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3 A column of circular section, the internal and 

" Tt £“ ffSnS br'm“ iS“S “«. ; Sto h»»a wu.« i.»u m 

given that the safe working load on a column with faxed ends 

6A , 


1 + 


\2Q,000jh^ 


when A is the cross-sectional area of the strut ; 

L- is its length ; and ^ ^ ^ 

h the radius of gyration about an axis at right angles to the ^ebs^_^_^ 

5. vertical pillar of a^ane tao^ se^^^ 

is Cg caS at a^adius of 12 ft. from the centre of the «ection.^^_^_^_^ 

6. A bar of steel under a tension te^ is ^pped «^*at the line^o^puU 

by the toting 

aloJg ^iL° JaSrt^tlfe axis and at Jin. from it. Find the m— n 

and minimum stress in the section of the prop. m i <. i VinUrwi 

8 You are required to ascertain how the strength of mild steel hollow 

DMcrilw my’^ ipeoial fittings you would use. What kind of ““ve ^°uld you 
plot ? Con^are the fafiure of a tube 1 foot long with one 8 ft. lonfr ^ ^ 

q A souare hoHow cast-iron column 12 ft. long, sides 6 in., and walls 
li in' thick is fixed at the lower end and pin-connected at its upper end. 
Calcifiate the load the column will safely carry, allowmg a reasonable factor 
of safety. ^ 

= 36 tons per sq. in. Constant = 

(U. of B.) 

10. A cast-iron column, rigidly fixed in the ground, with upper end 
free is 20 ft. long; the cross-section is a hollow cylinder 12 in. outside 
to^eters in. infide diameter. Calculate the safe load this column will 

"'carry. - ■ .. '' ■' ■: . ■ 

y = 36 tons per square inch. The constant for a column pm con- 
nected at both ends is ^ ' 

11. A round bar 2 in. diameter is subject to a pull of 5 tons along a line 

parallel to the axis and Jin. from it. Determine the maximum^ and 
minimum stresses on the sections of the bar. , • .« ^ 

12 A solid cast-iron column, 4 in. in diameter and 2 ft. long, is fixed at 
both ends. Calculate the load the column will safely carry by Rankine s 
and Euler’s formula. 



20,000 jfc* j ^ 

where A is the cross-sectional area in square inches, ^ 

L is the length of the column, 

and k is the least radius of gyration about a diameter. (I.C.E.) 

18. A steel built-up stanchion is made of two plates 16in x fin., two 

plates 12 in. X Jin,, and four angles Sf in. X 3fin. X Jin., the section forming an 
internal rectangular space of 12 in. X 7 in. The stanchion is 30 ft. high and 
loaded centrally. Considering the stanchion is fixed at both ends, determine 
the safe load. (U. of L., 1923.) 

19. Find the necessary diameter of a mild steel strut 8 ft. 4 in. long, freely 
hinged at each end, if it has to carry a thrust of 10 tons with a possible 
deviation from the axis of one-eighth the diameter, the greatest compressive 
stress not to exceed 5 tons per square inch. (Jr — 13,000 tons /square inch.) 


In Biankino’s formula, take a = and safe compressive stress for 

short lengths of the material = 7 tons per square inch. 

In Euler’s formula, take .£J for cast-iron = 10,500 tons per square inch. 

(U- oi B.) 

13. Compare tho strength of columns 12 ft. long containing the same 
\'ohimo of metal : (a) the column being rolled steel joist of I section 10 in. 
X Sin. X fin. ; (6) cast-iron hollow cylindrical column, the metal being | in. 
thick. 


Use Rankine’s formula — 


/g for steel 21 
1 

7500 


ct for steel 


for cast-iron 
for cast-iron 


(U. of L.) 
Rankine’s 


14. Discuss briefly the limits of application of Euler’s and 
formula for struts. 

A mild steel tube is used as a vertical strut. It is 2 in. internal diameter 
and the metal is in. thick. It is 20 ft. long and firmly set in a foundation 
of concrete. The upper end is quite free. Making reasonable assumptions 
as to constants, calculate the load at which it will fail. 

If the strut was reduced to 3 ft. in length, what load could it carry ? 

(U. of B.) 

15. Find the external diameter and thickness of metal for a hollow steel 

strut 10 ft. in length and capable of carrying an axial thrust of 20 tons. 
The ratio of diameters to be 10 to 8, and the ends of the struts are firmly 
fixed. Use the Rankine formula : = 21 tons per square inch ; a — 1/7500 

(for rounded ends) ; factor of safety = 5. (I.M.E.) 

16. A rolled steel joist, 8 in. deep and Bin. wide, is used as a strut. Its 
moment of inertia is 110*5 in inch units, and the cross-sectional area is 
10*3 in. A compressive load of 40 tons acts along a line lying in the centre 
of the web and parallel to the longitudinal axis of the joist, but at a distance 
of 2 in. from it. Determine the maximum intensity of stress induced. 

(I.M.E.) 

17. Find the safe working load for a column of the section 
indicated in the sketch, 20 ft. long, and having its ends fixed, }< — 9 — >j 
using the formula 

■ ■ - . QA " 

Working load — ;; tons, 
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20. A mild steel strut, pin-jointed, 5 ft. long, 1 — lO’O (in.)^, carries an 
axial thrust of 6 tons* What transverse load can it carry at the centre to 
develop a maximum stress of 22 tons per square inch, assuming the strut 
remains elastic ? Oross-sectional area of the strut, 0*5 sq. in. {R =13,000 
tons per square inch.) 

21. If the strut in Question 16 is pin -jointed, 100 in. long, and the 
eccentricity is as before, find the buckling load of the strut (a) by Euler’s 
method, (b) by Bankine’s method, assuming the failing stress of the steel is 
22 tons per square inch in compression. 

22. A strut, consisting of a steel tube 4 in. outside diameter and in. 

thick, is loaded along an axis parallel to the centre line and f in, from it. 
The tube is 120 in. long. The yield stress of the steel is 28 tons per square 
inch. Find the crushing load of the strut. (L.U.) 

Students are requested to solve the problems, where possible, by the 
straight line and parabolic formulae, using any constants necessary from the 
tables. 


CHAFME VII 

Framed HTRacTURES with Bead Loads 

88. Frames or Trasses. A frame is a structure which consists 
of ties and struts pin- jointed or riveted together ; its individual 
members are in tension or compression. Ties take pulls, 
stmts take pushes. 

Notes on the Frames given in Fig. 93. (a) is the Lunville 
or A^-girder, or Pratt Truss. The verticals are struts and the 
diagonals are ties. 

(c) is the Howe Truss : the verticals are in tension and the 
diagonals are in compression. 

(6) and {d) are respectively the single and double Warren 
girders, both ties and struts being inclined, usually at angles 
between 45° to 60°. 


HSBfEEM AAAA'TW 





(e) and (/) are hog-backed lattice girders or lattice bow 
girders. 

(g) to (n) are various types of roof-trusses, {g) and (h) 
being used for small spans up to 30 ft. or so ; {k) and (Z) for 
large spans of 45 to 50 ft. ; (m) is a French truss, which is 

161 


162 


THEORY OF STRUCTURES 



used for a span of 60 ft.; (m) is a common factory roof, 
known as a northern light or saw-tooth roof. The short side 
is glazed to admit a northern light without direct sunshine. 

89. All frames in this chapter and the following ones are taken 
as pin-jointed. 

Frames may be divided into three classes, viz., perfect, 
incomplete or imperfect, and redundant. 

A perfect frame has just sufficient members to Iceep it in 
equilibrium under all systems of loading. Frames in one 
plane are called plane frames. The simplest plane and per- 
fect frame is the triangle : the basis of all perfect frames. 
The frame in Fig. 94 is a perfect frame. 


H h f 



Fig. 94 Fig. 95 

If the diagonals of the frame in Fig. 94 were removed, then 
the frame would be incomplete or imperfect. Under certain 
conditions of loading it will be in equilibrium. 

The frame in Fig. 95 has too many members (by ab and 6c), 
and it is a redundant frame. If the diagonals ab and be were 
removed, the frame would be perfect, as shown in Fig. 94. 

If ab and be are only capable of taking tension and are 
consequently quite light, the structure would be just braced ; 
for if de and ef were taking tension, then ab and be would 
slacken off. Counter bracing as shown is inserted if the 
sign of the shear in the bay is likely to change due to loads 
moving over the frame. Overbraced frameworks are perhaps 
more rigid than perfect frames, but the loads in the members 
cannot be calculated by simple processes. Often they are 
divided up into perfect frames with certain common members ; 
the loads in each are calculated separately and then added 
algebraically. This is not an accurate method, but it gives a 
close approximation in many cases.* The number of mem- 
bers in a perfect frame is 2n - 3, where n is the number of 
joints.f Any number greater than 2^-3 will represent the 
number of “internaU^ redundant members. 

* See Chapter IX. 


t ^S'ee aiJso Chapter IV for notes on supports and “external” redundants. 
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90 Methods of Determining the Stresses in Framed Perfect 
(Plane) Structures. The forces, iacludmg the reactions, acting 
on the structure being known or calculated, the loads in the 
niembers themselves may be found by one, or a combination 
of three methods — 

(1) The stress or force diagram ; 

(2) The method of sections ; 

(3) Resolution. 

The supports for the frames wiU be such that the reactions 
can bo calculated by statical methods. There wiU be no 
redundant restraints at the supports. (/See Chapter IV.) 

91. Stress or Force Diapams. Probably the most satis- 
factory method of determining the forces in the individual 
members is by means 
of a stress diagram. 

* The following Pi 
method is given by 
Capito in his Applied 
Mechanics — 

Fig. 96 {a) repre- 
sents a triangular 
link frame with three 
forces Pi, Pi, and 
Pg acting respec- 
tively at the three 

joints in the plane of i ,i r ^ 

the figure. The lettering of the frame and the forces may 
be as shown in the figure ; it will be seen_ that every bar 
and force has a letter to its right and left which gives a name 
to it. The bars are named thus: OA, OB, OC. This is 
called Bow’s notation. 

As every force has also a letter on each side, they may be 
named, when taking a clockwise direction round the frame, 
AB, BC, CA instead of Pi, P^, Ps- Finally the jomts are 

named OAB, OBO, and OCA. 

Resolve each of the forces Pi, P,. P. in the direction of its 
adjacent bars. At the joint OAB, Pi is resolved into i 
parallel to OA, and 8^ along OB ; similarly for the other 
joints. Obviously 8i and 8^ act in the same direction but not 
in the same sense, and similarly for the other forces. 

* Applied Mechanics, Vaxt ll. (Griffin.) 




Fig. 96 
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The given forces will obviously be in equilibrium when 

82 + 0 8 s + 8^=0 

Choose any pole 0 in Fig. 96(6) and draw the 
lines Oa, Ob, and Oc respectively parallel to the bars UA, 

OB, and 00. 

Set off to some scale Oa = ^4 = - 

Ob = 8,^ -8s 
Oc — 8 c,~ -S 3 , 

rih ==z P.. be = Pq, and ca == P%- , . 

As these three latter form a triangle, they are, therefore, m 

^*^lSroTE. — ^At each joint there are two internal forces (in 

members) and one external load ; as the “i.X'the 

rium, then these forces are in equilibrium, and so form the 
sides of a triangle. If there are more than two members at a 
joint, then aU the internal forces and the external force are 
in equilibrium, and the forces to scale must form a closed 

^^Ttediagram in Fig. 96(6) is called the force-stress diagram. 

When n coplanar straight lines emanate from a O ana 

an n-sided polygon be drawn whose sides are P‘™®J; ^ 

perpendicular to, the corresponding Imes through 0, then the 
polygon is called the reciprocal for the point 0 . 

In Fig 96(6) the triangles Oab, Oca, and Obc are recip- 
rocals fOT the joints OAB, OCA, and OBO respectively ; 
hence the force-stress diagram is the reciprocal force diagiam 
for the frame shown. Fig. 96(6) represents the three triangles 
placed in one figure. In practice, the external loadings on a 
frame are given ; for known conditions, and by means of 
moments or otherwise, the reactions may be found. 

A simple frame is shown in Fig. 97 loaded with a single 
load W acting vertically at the joint OBO. The frame is 
supported on rollers at the joints OAB and OCA. 

Let OB = OC, 

then obviously the reactions and B 3 acting vertically 
, ^ 

upwards are each equal to -y . 
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The lettering of the diagram, as indicated, starts at the 
centre space 0, and the remaining spaces formed are then 
lettered in a clockwise direction, that is, lettering all the 
sijaces between the external forces first and then between 
the members themselves (as also shown for another frame in 
Fig. 98). 

W 
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Fig. 98 


Continuing, for the simple frame in Fig. 97, draw a load 
dia^yram (Fk. 97(6)), which in this case will be a veiticai 
straight line 6c. The force-stress diagram for the frame consists 
of a number of triangles. , . j 

bc= W to scale and acting from 6 to c ; that is, down- 
wards. 

ca = upwards ; 

dl) = Bi jj 

The triangle abc in this case is a single line, and 6c = ca -f ab. 

ConsideW joint OAB. From 6 on 
draw bo parallel to BO, and from a, ao parallel to AO , then 


166 THEOR T OE STRUCT URES 

Oah is the triangle of forces for the joint G^jS ; ob and Oa to 
scale represent the internal forces in 05 and OA acting at 

‘^cSdering the joint OBC, W is the external force, and 
from the previous triangle one internal force 06 is imown , 
i.e. on the force-stress diagram be = W ; Ob = internal strps 
in 05. Joining 0 to c completes the stress diagram, which 
is a triangle Obc for the joint 050. Oc to scale is the 

internal force in the member 00. . 

92. The Kind of Stress in a Member. (Fig. 99.) (i) Consider- 
ing joint 050. Start with W and work round the joint in a 

OB OC OA 

Member — -t— — — — jr X 


Direction Internal Force. 

■ ' t 


Stmt 

__± 


Stmt 

JL 


Cornespondin^ to 

t t . t 

Externa! Loads Direction. 

I J L_ 
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clockwise direction. On the force-stress diagram, starting at 6. 
be — W which is in a downward direction. 

Consider the member 00 ; in the stress diagram, pro- 
ceed from c to 0 '\^ . This indicates the internal force in 

the member 00 acting towards the joint OBC ; similarly for 05, 
completing the direction round the stress diagram 0 to b is 
in y* direction, again indicating an internal force acting 

tow4ds the joint 050. The directions of the internal forces 
at the joint are indicated in Fig. 97. 

(ii) Consider the joint OAB ; on the stress diagram a to 6 is 

f upwards ; 6 to 0 is ^ , indicating a force acting 

towards the joint 0AB\ 0 to a is indicating an internal 

force acting away from the joint. 

(iii) Similar reasoning applies for bars at the joint OAO. 
Interna] forces acting towards a joint indicate a strut; 

away from a joint, a tie. (Fig. 99.) 
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93. With this method, if there are three unkaowns to solve 
for at a Joint, it fails. It is necessary to find one of the 
unknowns by another method, thus leaving two which can 
be found by continuing the force-stress diagram. 

94. The Method of Sections. If the internal forces acting 
at the joints of the hnk frame DA, DB, and DC are balanced, 
equihbrium will not be disturbed 
by cutting the bars DB and DC 
(Fig. 100), provided that the neces- 
sary external forces be added at the 
points where the bars are cut. The 
two latter forces and force BO must 
balance ; but only BO is known. 

As, however, the resultant of any 
two of the three forces acts in the 
line of the third force, we may choose 
any point 0 in the line of action of 
one of the unknown forces, say DB, as fulcrum and measure 
the lengths of the perpendiculars and Pa, let fall from O 
on the forces BO and GD respectively. We have thus, 

X external force BC = X internal force in DC. 

Hence, force in DO = ^ X 

By this method, known as the method of sections, all the 
internal forces in the bars may be determmed. 



Fig. 100 



llhistrative. Problem 24. 

A loaded frame is given in Fig. 100 A. It is required to find the forces and 
kind of stress in the members .DH and A ^ rnoments about a point 
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To Find the Force in DH. The dividing line will cut the 
members AJ, JH, DH as indicated in Fig. 101(a). This por- 
tion of the beam is in equilibrium under the loading shown. 

The force in DH is required. Take moments about the joint 
AGHJ, i.e. point Y. Then from the diagram, 

7-5 X 5 M X 5 (^) 

Force in DH == dh = 7-5 tons, and it acts away from its 
joint EFGHD, thus indicating a tensile force in the member. 



Fig. 101 
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Moments about the joint Fig. 101(6). 

Then X 5 (^) = 7-5 X 10 ((^) + 5 X 5 (^) 

= 50 ((^) tons-ft. 

" ■' 50 -K 

Hence the internal force in .4J = — = 10 tons (j ) 

audit acts towards the joint AGHJ and, therefore, the member 
AJ is a strut. 

The frame may be cut also as indicated in Fig. 101(c). 

In this case take moments again about F| for the left-hand 
portion. 
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95. The Forge in the Member JH is found from the method 
of Resolution of Forces, This method consists in resolving the 
resultant force at any point in a structure or across a partic- 
ular section, along the members of the frame meeting ar that 
point or cut by the section. 

If there are more than two 
members meeting at a 
point, then all the re- 
mainder must be known 
in order to obtain the loads 
in the remaining two by this 
method. Fig. 101 (a). 

At the joint AJ HG, four 
members meet. It can be 
shown by the previous 
method that the internal 
compressive force in the 
member AG is 7*5 tons. 

The joint is in equi- 
librium, therefore, the 
algebraic sum of all the 
horizontal components of 
the forces in the members 
must be zero, and similarly 
for the vertical com- 
ponents. 

The members AG and AJ are horizontal, GH vertical, and 
JH (from the dimensions of the frame) is at an angle of 45° 
to the horizontal. 

Let tensile forces be positive and compressive forces negative. 

Resolving horizontally, 

7*5 {AG) - 10 {AJ) = - (horizontal component) JH 

Horizontal component in JH -f 2-5 
and JH must be a tie. 

JH cos 45^ = 2-5 

therefore, tensile force in JH = 2*5 V 2 tons. 

The vertical component of the force in JH ^ + 2*5 tons ; 
therefore, the vertical force in the member GH is -- 2-5 tons : 
as these are the only two members acting at the joint Y ; 



(cJ) 



cm 


die 


Fig. 102 
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therefore, GH is a strut having an internal compressive force of 

2-6 tons. „ V , o - X 

[Note. — GH takes the shear force (10 - 7-5) ton.s — tons 

in the second bay from the left-hand support.] 

96 The method of resolution is not so elegant as the two 
previous as a whole. Where members meet at right angles to 
one another, however, it is often the quicker method. A 
combination of the methods may be the most useful. 

Illustrative Problem 25. (Mg- 102.) 

The lattice girder shown in Fig. 102 is loaded at the joint A with a load 
of 50 tons. Find the forces in the members, stating the kmd of force. 

The force-stress diagram is shown in Fig. 102(6) : the arrows 
on the members in Fig. 102 mdicate whether the member is 
a strut or a tie. 

TABLE OF FORCES 


Member. 

Strut (5) 
or Tie (T). 

Force in Member. 
Tons. 

Member, j 

Strut (aS) 
or Tie {T). 

Force in Member, 
i Tons. 

BE 

S 

h - 37-5 ■ 

DE 

_ 

0 

BE 

S 

-37*5 

EE 

T 

+ VS X 37-5 

BH 

s 

- 25 

EG 

T 

+ 12-5 

BJ 

s 

- 25 

GH 

S 

~ X 12-5 

BL 

s 

^ 12-5 

BJ 

- , , 

0 

BM 

s 

- 12-5 

JK 


+ X 12-5 

CM 

■■■'—■ 

0 

KL 

s 

- 12-5 

GK 

T 

+ 12-5 

LM 

T 

+ X 12-5 

GG 

T 

+ 37-5 





Determination of Some of the Forces by the Method 
OP Sections. Take a dividing line through the three mem- 
bers in the second bay from the left and moments for the left- 
hand portion of the girder about the joint FBHG. 


37 


5 X 16 ( (^) = X 15 (^) 


Force in GO == 37*5 tons and acting away from its joint, so 
that 00 is a tie. 

Taking moments of the forces to the left of and about the 
joint OQHJK to give the force in BH. 

37-5 X 30 ((^) -f 50 X 15 (^ ) -f X 15 (^ ) = 0 



Force in BH = 25 tons and acting towards its joi; 
negative 

o . . A 

so that is a strut. A"^" — 

The Force in EF by the Method / e\f / 6 ' 
of Resolution of Forces. )F \/ 

The force in BF can be shown 
equal to 37-5 tons. £> c 

Horizontal component of force®’’ rs^ 
in EF + force in BF = 0 fa) 

EF cos 45 + ( - 37-5) = 0 
therefore, force in EF 

+ 37-5 , / 

= c’^Fl^ ^ / 

and BF is a tie. 

fZ — 1 

Illustrative Problem 26. 

A Warren girder, 30 ft. span, has three \ 

equal bays in the lower boom. All the ^ ^ \ 

diagonals are inclined at 60° to the hori- ’ 

zontal. There are loads of 15 tons at each 
of the two joints in the lower boom. Find 
the forces and the kind of force in the 
members of the girder. (Fig. 103.) 

All the members are 10 ft. long. 

The force-strevss diagram is given in Fig. 103(6) 

TABLE OF FORCES 


Member. 

Tie (T) or , 
Strut (5). ; 

Force in 
Member. 

Member. 

Tie (T) or 
Strut (5). 

Force in 
Member. 



■ 30' 

“ V3 

• EM 

i ■■ 

T 

30 
^ V3 

V''' '■ 


I 30 

FQ 


0 


; 't ; 

V3 

15 

QB 

■ 

0 



30 

V3 

HJ 

T 

30 

V3 

DM 

T 

..■'■■■v 15' 

V3 

JA 

S 

JO 
*" V3 

AM 

1 

S 

30 
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The student is asked to check the forces by the use of the 
other methods. 

IJluslraiive Problem {a). (Fig. 104.) 

Find the stresses in the members of the truss in the sketch, due to the 
loarl.s indicated, and distinguish which are tensile and which compressive. 

. ■ . (I.O.il., 1923.) 


Strut (S) Force in 
Member. or Member, 
T\q(T). Tons. 


For the given loading, Bj, — R^ — 2 tons. 


Force in 
Member. 
Tons. 


Force in 
Member. 
Tons. 


Strut {S) 
or Tie (n 


Member. 


Member. 
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Illustrative, Problem 27 (6). (Fig. 105.) 

The truss in Problem 27a .is fixed at one end and on rollers on the other. 
Wind loads, as indicated in Fig. 105, act on the roof. Find the reactions 
and also the for(‘-os in f.ho members due to this loading. 

The resultant of the wind loads = 2 tons will act normally to the 
surface at the joint BCGF. The roof truss is in equilibrium under IFj^ and 
the two reactions ; hence the three forces must form the three sides of a 
triangle. at the rollers will act vertically upwards. Draw the triangle 
of external forces, including the reactions as shown in Fig. 105. 

ad = 2 tons : ae = 1-1 ton ; then de = R^ in magnitude and direction. 
ea = = 1*1 ton ; de = = 1*28 tons. 

Draw the stress diagram as before, starting at the left-hand reaction. 


Rollers. 


Load Diagram 
for finding the 
reactions. 

Also base for the 
force -stress 
diagram. 


Illustrative Problem 27 (c). (Fig. 106.) 

The roof truss in the previous problems 27a and 276 is loaded with the ^me 
dead loads and wind loads acting together. Find the forces in the mem^rs. 

Method 1. The two loads act independently and so obtam a foree-str^s 
diagram for each ; add algebraically the forces in the members due to the 
two kinds of loads to give the resultant forces in them. 

Method 2. On the left side of the truss in Fig. 106a, find the resultsmt 
loads and their lines of action for the dead and wind loads at each joint 
separately. As the external loads and the reactions are in equihbnum, it 
does not matter the type of truss. Divide it up into single trmngles as illus- 
trated. Working from the ridge joint, draw a force-stress diagram (for the 
newly-arranged truss), which will eventually be closed by the reac^ons which 
can he taken off to scale. Draw the force-stress diagram for the ongmal 
truss, the load polygon for which will be abedefg. 

The diagrams are given in Fig, 106. 
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1 . Roof Teoss. With Three Unknowns at a Joint 
r 107) Calculate the reactions in the usual way, star tii g 
0 the left-hand reaction. Drawing the force-steess diagram, 
forces in the members GK, KA are found P^ceedmg to 
.er of the joints GDMLK ox KLPA, it is found that there 
three unknowns at each joint. 


Force Stress Diagram 

for finding 

R,and Rr. y 


Divide the truss into two parts by a dividing line through 
the ridge joint and the member PA ; then the left-hand half 
of the truss is in equilibrium under the external loading, and 
the internal force inPA^T ^ fa acting as an external force. 
Then from moments about the ridge joint, 

E (moments of the external forces and Rj.) -f {fa)h — 0 
In this case, T will act away from the joint, and so PA is 
a tie ; pa is thus found, leaving two unknowns at the jomt 
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AKLP, Force in KL can be found, leaving two unknowns 
at the joint GDMLK. Proceed with the completion of the 
stress diagram by the usual methods. 

97a. NoTBis ON Wind Pressures. 

P = Intensity of wind pressure on a plane normal to the 
direction of the wind. 

Pyj = Normal Intensity of wind pressure on a plane inclined 
at an angle d to the horizontal. 

f 



Formulae foe P„ 

(1) P„ — P sin d. (See Goodman’s Applied Mechanics.) 

r> 2 sin 0 ^Duchemin’s formula ; see Arrol’s 

(2) P„ == P ^ j_ Handbook by A. Hunter. 

„ , y Hutton’s formula : see AwZiedN 

(3) = } 


') 


The tangential component of the pressure P on the surface 
inclined at the angle d to the horizontal is assumed to exert 
no pressure on the plane. 
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EXAMPLES ^ , 

1. If a number of forces, some of which are inclined to the vertical, act 
on a hinged structure, and the direction of the reaction at one point of sup- 
port is known, show how the magnitude of both reactions and the direction 
of the one at the other point of support can be found. 

2. Find the stresses in the members of the truss in Fig. 108 due to the 
loads indicated, and show which are tensions and which compressions. ^ 

(LC.E.) 



3. If the left extremity in the sketch in Fig. 108 is hinged and the right 

can slide horizontally, find the stresses in the members due to a wind of an 
intensity equal to 40 lb. per square foot on a vertical surface blowing from 
left to right. Trusses 10 ft. apart. (LC.E.) 

4. Draw a reciprocal diagram giving the forces of the members in the 

framed cantilever shown. (Fig, 109.) (LC.E.) 

5. Find the stresses in the members of the truss in the sketch due to the loads 
indicated, and distinguish which are tensile and which compressive. (Fig. 110.) 

(LC.E.) 

6. If the right extremity of a truss of the dimensions in the above sketch 
(Fig. 110) is hinged, and the left one is capable of sliding horizontally, find the 
stresses in the members due to a horizontal wind of intensity equal to 35 lb. per 
square foot on a vertical surface, blowing from left to right, assuming that 
the total wind pressure on the inclined surface is equal to its normal 
component. Trusses 10 ft. centres. 

7. If a roof truss, as in the sketch (Fig. Ill), is loaded as indicated, draw 
the stress diagram to scale, showing which stresses are tensions and which 
compressions. 

8. If trusses similar to that in the sketch (Fig. Ill), and loaded as 

shown, are placed 10 ft. apart, and the support at A is hinged and that at B can 
slide horizontally, and a wind is blowing horizontally from the right-hand 
side with a force of 30 lb. per square foot on a vertical surface, draw the 
stress diagram. (I.C.E.) 

9. In the braced cantilever shown (Fig. 112), the three members of the 
lower chord are each 10 fk in length, and the upper chord is straight and 



FEAMED STRUCTURES WITH DEAD LOADS 177 


at D and (7, distinguishing between tensions and compressions when loads 
of 6 tons and 10 tons are suspended from the joints A and B respectively. 
Tabulate the stresses in the members. (U. of L.) 

10. A Warren girder has two bays in the upper and three in the lower 

boom. It carries a load of 2 tons at each panel point in the upper boom. 
Draw, to scale, the stress diagram for the girder. (Fig. 113.) (I.S.E.) 

11. Determine the reactions and the forces acting in the members of the 
vertical frame shown in Fig. 114. 






CHAPTBE VIII 



Deflection of Pbefect Feambs Undbe Dead Loads 

98. It has been shown that, due to loads acting on a frame, 
tensile or compressive forces are induced in the various mem- 
bers of the frame, causing lengthening or shortening of the 
members. Assuming that the strains are within the elastic 
limits of the material, then the , resilience* of each of the 
members can be shown to be equal to 

2AE 

where F is the total force, L the length of the member, A the 
cross-sectional area, E the modulus of elasticity. 

Let a: in. be the extension or compression of a member 
Lin. long acting under a load of F tons. A is the cross- 
sectional area. 


The average internal load acting through the distance a: is ^ 
therefore the total internal work per member 

i xT 1 ^ 

E 

99, Castigliano’s Theorem. For any frame, assuming no 
work done by the reactions, 

Total internal work = internal work of all the members 
= total external work. 

Consider any structure (Fig. 115) loaded with a number of 
concentrated loads, 

w;w IF3, . . . w. 

Total external work done on the structure 

= ?7 = Wy + WiVi + W2y2 + + * (D 


* Besilience = internal strain energy (vide Art, 40). 
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where y, y-^, y^, etc., are the deflections of the structure at the 
load points and in the same direction as that iu which the 
loads act. 

Now let W be increased by 8W, 
then the deflections under all the 
loads will be increased by dy, 8yi, 
dy^, etc. And a small increase in 
external work =d?7= internal work 


Wdy A- • dy + Widy^ 



% ^yz ^^4 

Fig. 115 


+ W^dy^ + 

Now let the loads W + dW, W^, 

Ifg; etc., be applied initially ; then the work done 

= j7i = i(W + <3Pf) (y + dy) 

+ Wiivi + ^yx)+ W^iy^ + ^y^) + • • 

= lWy + ¥W .y + \W -dy 

+ IdW • dy + \W,y^ + Wx^yi + • • • • 

Subtract (1) from (3), then 

U^- U = dU = I- dW-y + lW-dy + 

^dy^ A" • • ' 

Divide Ec[uation (2) by 2 and take the limit, then 

W 
2 


jiF • % + + 


(3) 


(4) 


( 5 ) 


Subtract (5) from (4), 

dC_ 

2 


dW -y 


i.e. 


dU 

dW 


= y- 


ec 

dW 


(in the limit) 


(6) 


This is known as Castigliano’s First Theorem, which postulates 
that in any beam or truss, subjected to any set of loads, the 
deflection of an arbitrary point X is equal to the first partial 
derivative of the internal work of deformation with respect 
to a load W at the point acting in the direction of the desired 
deflection. 
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100. Example. Consider the Warren frame or girder io 
Fig..ll6. ■ ' 

(a) Let Wi be the only external load acting at the joint 
DEFGG, 

The force-stress diagram can be drawn for the frame with 
only this load acting. 

The force in any member, say, DE = == 

where is a numerical coefficient. 

Similarly the force in member FA = Fj-a = 
where k-j' is a numerical coefficient. 

^ Use similar notation for 

>-Tr j. the forces in the other 

/V y\ / \ members. 

/ ^ ^ ^ \ another load W 2 

/ \/ \ act as indicated at the j oint 

Q \ ^ CGHJB ; a force-stress 

R ^ ^ diagram for this load 

acting alone can be 
Fig. 116 drawn. 

Let the force in DE 

due to IFg acting alone be == 

Force in FA due to = F\^ = hj^W^ - where is a 

coefficient ; and similarly for the other members ; etc., 

and ki\ Ic./, etc., are numerical coefficients. 

If a girder consists of-a number of bays and there are loads 
acting at several joints, then forces are developed in each 
member of the frame due to each load acting separately. 

(c) Consider the joint where is acting; imagine another 
load of unit magnitude at the same joint. A force-stress dia- 
gram can be drawn for the load of 1 ton acting alone, and the 
shape of this diagram is the same as for acting alone. 

Then force in DE due to 1 ton acting alone will be 
therefore, 

Fim = ^1 X 1, because 1 replaces IFj. 

Therefore is the force in the member DE for unit load at 
the point of application; Jci = force in member FA due to 
1 ton acting alone instead of ; and so on for all the other 
members. 
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{d) The total work done in any member 
IFH 

= 2^^^ , where = total force in the member due to external 
loads 

= + KW, + hw, + . . . KWr^f P 

(e) Total work done on the whole structure 

^^ 2 AE 

I mi mi 

therefore = V - ; for one load J 7 = i Wy == V ^—7-^ 

FH 

• y — ^ ' aE W deflection may be found for one 

load from this equation, 

1 F^l I 

^ 2 AE^ + • • • 

+ liK'W^ + k^w, + h'W^ + . . . K'W^yN 

+ . . . etc. . . (7) 

[g) To find the defiection y of the point of apphcation X 
of any load Tf ^ which is one of a number of loads acting on the 
structure differentiate U partially with respect to the load 

dU _ ^ 2 F QF I 


dWi A 2 • dW^' AE 
= k,{\W^ + k,W, + . 

+ h'{k^W^ + k,'W, + 

+ . . . 


‘"”'AE 


Now +• J^nWJ == line on force-stress 

diagram for all loads for one member ; (&/W t + + h^W 3) 

= line on force-stress diagram for all loads for another 
member ; and similarly for all the other « members. 

etc., are forces in the members due to 1 ton at the 
point of application.) 

>-{T.543o) 
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from eqn. (6) 

sU 

but == V the deflection in the direction of W^. 
dWj ^ 

I Total force in a member V force in a member ^ 

_ \ due to external loads / \due to unit load at X ^ ^ ^ ^ 

••• v-t—~ 3F“ - — XH9) 

-VP — 

~X^-qW\-AM 

I \ dF' , 

. • • (9a) 

The displacement at a point where no load is acting 
Wi = zero. JciWi— 0; 

therefore is not equal to zero, but equal to the force in a 
member due to unit load acting at the point where Ifi = 0. 

The procedure to get the deflection at any point on a loaded 
framed structure is (1) find the load in each bar due to the load- 
ing on the structure ; (2) take a unit load acting in the given 
direction and treat it as the only force on the structure and 
find the force due to it in each bar ; then (3) use equation (9). 

In solving problems for displacements, it is best to draw up 
a Table as outlined below. # 


(1) 

(2) 

(3) 


(5) 

(6) 

(7) 

(8) 

Name or 
No. of 

Force in ! 

Member 

Force in Mem- 
ber due to 

Product 
(2) X (3) 

1 

A 

1 

(4) X (7) 

Member 

due to all 
loads 

F 

unit load at 
place where 
deflection re- 
quired 
■■ BF 

. . 

dWi 

,:l 


■ i 

dW-i, A 


Deflection required ^ 


Sum Total of (8) 
Sum Total of (8) 
W 


In bridge frames or girders the loads on the bridge are 
generally transmitted to the main girders by cross girders at 
the joints, and the dead loads act vertically downwards ; it 
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is only therefore necessary in these cases to find the vertical 
displacements. 

IGl. If at a joint the load does not act vertically downwards, 
the loads in the members can be found for the load acting in 
its true direction ; unit ■ 
load ' will : act in the 
same direction, ' and 'X 

the displacement in the 12 
direction of the load __ 

may be found. This a 

displacement can be re- 375^ 

solved vertically and/T^)| 
horizontally. ' ^ ' 

The horizontal and 
vertical displacements 
can also be found by ' 

imagining unit hori- /( 

zontal and vertical loads 
at the point of applica- 
tion, 


Tam 


, . . See FiLfllAfop x x 

The displacement in Stress Z}/^r^/77 \ \ 

the direction of the load \ 

load may be found by ^ ^ 
compounding the two 
component displace- ^ 

ments.. ■■ ' 

To obtain the displacement of a single point in a truss, the 
equation 

SF I vrrt ^ 

will usually give the readiest solution. To obtain the simul- 
taneous displacements of a number of points in a trass, the 
Williot diagram is the simplest and quickest method. This is 
a graphical method of constructing the deflection diagram. 
Space does not permit of the discussion of this diagram and 
reference should be made to it in other works. It is largely 
used for truss deflection problems in the field of statical 
indeterminancy. 

Illustrative Problem 28 . 

Part I. The lattice girder shown in Fig. 117 is loaded at the joint A 
with a load of 60 tons. Find the amount of deflection of the girder at 
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the point A. The Hgures against the 
girder indicate the cross-seotional area of 
Me the same for the right-hand half). E - \S,( 
(I.St.E., 1923.) 

The force-stress diagram is as in 


■For the deflection 
of A vertically down- 
wards, as only load 
is at -4, y is the dis- 
placement ; 

\wy=\-x.yx 50 

== external work ^ 


f jP =: force in a 

member due to 50 
1 tons only acting. 

> {See Table I, page 

P 186, for forces, etc. jin 
I the members.) 


tons-in, units 


y (inches) 


Part II. For the given conditions of loading of the girder in Fig. 117, 
find the deflection of the joint In this case, imagine a vertica load of 
1 ton at Ay Find the forces in the members due to this unit load. Next 

draw up a table as given in Table 11. 

Let tensile forces be positive and compressive forces 
negative. 

T is for tensile and 0 for compressive forces in the 
following table. 


TABLE n FOR PROBLEM 28, PART 11, PAGE 184 


Member. 

(1). 

■: .' .F 

Force In Tons due' 
to 50-toii Load (kind) 
at A. 

. ,(2). 

Force in 
Tons due 
to l“ton 
Load at 

jdi 

(and kind). 

dWx 

(3). 

9Wt 

(2)x(3) 

(4). 

iSin. 

(5). 

A 
\ sq. 

1 m. 

(6). 

1 

' ^ : 

(7). , 

f 2L. . 

0lFi. 

X j 

(4)X.(7). 

' (8).- 


-37-5 0 

- -5 0 

+ 18-75 

180 

12 

'15 

+ 281 

BF 

- 37-5 0 

- -5 0 

+ 18-75 

180 

12 

15 

+ 281 

BH 

-25 C 

- 1 G 

+ 25 

180 

15 

12 

+ 300 

BJ 

-2 

5 0 

- 1 0 

+ 25 

180 

15 

12 

+ 300 

BL 

- 12- 

5 0 

- *5 0 

+ 6*25 

180 

12 

15 

+ 94 

BM 

- 12-5 0 

- -5 0 

-f- 6 -20 

180 

12 

1 15 

+ 94 

CM 

+ 0 


0 

0 

ISO 

10 

18 i 

■ J 

0 

OK 

+ 12-5 

T 

+ -5 ^ T i 

4- 6-25 

180 

; 12 

15. 1 

+ 94 

CG{DQ) 

+ 37-5 

T ; 

+ -5 T 

+ 18-75 

180 

12 

: 15 

+ 281 

BE 

+ 0 


0 

p 

180 

^ 10 

18 

0 

EF ' 

+ ■y/2 X 37-3 T 


+ 37-5 

i/2 X 180 

15 1 

12V2 

+ 636 

FQ 

+ 12-5 

T 

- -5 0 ^ 

-6-25 

180 

12 

15 

- 94 

OH 

- V2 X 12- 

•5 0 

+ ^T 

-12-5 

<■ 

X 

00 

o 

10 

18V2 

- 318 

HJ 

+ 0 


0 

0 

180 

5 

36 

0 

JK 

+ V2 X 12-5 T 

^2 

+ 12-5 

V2 X 180 

10 

18V2 

+ 318 

KL 

- 12*6 

0 

- -5 0 

+ 6-25 

180 

12 

15 

+ 94 

LM 

+ V2 X 12*5 T 


+ 12*5 

VS X 180 

15 

12v2 

+ 212 






To 

tal o 

f(8) + 

2573 
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TABLE FOR PROBLEM 28, PART I 


PAGE 183 


Member. 


Kimi. 


BE 

BF 

BH 

BJ 

BL 

BM 

CM 

CK 

GQ 

DE 

EF 

FQ 

GH 

HJ 

JK 

KL 

LM 


Strut (S) 
S 
S 
S 

s 

s 

Tie (T) 
T 
T 
T 
T 
T 
S 

T 

S 

T 


rce in Member.) 

lii\. 

/Isq. 

F^. 

■ Jl ' 1 

A 

Tons - 

F. 

Xllia 




37*5 

180 

12 

1406 

15 


37-5 

180 

,12 

1406 ' 

15' 


25 0 

180 

15 

. 625 

12 


25-0 

180 

16 

625 

' 12 


12*5 

180 

12 

156 

15 


12*5 

180 

12 

156 

15 

0 

180 

10 

0 

18 

+ 

12*5 

180 

12 

156 

16 


37*5 

180 

12 

1406 

15 

0 

180 

10 

0 

: 18 

X 

+ 

37*5 

12*5 

^2 X 180 
180 

16 

12 

2812 

156 

12V2 

15 

' '\/ 2 X 
0 

12*5 

X 180 
180 

10 

5 

312 

0 

18V2 

36 

V2 X 

12*5 

X 180 

10 

312 

18a/2 


12*5 

180 

12 

156 

15 

■ v^2 X 

12*5 

V2 X 180 

15 

312 

12V2 


FH 


21,100 

21,100 

7500 

7500 

2340 

2340 

0 

2340 

21,100 

0 

47,700 

2340 

7950 

0 

7950 

2340 

5300 


158,900 


Note.— Tensile forces plus, compressive forces minus, and E* is always 
positive. 

(Problem 28, Part II, continued.) 

The unit force-stress diagram for 1 ton only acting at | 
is given in Fig. 117 {b). \ 

Sum of column (8) = -f- 2673 tons-in. units ; 

.. / 2573 

therefore, deflection of the joint Ai — 


in. — -198 in. 


Illustrative Problem 

A Warren girder 30 ft. span has three equal bays in the lower boom. All 
the diagonals are inclined at 60° to the horizontal. There are loads of lo 
tons at each of the two joints in the lower boom. The stress m the tension 
members is 5 tons per square inch, and in the compression rnembers 3 tons 
per square inch. Find the deflection at the pointe of application of the 
loads. E = 13,000 tons/sq. in. All members are 10 ft. long. (L.U., 193d.) 

For the calculation of the loads in the members due to the 
external loads of 15 tons acting at the two lower joints, see 
Fig. 103 (Chap. VII), and Table, page 187. 

The girder is symmetrically loaded ; therefore the deflec- 
tion at the two lower joints will be the same, so that 
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Member. 

,T4e or. 
Strut. , 

F tons. 
Force in 
Member, 

lln. 1 

.dsq. 

ins. 

■ F®. . 

i 

A ' 1 

A:’’ 

. A l? , , ■ 

. S; 

30 

V3 

120 

10 

VS 

300 

12V3 

3600-/3 

AH ■ 

B 

30 
“ VS 

120 

10 

V3 

300 

12V3 

mOQVS 

: BJ 

T 

15 

V3 

120 

3 

VS 

75 

i 

40 i/3 

BOOOVS 

CQ 

T 

30 

k"*" -v/S 

120 

6 

VS 

300 

20^3 

6000^3 

DM 

T 

16 

VS 

120 

3 

VS 

75 

40 V3 

3000v'3 

AM 

S 

1 30 

““ VS 

120 

10 

VS 

300 

12VS 

3600 V3 

EM 

T 

30 

VS 

120 

6 

VS 

300 

20-V/3 

6000 V3 

MG 

— 

0 

120 

— 

— 

-- 


GH 

— 

0 

120 

— 

— 

— 


HJ 

T 

30 

VS 

120 

6 

VS 

300 

■ 

20V3 

6000V3 

JA 

S 

30 
~ VS 

120 

10 

vs 

300 

12i/3 

zmovs 






FH 

Bum^ - 
A 

38,400V3 
bons-in. units 


i 1 1 

-^fy + -^y = total external work = 9 ^ 

= total internal work 


that is, 2 X 15 X ?/ + 2 X 15 X 


1 38,400V3 


X 


13,000 


2/m- 


38,400V3 


•171 in. 


13,000 X 30 

The deflection of each of the lower joints is equal to -171 in. 
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Ilhistrative Problem 30. 

The girder in the previous problem is loaded with 15 tons at the left joint 
in the lower boom and with 10 tons at the right joint. Find the deflection 
of the joint loaded with the 10 tons, the cross-sectional areas being the same 

The force-stress diagrams required are giv^en in Fig. 118, 
and the calculations in Table III. 


TABLE III 


Member. 

(1). 

Force 
in Tons 
due to 
15-and 
10-ton 
Loads. 

F 

(2). 

Force 
in Tons 
due to 
1-ton 
Load at 
the 10-toB 
Point. 

2F. xj 
(3). 

(2) X (S). 

(4). 

1 

1 in. 

(5). 

A sq. 

1 in. 

! (6). 

1 

A 

(7). 

I 

aWi'A 
(4) X (7). 

(8). 

AF , . . 

- 15*4 

- *4 

+ 6*16 

120 

10 

a/3 

12^3 

4- 128 , 

AH , 

- 13*5 

- *8 

+ 10*8 

120 

10 

V3 

12^3 

4. 224 

BJ . 

-f 6*8 

-h *4 

+ 2*72 . 

120 

3 

V3 

40-V/3 

+ 188 

CG (GD) . ; 

-f 15*0 

+ ‘6 

+ 9-00 

120 

6 

V3 

20 V3 

4- ail 

BE, . . 

+ 7-7 

4- *2 

+ 1*74 

120 

3 

V3 

4O1/3 

+ 120 

AE . . . 

15*4. 

A 

+ 6*16 

120 

10 

V3 

12V3 

+ 128 

EF . . . 

-f 15*4 

•f *4 

4- 6*16 

120 

6 

V3 

20^/3 

■f 213 

FQ , , . 

1 -f ■ 1*5 ■ 

-.4 

~ *6 

120 

3 

V3 

40 V3 

, - 42 

OH , 

- L5 

•h *4 

-•6 

120 

3 

V3 

40V3 

1 - 42 

HJ . . . 

+ 1*5 

-f- *78 

, + M7 

120 , 

■, '6. 

■ V3 

20 1/3 

41 

JA . . . 

- 13*5 

- *78 

+ 10*5 

120 

■10 

V3 

12V3 

4* 218 



1 


1 ■ 

Sum of (8) = 

1487 

tons-in. 

units 


Note. — ^T ensile forces plus, compressive forces minus. 
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The deflection of the girder at the joint with the 10-ton load 

1487 . 

= Ta:ooo = 

101a. In Chapter III, paragraph 40, it was shown that the 

"if 2 . clx 


work done on a beam by bending = U 


r- 


2E1 


(between 


>W--70 



Force-Stress Diagram Force -Stress Diagram 

for load of 1 Ton . with loads ofIS'lbns 
onl^ acting at lOTjoint. and 70 Tons acting. 

Scale -1 InchsiTorv. Scale - ^Inchss loTons, 

See Table for kinds of stresses in the members , 

Fig. 118 


the required limits) where ilf = Moment due to the external 
loads acting at a section X distant x from the origin. 

Consider a beam loaded in any manner : it is required to 
find the deflection under any load X. By Castigliano’s Theorem, 



{El being constant.) 
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Now M will be of the form (for a beam, irregularly loaded, 
and working from the left support as origin) as given below. 
W{l-a) , 

h 


M 


W{l-a)x 


I 


I 




{I - b)z ■ 


F 

■jil- 


l I 

+ W{x-a) + Wi(x-b) + . ..F{x-n)-. . , 
where If, Ifi, If 2 ? * • • etc., are at distances a, 6, c, « 
from the origin, and where n < x. 


n)x - 


w, etc., 


mi 

Thu. pr- 


l x {I - n)x 


+ 1 X (a;-»). 


Moment at the section X, due to an imaginary 
unit load acting at the point of application 
of F. 


= m. 


Therefore, 


dF 


y 

1 

'"Ml 



./m . m . dx , 


(Moment at the section due to all the real 
external loads) x (Moment at the section 
due to an imaginary unit load at the 
point of application) . dx 


the integration being taken between the required limits. 

If the section X considered lies nearer to the origin than the 
point of application of X, then (jr - ^) is neglected, as n would 
be equal to, or greater than, ir. 

If it is required to find the deflection of the beam at a point 
where there is no load, place the imaginary unit load at this 
point. M will be the moment at any section due simply to 
the real external loads and m the moment at the same section 
due to the imaginary unit load at the point for which the 
deflection is required. 

Example. 

A beam AO simply supported and of length I carries a load of W tons at 
B a distance wZ from A. Calculate the deflection (1) under the load at B, 
and (2) at a section distant z from A and between A and B, El = constant. 
(Fig. USA.) 

(1) Moment at any section X between A and B due to If [A 
as origin) = ~ If (1 - n)x. 
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MomeBt at any section ' between S and C (C as origin) 

= - Wn 

, For deflection at 5, 

1 1 rnl fia-n) 

^ " i"'y = s/i + i 

1 r fnl pl{l-n) 

SO that I Wy = ^ I / W%1 - nfx^ , dx + / . dx. 


W 


TONS 



to W 
at B 


An equation from which y can be found 
y= ^ (l-2« + n^) 


If n= I y 


ZEI 

Wl^ 


4:%EI 

(2) Deflection at D, distant z from A. 
Reaction at A, due to 1 ton at D, 


l{l-z) 
I 


ton. 


Reaction at O due to 1 ton a,t D = j ton. 

Moment at any Section X between A and D (A as origin) 

1 il 

due to unit load at i) = ^ 

Moment at any section between D and B (A as origin) 

1(Z — z) 

due to unit load at D j — . + 1(^2 “ ^)* 

Moment at any section Zj between B and C (C as origin) 

1 X z X x^ 
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Deflection at D (by Castigliano’s Theorem) = (Mmdx) 
= 1/0 = ^ J^'w{l~n)x ^^—^x.dx+Jw[l-n^ 

/x^-{x,-z)^dx^+J‘wnxi.^ .dx^'j 
Solving the integrals, yjjcan be found in terms of W, z, I, and n. 

REFERENCES 

(1) Further Problems in the Theory and Design of Structures, Andrews. 

(2) Theory of Structures, Morley* (otlier methods and examples). 

[Z] Elastic Stresses in Structures. Translation of Castigliano’s work by 
Andrews. (Scott, Greenwood & Sons.) 

(4) Mechanics of Interned Church. (Wiley.) 

(5) Arrol’s Bridge and Structural Engineers' Handbook, A. Hunter. 
Deflection of framed structures. Graphical and analytical examples given. 

(6) Statically Indeterminate Stresses (Chapter I). Parcel and Maney. (Exam- 
ples of Wiiliot diagrams are given.) 

(7) Kinetic Theory of Engineering Structures, Molitor. (McGraw-Hill.) 

(8) Fundamentals of Indeterminate Structures, Plummer. (Pitman PulDlisliing 
Corporation.) • 

EXAMPLES ' 

1. Explain Castigliano’s Theorem with reference to the deflection of a 
structure due to a system of forces acting on it, and give a proof of same. 

(I.C.E.) 

2. Prove that the deflection in the direction of any one of a system of 
forces applied to a structure at its point of application is equal to the dif- 
ferential coefficient of the total work done on the structure with respect to 
the particular force. 






Fig. 119 


Fig. 120 


A Warren girder (Fig. 119) has four equal bays in the lower boom, and all 
the triangles are equilateral. There are loads applied at the panel points 
of the lower boom, as shown. The sectional area of all the members is the 
same. Determine the deflection at the centre of the girder. E = 13,000 tons 
per sq. in. of B.) 


f I 
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3. In the frame showii (Fig. 120), find the displacement of the point 0 
perpendicular to the bar aAB, The lengths of the bars are as follows — . . 

, .ABr BGy BB, BG, 13 ft. each ; DE, 18 ft. ; EF, 27 ft. ' 

Stress in compression members == 4 tons per square inch. 

Stress in tension members = 5 tons per square inch. 

E— 12,000 tons per square inch. 

Angle between DB and CD =90°. 

4. Show how to find the deflection at a joint in a pin -jointed structure, 
due to the action of a number of forces on it, expressed in terms of the 
stresses in its members due to the acting forces, and those due to a force 
applied at the given joint and in the direction the deflection is required. 

(LC.E.) 

5. Keferring to Fig. 112 (Chap. VII), page 177, find the deflection of the 
braced cantilever in the direction (a) of the 6-ton load, (6) of the 10-ton load. 
Assume IjA for tension members = 80, and for compression members = 24. 
F = 30,000,000 lb. per sq. in. 

6. Taking the Warren girder in Fig. 113 (Chap. VII), page 177, find the 
vertical deflection of the centre joint of the top boom, and also of the joints 
in the lower boom. Length of bay =10 ft. E = 30,000,000 lb. per sq. in. 

7. A Warren girder 30 ft. span has three equal bays in the lower boom. 
All bhe diagonals are inclined at 60° to the horizontal. There are loads of 
15 tons at each of the two joints in the lower boom. The stress in the 
tension members is 5 tons/square inch ; in the compression members, 3 tons/ 
square inch. Find the deflection at the points of application of the loads. 
E = 13,000 tons/square inch. 

8. A beam simply supported is 20 ft. long and carries a load of 4 tons at 
a point 12 ft. from the left support. Calculate the deflection (using the methods 
in Chapter VIII) of the beam under the load and at a point 6 ft. from the 
left support. 

E = 12,000 tons per sq. in. 

I =; 100 in. units. 

9. If the beam in the previous example (9) is rigidly fixed at both ends, 
and the loading is the same, calculate the deflections of the beam under the 
load and at a point 6 ft. from the left support. 

(Check the results of questions 9 and 10 by methods given in Chapters III 
and IV.) 

10. A triangular truss rests on two supports A and B at the same level. 
A is a hinged immovable support, and B is a hinge on frictionless rollers. The 
span AB is 20 ft- The members of the truss are AO, CB, BD, DA and CD. 
AG = GB =120 in. AD = DB ~ 134 in. GD = 60 in. The cross-sectional 
areas are: of AO and CB, 3 sq. in.; of AB and DB, 2 sq. in.; and of CD, 
4 sq. in. A vertical load of 8,000 lb. and a horizontal load of 5,000 lb. in 
direction A to B act at the joint C. Calculate the horizontal deflections of 
BandC, Take B = 28,000,000 lb. per sq. in. 


CHAPTBB IX 



J21 -croin ana uxop perpen- 

diculars on to AB at G and D. 
Let AG = ^ 1 , BD = and these are the components of 
the displacements in direction AB, 

Let T tons be the load in AB after loading : I = length AB, 
AB after loading will be strained by an amount ^ 2 “ 

■ ■ ■ ■ y? ^ ' ' ' ' 

which will be equal to where A = cross-section of bar and 
E = Young’s modulus. 


Now let the bar AB be removed and replaced by loads 
and 2^2 ^ B respectively, acting towards B and 

towards A ; the loads in the remaining members will be 


* An analytical method based on the Law of Virtual Work 
paper by the Author, vide Keference (9), page 220. 


The Pbixgiple oe Least Woek— the Detebmihatioh 

OF THE StEESSES IN THE MeMBEBS OF EbDUNBANT 

' Peames and of Extebnal Redundant Eestbaints - 

102. The stresses in redundant frames cannot be determined 
by the ordinary methods of graphic or analytical statics. 
The usual procedure has been to work by the method of 
superposition, by which the redundant frame is considered 
divided up into a number of superposed firm or perfect frames, 
and the load divided between them, the stresses in common 
members being added together. The results obtained by 
this method are fairly accurate. 

An analytical method is that dependent upon the Pein- 
ciPLE OF Least Wokk. By this method the cross-sectional 

areas of the members must be 
initially known. The agreement 
between the two methods depends, 
therefore, upon these areas.* 

103. Consider Any Stractnre 
with One Redundant Member. 
Let AB be the position of the 
redundant bar before loading and 
A JB^ after loading. (Fig. 121.) 

From Ax and Bx drop perpen- 
diculars on to AjB at CJ and D. 
and these are the components of 
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unaltered, so that and may now be considered external 
forces at the points of application. 

Tx will be equal to = T, as equilibrium exists. 

Let U = total internal work of all the members except .45. 
j/i and 2/2 wUl be of opposite senses : 

2/1 will be in the direction of T^, and positive 
yt „ y, opposite direction from T 2 , and negative 
From the last chapter, and using partial differentials, for 
there are two independent variables, 

dlJ 8U Tl 

= + 2/1 5vr = -2/2 2/2- 2/1 


8Ti 


8Ts 

££ _££ -Zi 

dT. bT^^AE 
dU 


AE 


dU 


Now as Tl = ^2 = T, 


'dT 


dU = ;q ~- . dT-i + . dT^ on total differentiation 

1 2 J 


But 


AE 
1 TH 
2AE 


'dT~ AE 
_^/l^ 
''dT\2AE 


(2) 

(3) 

(4) 

(5) 


— work done in the redundant member, 


dV \2AEj 
dT^ dT 


( 6 ) 


or 


^ 2AE 


A 


Uy 


dT 


d ( total work done on the members 
including the redundant member/^ 

dT 


dU^ 

dT 


0, or 
= 0, i.e. a minimum’*' 


(7) 


* The Principle of Least Work is a statement of the practical fact that if an 
elastic structure is in a state of stable equilibrium under any forces whatever, 
then the work stored is the smallest amount possible. It is a particular case 
of Castigliano’s Second Theorem, 

= A, wliere 2 is a small strain or displacement wnthin the elastic limit. 

(See Beference (3), page 192: also Analysis oj Engineering Structures, by 
A. J. Pippard and J. F. Baker (Arnold <fe Co.).) 


iiiiumiw 



Differentiating Equation (8), 
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104. Thus, if an elastic structure is in stable equilibrium 
under any forces whatsoever the work stored is the least 
possible amount. To use this method, replace all the redun- 
dant members by loads T^ acting at the required joints for one 
bar, Tj acting at the necessary joints for another bar, and so 
on. The statically determined system which results from the 
removal of the redundant bars is called the base or principal 
or perfect system. 

Although it is difficult to prove that each partial differential 
of the total work with respect to one unknown force when 
there are several such forces each unknown, amounts to zero, 
it may be taken as true ; 


then 


aU^ 

aTi 


au. 


0, and so on. 


The number of equations will be the same as the number of 
unknowns. 

105. For one redundant bar, Ti= T^— Force-pair T ; so 
that as before (Chap. VIII), 

U,^^i:^{k,T, + h'T,+EkW)^^'j + l^ . ( 8 ) 

where kjTi and are the loads in a member due to T = 
acting at one point of application and T acting at the 
other : is the load in a member due to all the external 

loads acting on the perfect frame. 

= load in a member replacing by unit load 

(at one point of application) 

ki = „ „ at the other 


where = k,T^ + k,'T, + IkW = + EkW 
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AJE 


0 


( 9 ) 

(10) 


and Ky = load in a member due to a pair of unit loads acting 
at the points of application, i.e. at the joints of the superfluous 
bar, 

or + k^T, +ZkW){k, + */) 

.vZKfT,L + i:K^tW)-L + N^^<, 

ora/3’,i + ^‘ = -SW)^ 

T K V 

where in = unity 

X{kW)K,.4f, 


^AE 


Vi 


(lOoi)* 


kW is the stress in any member due to the given loads with 
the redundant member removed, and = stress in any mem- 
ber due to a pair of unit forces acting on the structure, in the 



direction of the redundant member, and at the Joints of the 
member. = unity for the redundant member. The de- 
nominator of the right-hand side of the equation (10a) includes 
all the members in the frame : the numerator all except the 
redundant one. In effect the method of solution is as follows : 
Imagine the superfluous bar is cut and compute the resulting 
relative displacement y' of the faces of this cut bar. Determine 
the true stress in the bar, by the principle that it is equal in 
magnitude to the force pair required to bring these faces into 
contact. A pair of one-pound forces will move the faces a 

* In equation (10a), (kW) corresponds to F, and Xj to u in equation (9«), 
page 182. Therefore (10a) can be written Tj =• — . u , IjAEIEuHjAE, 
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distance of 2 /, , and therefore to move the faces through a distance 
of y' will require a force pair of (1 X y'ly-^ Vo. = lb. 

Equation (10a) will also apply for the determination of the 
redundant reaction of a truss which is simply supported at the 
ends and is continuous over a third support which is at the 
same level. (^See Eig. 121a.) 

Let Rb be the redundant force whose value it is desired to find. 

SK.ihW) ^ 


Then J?b = - 


y 


' AE 


(i 06 ) 


EKHIAE 

whexe EKHJAE is the deflection of the trass at point B, due 
to unit load acting at B in the direction of when the 
redundant support at B m removed. As this support of the 
actual structure does not move then there is no allowance for 
the redundant reaction in the denominator of the right-hand 
side of the equation (106). 

kW is the stress in any member due to the original loads 
with the redundant reaction removed, and iT is the stress in 
any member due to the unit load acting at B. 

106. For two redundant bars, replace the bars by Ti act- 
ing at one end and acting at the other end of 1 redundant 
bar, and by acting at the two Joint ends of the other bar. 
2^1 and are in the directions of their respective bars. The 
redundant bars have been replaced by force pairs and T 2 
respectively. 

= load in a member due to unit load replacing at one 
joint. 

k^ = load in a member due to unit load replacing at the 
other joint. 

Then 


+ 


then 


eu. 


1^ 

2A^E 


+ 


IT^k 

2AJS 


=^\E{hT^^k^T^ + k,T, 


-j- k^ T^ -f- EkVi' ){ki k-j') 


+ 


A^E 


( 11 ) 


AEj 

( 12 ) 
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The Interpretation of EqiMtion (126). 

Tile statically determined system which results from the 
removal of the redundants T-^ and Tg called the base or 
principal system. If now we imagine the redundants and 
to be entirely removed, and the specified loading applied 
to the base frame, then there will result a certain relative 
displacement yf = EK^{ZkW)llAE of one of the equal and 
opposite forces with respect to the other. If we now imagine 
the specified loading removed, and the force pairs T-^ and 
applied to the base frame in turn, it is found that the relative 


* See page 64 : also Keference (9), p. 220. 


Equation (12) can be written 

as II AE + IJAE^ + ZK^K^T ^ . IfAE 

+ ZX^iZkW) l/AE = 0 
or T^ZKf^ IfAE + T^ZK^ . . IjAE + ZK^(ZhW)llAE = 0 

(A) (B) (c) . {12a) 

Ki has the same definition as in paragraph 105, is the force 
in a member of the principal system, due to a unit force pair 
replacing the redundant force pair 

The factor (a) in equation (12a) includes all members of the 
base frame, and the one redundant member stressed to 
The factors (b) and (c) include only members of the base 
frame. 

aT^ 

= \z{hT^ + W + hT, + hfT, + ZkW){K + 


If the end of a redundant bar meets at a support point, in 
this case will be zero. 

Equation (13) can be written 

.K ^ . IjAE + T^EK^HIAE + EK^{EkW)llAE = 0 (13a) 

A general method of writing the equations (12a) and {13a) is 
2 /a = 0 = y/ + ^i2/aa + ^22/ab * • • (126) 

2/b = 0 = + ^i2/ba + ^ss^/bb - ' • (136) 

Also from Maxwell’s Theorem == Vba^ 
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moTemoBt of ono of the forces Ti with respect to the other 

force IS ^ 

(where y^j, is the amount due to unit loading, and includes the 
unit extension of the redundant member) plus a further amount 
T,.y^=^T,SlWlAE 

where yj^ is the relative movement of one of the forces T^ 
due to the unit force pair acting at the points of application 
of the force pair jP^. T^ acts at points A and at points B, 
Similarly for Equation (136). 


The cross-sec- 
tional areas of the 
merribers are given 
in the table on page 
201. E is the same 
for all members. 


Member © -@ = EF redundant , 



f’cejb 



~ = 7 * 05 ( 70 / 77 /) • 

^ (EF missing) 

Fe^^=P4tens'^ 
(EGmissm^) 


Stress Diagram For unit 
had at © 

Scale-lion ~ t Inch. 

Force ■ Stress Diagram 
for ^iven loads and 
frame with bar EF 
missin£. Dotted lines 
portion of diagram 
if EG redundant 

Scale - ZTons= |Inch. 

Fig. 122 

Illustrative Problem 31. 

Find the forces in the members of the loaded frame given in Fig, 122. 

To find the forces in the redundant members by super- 
position, make the frame into two perfect frames, and in this 
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case each perfect frame takes the whole loadings. By means 
of stress diagrams, find the loads in the members ; for any 
member which occurs in both perfect frames, take the mean 
of the forces in it due to the two loadings to give the 
approximate actual force in the member. 

Solution is by the method previously detailed 
= ifcj and 1c^ 

for there is no displacement of the force acting at the support. 

TABLE FOR ILLUSTRATIVE PROBLEM 31 


Member. 

HtW Force 
„ due to ^ 

2^ and 4^ 
acting on a 
Perfect Frame. 

Force due 
to Load at 
Joint (1) 

Hn. 

A 

sq. in. 

1 

A ■ 

(WV), 

h’j 

r.*I 

A 

{including 

redundant 

member) 

BGf . . 

- 2-0* 

- 0*55 

60 

3 

20 

+ 22*0 

+ 6*0 

GG . , 

- 0*2 

- 0*90 

51 

3 

17 

+ 3*0 

+ 13*8 

DE . . 

- 3*0 

- 0*75 

1 ■■ 72 

3 

24 

+ 54*0 

4- 13*5 

EA , . 

+ 1*7 

- 0*48 

' 96 

1 

96 

- 78-5 j 

+ 22*1 

EG . . 

- 2*2 

+ 0*75 

84 

; 1 

84 

- 139*0' 

+ 47*0 

EF . . 

(redundant) , 

(1*0) 

108 

1 

108 



+ 108*0 



1 . ' 



Total . 

- 138*5 

+ 210*4 


From equation (10a) = 




I 

'A 






II 


210*4: ^ 138*5 

= -f. *66 ton (tensile)."^ 
f Compressive force ~ ; tensile force + . 

AcTUAii Forces in the Members, including the Redundant Member 


Member. 

SkW. 

hTt 

Resultant Force 
by Principle of 
Least Work. 

F = SkW 4 A*iTi 
Tons. 

By Superposition of 
Two Perfect Frames.’ 

Tons. 

EG . . 

- 2*0 

~ 0*36 

- 2*36 

2*9 

CG , . . 

! ^ 0*2 

1 - 0*60 

- 0*80 

1*45 

DE, . . 

- 3*0 

- 0*50 

- 3*50 

- 3*9 

EA, , . 

+ 1*7 

- 0*32 

+ 1*38 

+ 1*05 

EG , , 

- 2*2 

4- 0*50 

- 1*70 

- M 

EF, . . 

— 

+ 0*66 

+ 0*66 

+ 1*4 


Jc/ due to a force acting at the support is zero for all members. 

* The positive sign indicates that acts in the direction of the applied 
unit load, and vice versa. 

t Each perfect frame takes the whole loading, and the resultant force in 
a member is the mean of the two forces. 

The agreement between the forces in the same member depends upon the 
areas of the members : in one case, known ; in the second, unknown. 
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Illustrative Problem 32 . 

Find the forces ia the members of the loaded frame given in Fig. 122a. 
The calculations are given in the three tables shown on pages 20B— 204. 

The cross-sectional areas of the members are given in the first table on 
■page 203.' 

j&’ is the same for all members. 

Bays: 60 in. long ; height 60 in. 


\bn 


Dotted lines for* 
wh en JH $! KL 
ape pedundant, 



Fig. 122a 


Force-Stress Diagram 
fop the perfect frame, 
See Table for kind of 
had In a member. 

Scale - 5 Tons to \ Inch . 


107. Work Due to Bending, Using Moments Instead of Forces. 
In Chapter III it was shown that the internal work stored in 
a beam between two limits of a; == 0 and x = due to 
bendino; was 


U 


-/■ 


• dx 
2EI 


By similar reasoning as for forces, if the total internal work 
done by bending is a minimum, and this work depends upon 
some unlmown factor, then differentiating the total internal 
work with respect to the unknown factor, the result must be 
equal to zero. 

108. A direction-fixed-ended beam carries a central load of 
W tons. 

Find the end fixing moments. (Fig. 123, page 204.) 

Moment at a section X between the origin and W 

= Jkfn- ~X 


where Mq is the end fixing moment. 
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TABLE A FOR ILLUSTRATIVE FROBLEM 32 


Tensile Forces + ; Compressive Forces - 


Member. 

{See Base Frame 
Diagram.) 

Forces due 
to Specified 
Loads on 
the Base 
Frame. 
ShW. Tons 

Force due 
to force 
pair of 

1 ton 
acting in 
direction of 
force pair 

at Tx joints. 
iTi tons. 

Force due 
to force 
pair of 

1 ton 
acting in 
direction of 
force pair 

at Ta joints. 
Kx tons. 

1 

in. 

A 

sq. in 

IfA 

AF . . 


- 5*0 

0 

0 

60 

2*0 

30 

AQ . . 


- 5*0 

0 

0 

60 

2-5 

24 

AJ . 


» 8*0 

-0-70 

0 

60 

3*0 

20 

AK . 


^ 8*0 

0 

-0*70 

60 

3*0 

20 

AM. . 


- 7*0 

0 

0 

60 

2*5 

24 

AN . 


- 7*0 

■ 0 1 

0 

60 ! 

2*0 1 

30 

BN . 


0 

0 

0 

60 ' 

1*0 

60 

CL . 


+ 7*0 

0 ; 

-0*70 

60 , 

1*5 

40 

DH . . 


+ 5*0 

-0*70 

0 

60 i 

1*5 

40 

EF . . 


0 

0 

0 

60 

1*0 

60 

FQ . 


-f 7-0 

0 

0 

85 

1*0 

86 

QH . . 


- 3*0 

-0*70 

"0,. : 1 

60 

1-0 

60 

HJ . . 


' +■ 4*5 

4 1*00 

.■0'„- 

85 

1-0 

85 

JiT . . 


0 

-0*70 

-0*70 

60 

1*0 

60 

KL . 


+ 1*5 

0 

4-1*00 

85 

1*0 

86 

LM . . 


- 1*0 

0 

-0*70 

60 

1*0 

60 

MN 


4 10*0 

0 

0 

85 

1*0 

! 85 

Redundant (1) 


— ' 

(1*0) 


i 85 

2*0 

42*5 



■ ' ' — 4 , ^ 


1 (1*0) 

85 

2*0 

42*5 


Member. 

4 . ■ 

JTa® 

Kx'Kx 

(XW)*Jfi 

{:EkW)Kx 

AF . . . 

0 

0 

0 

0 

0 

AG . . . 

0 

0 

0 

0 

0 

AJ . 

4 0*50 

0 

0 

4 5*0 

0 

AK . . . 

0 

+ 0-50 

0 

0 

4 5*6 

AM . 

0 

0 

0 

0 

0 

AN . . . 

0 

0 

0 

0 

0 

BN .. . 

0 

0 

0 

. 0 

0 

CL . 

0 

4 0*50 

0 

0 

-4*9 

DH . . . 

4 0*50 

0 

0 

-3*5 

0 

EF . 

0 

0 

0 

0 

0 

FG . . . 

0 

0 

0 

0 

0 

GH . . . 

4 0*50 

0 

0 

4 2*1 

0 

HJ \ 

4 1*0 

0 

0 

-f 4*5 

0 

JK . . . 

4 0*50 

4 0*50 

4 0*60 

0 

0 

KL . . .1 

0 

4 1*00 

0 

0 

4 1*5 

LM . 

0 

4 0*50 

0 

0 

4 0*7 

MN . 

0 

0 

0 

0 

0 

Redundant 2^1 (1) . 

(1*0) 

0 

0 

. ■, 


T^{2) .1 

0 

(i-o) 

0 

— 
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Total 
Force 
in the 
Member, 
Tons. 


X (SkW) 
rr . L T/ . 


Member. 


0 + 112-0 


4 - 112-0 


+ 10-0 


196-0 + 7-06 

0 4 6-54 


0 + 20-0 


4 20-0 


4 7-00 

- 1-46 
4 2-30 
4 1*60 
4 1-44 

- 0-94 
4 10-00 

- 2-20 
- 0-09 


(?H . , 4 30-0 0 0 4 126-0 

HJ . . 4 Bo-0 0 0 4 382-5 

JiS: . . 4 30-0 4 30-0 4 30-0 0 

KL . . 0 4 85-0 0 0 

LM . , 0 4 30-0 0 0 

MN . ; 0 0 0 0 

Redundant 7^1 (1) (42-5) — — — 

„ 7’,(2) - (42-5) - - 


4 217-514 217*5 4 30-0 1 4^80-5 


Totals 


2i7*5!ri 4 30^2 + 480-5 = 0 
217-57'2 4 30^1 4 85-5 = 0 
On Solution = - 2-20 tons 
To = - 0-09 ton 


Total internal work due to bending 
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The redundant quantity is M^, and the total internal work 
must be a minimum for the application of If 

dU _ 

~ El ^ 

_ m 

~ 8 


Thus, 


ailfo 


0 


1/,/, Wl^\ 

jjjI^Mol g j 

units (c/. Chap. IV) 


109. A Gontinuous Beam (Pig. 124) of two equal spans is 
uniformly loaded with w tons per foot run for both spans, Find 
the value of the fixing moment at the centre support, the 

Mb 

E ^ 

to tens pen Foot pun, 




X \ 




Fig. 124 

supports being at the same levels. For the first span, the 
moment at a section X distance x from the origin is 

if ^ wx^ wlx 

T 




Z +‘2 


Total internal work for the first span, 
f M- qX wx"^ wlx\^ 

0 


Z7 = 


Let 


ifB 

I 



A and 


IJ: 


w 

"2 

"Z 


2 

B 


■ wlx\^ 


dx 


2Elfo 


+ Bx)^ • dx 


= ~ + 2ABx^ + BV) • dx 

Integrating and substituting the value x ^ I, 

^ 2B7 V 3 ^ 2 ^ 5 7 
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Substituting for A and B 

„ 1 IM.H M,wl> , M,wP\ 

3-+-^j ■ ■ ■ 

Ui = total internal work for the two spans — 2U. 

M-b is the unknown redundant* ; therefore 
a Ug 2MJ, wP _ 

^ T ~"12 

wP 3 wP . „ ^ 

-3^3 = i 2 ^ 2 r-J (c/. Chap. IV.) 

Illustrative Problem 33.f 

Two vertical posts 15 ft, apart and 15 ft. long, made of 5 in. x Sin. British 
standard beam sections, are hinged at their bases, and their caps are con- 
nected by a beam of the same section rigidly attached to each. If this 
beam carries a central vertical load of 1 ton, estimate the maximum bending 
moment on the beam and on the posts. (Fig. 125.) 


iTon 



The straoture of Prohlem 33 is an example of a rigid frame 
structure, where the members consist of beams and columns. 
The joints of the columns and beams are assumed rigid, i.e, 
the rotation of all the bars meeting at a joint is the same. 

* ^S'ee Chapter IV. 

f Problem set for solution. Morley, Theory of Structures, A general solu- 
tion of the type of structure given in this problem has been stated by E. H. 
Bateman in the PhilosophiccU Magazine, 
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Tlie bases of the columns may be fixed or binged. In the 
example given, the frame is of two columns and one 

beam which is centrally loaded. There will therefore be two 
couples of equal magnitude, which will act at the horizontal 
ends of the beam and will oppose the free rotation of the ends, 
so representing the action of the vertical bars on the beam. 
The end beam couple can be considered as the only static- 
ally indeterminate quantity (see Chapter IV). The couple 
wiE also act as the couple at the end of the vertical posts 
bending the bars. 

As the beam is rigidly fixed to the posts, the fixing couples 
at the ends of the beam will cause a horizontal force at each 
of the base hinges ; as there are no horizontal forces in the 
system, these wifi be equal and opposite (and their direction 
is shown in Fig. 125). The vertical reactions at the hinges 
W 1 ^ 

will be each = ~ 2 

The diagram of forces and moments is shown in Fig. 125. 

Neglect work done due to direct and shear forces. 

The total work done by bending on the beam and columns 


= U 




'Vo 2M 

(columns) (beam) 

E and I the same for columns and beam. 


^ “ F 7 (L 3 X 225J0 ® 2 I2J0 ) 

= + 7-5ilfB‘‘ - 28 Mb -b 

Let Mn be the unknown redundant,* 


then 


_ 4 . 1*12 tons -feet 


Maximum positive mom^^at on the columns 1*12 tons ft 

beam = 1*12 „ 


* See Chapter IV, page 78 . 
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Maximum negative moment for the beam 

_ I X 7-5 + M2 = - 2-63 tons-ft. 
"l-12 


H 


15 


tons = '075 ton nearly. 


109a. The Solution of Statically Indeterminate Structures 
from the Moment Deflection Method. In para. lOla it was 
shown that 

r M .rti .dz 

y-J -m- 

where If = moment at any section of the structure due to the 
specified loading and m = moment at the section due to an 
imaginary unit load applied at the point at which it is desired 
to find y. In the following example it will be shown how the 
above equation can be applied to the solution of the statically 
indeterminate problem in general. 

Example. v ■■ ' 

Determine the reaction of the centre support (B) of a continuous girder 
ABG resting on three rigid supports all at the same level. 

Remove the centre support and imagine the simple beam 
AG acted upon by the specified loads. Calculate the displace- 
ment y\ at the section B, Imagine now the reaction at the 
centre support only applied to the simple beam AO, Then R^ 
wiU be of such a magnitude that the displacement of B for R^ 
only on the beam wfil be equal (but of opposite sense) to the 
displacement of the simple beam AO under the specified loading. 

Mm^dx 

ThenyB 

-Zif == JM[^ -f- Rj0ij^ 

where is the simple beam moment due to the specified loads 
at any point of AC, and is times the simple beam 
moment of any point in AG due to unit load applied at B. 

Ms. ms .>dx . dx 

= 




El 

Ms . TOb . dxfEI 


J' . dxfEI 


.h 

Vbb 


Cbmpare equation (106). 
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The general eq[uation is of the form 

1/b — 0 = 2/b' + -?2b2/bb (see also Equation (10a) ) 

Generally, if a beam ABOD is continuous and rests on four 
rigid supports all at the same level, then suppose the reactions 
i?B and i2o at the intermediate supports are the redxmdant 
ones, and referring also to Equation (126), page 199. 

= 0 == y^' -f- Rsi/BB ~1“ • • • • (la) 

and 2 /o = 0 = Pa + EbJ/ob + SoPoc • ... (16) 

In Equation (15) above ps' and j/bb have the same definition as 
in the previous example and 

Ja Er~ 

== deflection at B due to unit load only acting at 
C on the simple beam AD. 

Similar definitions and forms apply to yco t/cc* 
Also, 2 /cb = yBo from Maxwell’s theorem of reciprocal deflec- 
tions."^ The equations can therefore be solved for and Eq. 

The following problems illustrate the above method for 
singly determinate structures. 

(a) The Continuous Girder of Two Equal Spans and Carry- 
ing a Uniform Load. (Pig. 126.) 

El = Constant 
w per unit length 


'k 


\B 
u Ih 


isP 


lib. 

Fig. 126 


Treat the centre support as redundant and take the origin 
at A. Working from A{x = 0) to x L 


AT c = wLx • 


wx^ 


and mj 3 


X 

2 


* See page 64, and Reference (6), page 219, 
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The sign of R^ is negative which indicates that it acts in an 
upward direction. 


(6) Portal Frame, 

A general solution of the portal shovm in Fig. 
of the equation (16). 


The horizontal reaction is treated as redundant, and the 
effects of longitudinal and shear force strains are neglected. 
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The fundamental equation is 
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H, 


.Mk 


2 / 


ifs .mi^.dx 
El 


^ /* Ota® . dx 

Xj El 


Ms.mx. dx 


El 


Ha= - 


El 

PhP 

SWJn 


rf 

'■^2v/0 

+ / 

Jo El^ Jq 


.h.dx 


Eh 

8L 


2 

* h^dx 

14 


Phl^ 

8EL 


2 m 

3 Eh ^ Eh 


2 hH 


2A2 


8 Eh ' Eh 3/i + /i 


when E is the same for all 
hi members. 


The unit load was applied outwardly : the minus sign shows that 
Ha inwardly. 

The moments at the joints are obviously equal to HJi in 
magnitude. 

If the properties of the column and beam of Problem 33 
are inserted in the equation for Ha, it will be found that its 
value is ~ 0*075 tons. 

(c) Portal Frame with Side Horizontal Load P at the Top of 
one Column. (Pig. 127 b.) 

Neglect the effect of the axial and shear forces. Let Ha be 
the redundant quantity. 

^ r Ms.mE . dx 

_ XJ ' 

2 /aa 




El 




. dx 
El 


Ph 


xTjLg — 0 for AB ; = -^x for any section distant x from 

the origin B for beam BG. 

Ms = Px for any section distant x from the origin D for the 
column CD. 

1 X X for the columns with origins at A and H. 
mA = 1 X A at any section of the beam with origin at H. 
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2/ 


ifg . 

El 


=X' 


' Phx 

T 


h . dx 

~E~r 


+ 


I 


Px^ . dx 

~Eir 


pm ^ P¥ 


2EI, ‘ 3EL 



^ f Wa® • dx „ Z'^' x^ . dx . dx 

-ur+i 

^ EI^ 



pm Ph^ 

2EI^ 3EI^ P 
M 2 ~~ 2 

EI^ + 3 EI^ 


This value is also giveu by the usual approximate formula 
for P acting at the top of the column, and for no axial shorten- 
ing of the members. 

1096. In connection with the solution of rigid frames and 
continuous structures, special analytical methods of solution 
have been developed, and the reader wdio is interested is 
referred to works dealing with these methods. WeU-known 
ones are the Slope-deflection method, the Moment-distribution 
method sponsored by Professor Hardy Cross, the Slope-distribu- 
tion method of Goldberg, and the Remainder-distribution 
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method of Bateman* Also in certain cases, solutions can be 
obtained by the use of the theorem of three moments applied 
to continuous frames. 

Consider the frame given in Problem 2 of the examples at 
the end of this chapter. As AB is shorter than DC, there will 
be a displacement of B relative to A and G relative to D. 
These displacements y will be the same and imagine the move- 
ment takes place to the right. The distorted frame can then 
be imagined opened out as in Fig. 127c, 

E is the same for a// members 
^ , D 315 units 

•fU \ r I --375 units I 


As there are hinges at A and D, no moments can occur at 
these points. Let M-^ and Mq be the hogging couples at B and 
G, {See equation (24), Chapter IV.) 

Considering members AB and BC, 

■n. ( ^ 10 \ ,, 10 3751F 6% 

315 ) ~ 10 X 315 8 ' ^ 

Considering members BO and OD, 

/ 10 \ / 10 , 12 \ 375F , 6% 

^'^‘’('315 375)~ 10 X 12 ' ^ ^ 

If H is taken as the horizontal component of the reactions 
at the hinges A and D, then ~ 8H and Mo — 12H. 

Substituting in equations (17) and (18), eliminating y and 
solvmg for H, it is found that H = 0-234 ton. 

109c. E. H. Bateman has shown that the strain energy 
U in an elastic bar AB, of stifihess /^b/^ab = which 
is bent by any distribution of transverse loading and by end 
moments Mj, and Mb, is given by 

QEK^U = {M^ - Ea)" - (M^ - F^){Mb - Fb) 

+ iMB-FB)^ + 0 .... (19) 

S-(T.5«o) 
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where E is Young's Modulus, F^ and F^ are the end moments 
at A and B which would be produced by the transverse loadings 
if the ends of the bar were fixed in directiony and G 
dent of and ITb- The determination of jPa and Fb simple. 

For a concentrated transverse load P, at a point distant x 
from A, 

F^ = Px(l -xjlf, Fb = Pxil -xll).xll 
and for a distributed load 

F^ = J' wx{l - xjl)^ ,dxy Fb = J ^^^{1 - • ^1^ • dx 

where w; is any function of OJ. 

If Pa is taken as acting in a positive direction, then it is a 
positive number, and Pb acting in a negative direction is a 
negative number. If JfA and ITb act in the same directions as 
Pa and Pb, then their signs are the same ; if they act in the 
oppositive direction, then they are of the opposite sign. 

Signs of Moments. 

End moments and end-fixing moments are all positive when 
operating in an anti-clockwise rotation. Downward vertical 
forces acting on horizontal members give a positive fixing 
moment at the left-hand end of a member, and a negative 
fixing moment at the right-hand end. Similarly for a vertical 
member, if the applied force acts horizontally in a left-to-right 
direction, then the fixing moment is positive at the bottom, 
and negative at the top of the member. 

The complete solution for the portal frame and loading given 
in Fig. 127a is now easily derived by the application of Casti- 
gliano's theorem of minimum strain energy. 

Considering the beam BG, we have, using equation (19), 

6P4/J. Ubo - {Mb - Pb)^ - {Mb -Fb){+M,- Po) 

+ (+ifo-Pc)^ + <?BC 

Let Mb be the redundant we wish to find. Owing to symmetry 

Mq = - ifs in magnitude and Fb==-Fc as the beam is loaded 
PI 

at the centre. P^ = 
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Considering the columns AB and CD, the fixing couple at 
the end B of column AB is - and at the end C of column 
f/Z) is + Mq : as these members carry no transverse load then 


There are no fixing couples at the hinges, 
Then QEIJh . + C.b 

id &EIJh . Z7cd = + Ocp 

Adding together 


Solving for Ms 


+ for beam BC 
- for col. BA 


HJi . when considering column AB. 


{See equation for Hj, on page 211.) 


Problem. The solution of the Portal Frame loaded as in 
Fig. 127b. 

Referring to this figure. As there are hinges at A and^ D 
there will be no moments at these points. There will be fixing 
couples at B for the column AB and for the beam BC. Let 
these couples be + JLb ; there will be equal couples at the 
ftTid a nf bfia,m EC and the ton of the column CD : let these 
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couples be + Me- and Me may be regarded as tbe unknown 

quantities : they are not independent, for it can be easily 
shown that + Me = M = Ph. Let ife be the redundant 
couple it is desired to find. The direction-fixing couples F for 
the three members are all zero for the loading used. 

Strain energy equations for the columns are 




M^^ and = M^ 

The strain energy equation for the beam is 

=^M^^-M^Mo + M<?. 

The total strain energy for the portal is 
IM^^ . I 


U 


h 




The equation of equilibrium between the external forces and 
the terminal couples is 

Mj, + Mc + M=-0 (20) 

where M is the moment about D of the horizontal components 
of all of the external forces, in the direction of a positive ter- 
minal couple. Since and Mq are not independent, only 
one equation will be required to establish the condition of 
minimum strain energy, and this is written 

« = .... (21) 

Also we have from equation (20) 
dMp 

dMj,- 

Then equation (21) becomes 

= 2Mgj -f- -j~{2M^ — Mp) M^y 

Also, Me^~M^~M 

'Zl 


2Me 


% 


2Mp 


h 


Then 


M^ 


f +4 

^2 -^3 


I) 
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Ifs = - P^/2 

Considering the column AB. 

Let H be the horizontal thrust at the hinge A, which is 
balanced by an equal and opposite shear force H at the top 
of the columns. Then Hh + — 0. 

. P . 


Then.ff 


and acts in the opposite direction to P, i.e. 


towards P, because Hh is positive and this couple has positive 
sense (and therefore sense of rotation is anti-clockwise). The 
same procedure is adopted for Portal Frames having fixed 
column bases : the general solution for such portals when all 
the members are loaded transversely has been given by 
Bateman in his paper in the Philosophical Magazine, May, 
1934. From the general solution, the result for any kind of 
loading can be easily ascertained. 

Solution of Problem (2) Examples, page 220, by the Previous 
Method. 

There will be no couples at the column bases, but there will 
be equal and opposite horizontal forces acting inwards equal 
to H. The terminal couple at the top of column AB wfil be 
8H and at the top of column DO it will be 1| X SH = 12H. 

Let SH = M which is the terminal couple at B of the beam 
BO : the terminal couple at O of the beam BO will be — BI2M. 

As the beam BO is centrally loaded, the direction-fixing 
couples for B and O will be -1- P and - F respectively. 

The strain energy for the whole system can be written 

'■ 'R 1 0 Y ' ' Rjlf ■ 

6EU = M^ X ~ + ~UM -Fr-{M -F){- -j- + F) 




12 fZMY 


M^ , 10 (19 

— (8 -f 27) + gjgl 4 


M^ -I^MF + 3F^]^ -f 0 


Cancelling QE and differentiating, 
dU 70 „ , 10/19, 


dU 70 
aM ~ 375^ 
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jf J = — tons-ft. M = 1-83 tons-ft. 

153-8 4 

m = 1-83 tons-ft. H = 0-23 ton 
and acts from left to right at base of Coluihn AB. 

{Of. 0-234 by continuous beam method.) 

For the solution of portals and continuous frames having 
built-in or fixed column bases, the student is referred to the 
papers by E. H. Bateman, which are noted in the references 
at the end of the chapter. 

109i. Meehaxdcal Solution.* Experiments on models of struc- 
tures to determine the redundants of reactions or stresses for 
the corresponding full-scale structure. Only the outline of the 


Fig. 127d 

method can be given, by showing the application to the con- 
tinuous beam of Fig. 127 d. 

In this method the fundamental structure is not the simple 
structure with all redundants removed: it is the structure 
obtained by the removal of the redundant it is desired to find, 
and no other. Let it be supposed that in the above girder it 
is required to find the value of the reaction for a unit load 
at any point E on the beam. The support at B is removed and 
the girder AGD is considered and is our base system. Let A 
be the deflection at any point on the beam, then 


where in general Abe is the deflection at B due to unit load at E 
on the girder AOD, and Abb is the vertical deflection at B 
due to unit load at B. 

For solution, a model of the beam is made to scale, and by 
means of suitable arrangements it is supported and hinged at 
the corresponding points Ay G, and D, The value of I of the 
beam is proportional to that of the actual girder. The model 

* A full discussion of this solution is given in the two papers of reference 
(9), page 220, and in the paper of reference (8), page 219. 
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is displaced at the corresponding point B by an amount ^bb 
the direction of Xb : the amount of displacement of the model 
at the corresponding point E in the direction of the actual unit 
load is then measured. This is equal to which is equal to ^be- 
It has been shown that the model ratio of deflections 

2/eB Vm . 1 . ^BE 

— == — IS equal to -r-- 

Vm Vm ^BB 

for the full-scale structure. Thus, in general, the ratio of model 
displacements is equal to a force ratio for the actual structure ; 
and if Pe is the load at a point E on the full-scale structure 
and Xb is an unknown redundant (which may be a couple), 
then 

^BB Pe 

Good results have been obtained by the use of relatively simple 
and easily constructed models in celluloid. Cardboard has been 
used for model making, but as it is not a homogeneous material, 
it is not recommended for use in cases where the full-scale 
structure is of homogeneous material. Care must be taken in 
the design of model members to eliminate, so far as possible, 
axial and shear force strain effects where these are neglected 
in the analytical discussion. The reader is referred to papers 
dealing with this subject, a few of which are given in the 
references which follow. 
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EXAMPLES 

1. A horizontal beam of span i is rigidly connected to two columns of 
length K which are hinged at their lower ends. The moment of inertia of the 
section of the beam is and of the columns is The beam carries a uni- 
formly-distributed load of u; tons per foot run. Neglecting the effect of 
thrust in the columns, determine the bending 
W moment diagrams for the beam and columns. 

B { t \C (U. of B. ) 

“•y T 2. The frame ABCD (Fig. 128 a) has rigid 

I i j I joints at B and Q, and is hinged at A and D to 

I I j fixed supports. W is a load of 3 tons applied 

5 j I J centre of BC. The moment of inertia of 

j j,; / 2 ' the cross-sections of AB and CD is 375 in inch 

i j I 1 is 315 in inch units. Find 

^ ‘ , [ the bending moments at B and C, and tlie 

horizontal thrusts at A and D. Draw the 
W/M'M j bending moment diagi’am for AB and BG. 

I OMI (U. of L.) 

The lattice girder shown m Fig. 128b is 
Fig 128a loaded at the joint H with a load of 50 tons. 

Find the forces in the members due to the 
loading. The ratio of length to area of cross-section is the same for every 
member. 

4. If the bases of the columns of the frames in Questions 1 and 2 are 
rigidly fixed, draw the moment diagrams for the columns and beam for both 
frames under the respective loadings. 


5. Find the forces in the members of the lattice frame shown in Fig. 128c. 
The ratio of length to area of the cross-section is the same for every member. 
AF ^ 12 ft., FE « 10 ft., DE ^ 10 ft. 


hi" ‘-r’/ ' 
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6. A beam is continuous over two spans of 20 and 30 ft. It is simply 
supported at the ends and the supports are at the same level. There are 
loads of 5 tons and 6 tons at distances of 10 and 35 ft. from the left-hand 
support. Find the fixing moment at the centre support by the principle of 
least work. (Check the result by the theorem of three moments.) 

E = 12,000 tons/sq. in., and / = 144 in. units for both spans. 

7. A beam having the supports at the same height and simply supported 
at the ends, is continuous over three spans of 20, 30, and 20 ft. There are 
loads at the middle points of the jfirst, second, and third spans of 5, 6, and 4 tons 
respectively. E = 12,000 tons/sq. in., and 1 =144 in. “units are constant. 
Find the fixing moments at the central supports by the principle of least work. 

8. A beam of length I is fixed rigidly at its ends. It carries a load of TF tons 

at a distance nl (where n < 1) from the left support. Find the general 
expression for the fixing moments at the supports, by the principle of least 
work. ■ ■ ■ 

JJZ is a constant. 

Note. When moment diagrams are drawn, they are usually placed on the 
tension sides of the various members. 


CHAPTER X 


' Beams ahb Frames with Live Loads , , 

ilO. Moving Loads. The determination of stresses in bridges 
and structures subjected to rolling loads is an important factor 
in bridge design. It is often facilitated by the use of Influence 
Lines'' and diagrams. Such lines and diagrams will be eon> 
sidered for benSng moment and for shear. Fig. 129 gives a 
few typical examples of moving loads which bridges may have 
to carry. 

111. DeMition. An influence line for any given section P 
of a structure is such a line that its ordinate (to the beam as 
base) at any point X gives the bending moment, shear, or 
similar quantity at P when a load is placed at X, In the 
case of bending moment, shear force diagrams, etc., for dead 
loads, the ordinate at a section Z gives the particular quantity 
for this section X only; whereas as regards an influence line 
for one particular section, the ordinate at any point on the 
beam gives the value of the moment, shear, etc., at the par- 
ticular section, and emh section along the structure has its own 
influence line. 

112. The unit influence line will be developed by consider- 
ing a load of 1 ton crossing over a beam or frame ; and from 
this unit influence line the moment, shear, etc., for a number 
of moving loads or distributed loads can be simply ascertained. 

113. Influence Lines for Simply-supported Beams. AB is a 
simple beam I — Unit Influence Line of Bending Moment 
(Fig. 130). 

To construct the unit influence line of moment for the 
point P when a load of 1 ton is placed at any point on the 
structure AB, 

AP=^ a PB^b 

(a) Let the load of 1 ton be at any section X between A and P 
distant x from A and l-x from B. 



Train of Locomotives as above 


A^leLoBdlnTons 9f59;375 ,e^ ^ 


L.M.8f5.Rly.(L.N.W.R.)'‘SlrGllbertClau^ton''Class 


Axle Load /n Tons 


L.M.aS.Rly.(L.N.W.R.'^ 4cii}moler & wheels coupled Goods ln§ne 

Highway Bridges. 


Axle Load in Tons 7? 7i 


Types of Tramcan Loads 


30 Ton Engine and 40 Ton Trailer. 
(2 sets taken .) 


Axle load In Tons 


Axle Load In Tons 


Two leTon Tractors each with 


Axle Load In Tom 


30Ton Tractor with a - 20Ton Trailers 
Fia. 129 
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Retaining the ordinary signs of moment, 
The moment at .P — J/p = “• R}P'..= - -r 


R^ is proportional to a: and, therefore, J/p is proportional to x, 

and is a maximum when a: == m 

. Maximum vaiue oi iH j 


When the 1 ton is at A 


P L-t' At P erect an ordinate 

^ cu ^ 'b > ^ ^ tons-ft. to 

* ^ l 

scale. 

Fio. 130 Join Cto A; then AC is 

the unit influence moment 
line for the point P with the load of 1 ton in any position 
between A and P. 

Consider the load at X, 


which agrees with the equation ilfp - — - Pb^ — ^ 

(6) Similarly for the load at any section between P and P, 
considering B as origin and a section Xj distant from. B. 
Join G to P, and the unit influence moment line for the sec- 
tion P is completed for the load at any point on the beam. 

yi, the ordinate at Xi is equal to - -4- tonsJt. to scale 


Thus, the ordinate of the unit moment diagram for the load 
of 1 ton at that ordinate gives the value to scale of the 
moment at the section considered. 

(c) If a load of a value greater than 1 ton crosses the span, 
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draw the unit influence moment diagram and 
ordinates by the value of the load. 

Let the load = W tons. 

With 1 ton at X, i¥p = - j tons-ft. to scale 

Wxh 

With Tf tons at Z, if? == p" tons-ft. 

IE? = reaction Sbt B = Rb ^ " 


Influence, 

■Unit Moment Did^nsm 
for P> 


Fig. 131 

114 The Moment at a Section P when a Number of Loads 

toi £ '31.) OoBtiuct the umt moment 

ah 

influence line for P. PC = - -y. 

Let some of the loads be bet,^ V'ttf 

0 ^ ^ r etc from A, the loads being Tfi, W^, etc. 

'Let some of the loads be between P and P and distan 
r’’ x’> xA from B, the loads bemg WiK W a , ¥ 3 . etc. ^ 
'Let the ordinates to the unit line be y^, Vi, 2 / 3 . etc., an ji , 

2 / 2 '', ys'’, etc. 

Considering Pig. 131, 

M,= W,y,+ W,y^+ + WM 

due regard being paid to the sign of 
Let the angle GAP = a. and angle CBP - (f. 

Maximum unit ordinate 

= x Una; = tan a W^x„ etc. 

71# _ +.t>.r. ndV.X, + Wm, + • • •) + + 


f 
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Therefore, for any number of loads on the beams, 

. ifp = tan a ZWx + tan 

where PF represents the loads between A and P 

and „ P and B, 

and where ifp will be of the negative sense in the case of a 
simple beam. 

The JVlAXiiWM Value of ifp. ifp will be a maximum 
when the loads are in such a position that 
tan aSWx + tan is a maximum. 

It will always occur when one of the loads is at the section. 
To find by trial, place the loads on the beam with one of the 
l/Y W loads at P ; calculate the 

^ ^ moment. Move on the 

w U/ ) ^ ^ loads to bring another on 

^ to P; again find the 

^ I y\J k ^ value can thus be found. 

2 ( 2 Professors Lea and 

^Centre of Beam ^ 3 ^(jj.ews have shown that 

to obtain a maximum 
moment, place a load on P, so that if considered as part of 
ZW^ then bZW -aZW^ is positive, and if a part of ZW^, then 
bZW “ aZW^ is negative. 

116. To Find the Section Having the Greatest Possible 
Moment under any givm Load for a System of Concentrated 
Loads on a Beam."** (Pig. 132*) Let be the sum of all the 
loads on the beam, and acting at the centre of gravity of the 
system, distant x from the support P. It has been mentioned 
that a maximum moment for a section occurs with one of 
the loads at the section. In Pig. 132, let G be the point of 
maximum possible moment under the given load. 

Let be the sum of the loads, including IF^ on the 
portion AG of the beam. IFi. wall act at the centre of 
gravity of these loads, and let it be at a distance b from G. 

Let c be the distance between IF^ and W^. 


* Or find the position of any given load so that the bending moment 

under it is the maximum possible for this particular load. 
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; The moment at^' O ■ ' 

W xa 

^ — I — A WJ) , . , (1) 

By hypothesis this is the maximum possible moment : it is 
of 'negative' sign.', . 

For the given loads, b is a constant; but both 2; and a are 
variables : therefore, Jf ^ is a maximum when xa is a maximum. 

Also for the given set of loads, as c and I are constant, then 
(l-c;) = (a; + a) is a constant, 
i.e. a; + a = = <3<^^stant 
. m -=.'K -x 

Let z = ax = x{K - x) 

■ ■■ dz ' ■■■■■ _ 

— = A - 2a: ~ 0 for a maximum 
dx 

■ /. 2a; = iC = a; + 

For maximum moment, a; + a = 2a; 

/. ,a;'== a 

Hence, for a maximum value of in Equation (1), the 
wheel under which the maximum moment occurs and the 
centre of gravity of all the loads must be at equal distances 
from the supports : this requires the centre of the beam to be 
midway between the load under which the maximum moment 
occurs and the centre of gravity of the loads. The maximum 
moment at the section under the given load is 

M,, - - --f- + Tf ,6 . . (2) 

116. In determining the greatest possible maximum moment 
for a given set of loads, it is usually necessary to calculate 
the maximum value for several sections (usually near to the 
centre of the beam). On comparing these maximum values, 
the amount and position of the maximum possible moment is 
obtained, and also the position of the loads causing this moment. 

117. Important General Cases. Case I. Two equal loads 
of W tons and distance dit. apart. (Fig. 133.) Using the 
Rule given in paragraph 115, and referring to Fig. 133, the 
maximum possible moment is at two sections X, both distant 
d 

■g from and at either side of, the centre 

2W/1 dV 
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Case n. Two unequal loads Ifj and If 2 distant d ft. apart. 
Let Ifi be greater than If 2 - From the example No. 34 it will 
be noticed that the greatest moment occurs under the greater 
load. (Fig. 134.) 


2W 


A 


S.. '] 

>1 

@ 


t 


— 5+e- 

—k—A 


^ Centre of Beam 


B 



B 


Fig. 133 

The greatest possible maximum 
df If 2 

section, under If j distant — I 

If 1 + 


M, 


2 

W, 


I 

If I + 




Fig. 134 

moment occurs at the 
from the centre and is 


W, 

W, 


w. 


41 




Ifi + 


W,2 


W. 


W, + 

Illustrative Problem 34. (Fig. 135.) 

A beam is 20 ft. long, and loads of 2 tons and 4 tons, 4 ft. apart, move 
from left to right. Find the maximum moment at the centre of the beam. 

(а) 4*^ load leading 

at (7) = 4 x5+2x 3== 26 tons-ft. 

C) = 2 X 5+ 4 X 3= 22 „ 

therefore, max. when 4*^ at centre, 

i.e. SW-ZW^^ + 6-0 ) . 

NIf - NIf » = 2 - 4 = - 2 S rule given 

(б) 2*^ load leading 

If, (2^ at (7 4'*^ at 6) = 2 x 5 + 4 X 3 = 22 tons-ft. 

(2'^ at 14 4*^ at (7) == 2 X 3 + 4 x 5 = 26 „ 

In both cases a maximum when 4™ at the centre. 


Note, 
distance of 


The greatest moment occurring under will be when is at a 

f (^ ■ w^w) “ i (w+r,) 

Wid 


Its value will be — ^2 - 


If, 


)■ 


: : bmaM^S: .and ■ mAMMs^ with li ve .load a: : ■ m, 

(B) Loads of 2'^, 2'^ and 4'®^ at 4 ft. centres cross the beam 

Find the maximum moment at the centre and the load under which it 
occurs. 

Me (4''toiis at centre) ; = 4 x 5 + 2 X 3 +'^. X 1 = 28 tons-ft. 

M, = (Mid , 2'" at centre) = 4 x 3 + 2 x .5 + 2 X 3 = 28 

M.c =. (Last 2^ at centre) = 4 x 1 + 25 X 3 + 2 x 5 == 20 „ 

Conditions for maximum, 

bNW -a£W^ to change sign. 





(B) @ @ 

Fig. 135 

4’’ at centre 8 - 0 = 8 + 

Mid 2^ „ 4-4 = 0 

Last 2'^ ,, 2 - 6 = - 4 

A maximum moment for the centre when either 4"^ at 0 
or middle 2*^ at C. 

In the previous problem for the 2-ton plus 4-ton loads 
crossing the span, find the section having the greatest moment 
and also the value of the greatest moment. 

(a) The 2-ton and 4-ton loads only. The 0. of G. of the two 
loads is at 

4 4 

^ X 2 = ~“ ft. from the 4-ton load. 

6 3 

The section having the greatest moment will be at 
4 

10 -f == lOf ft. from the left support, 

3X2 

with the 4^ load leading from left to right 
or „ 2^ „ right to left 

(If the loads are reversible then with the 4'^' load leading from right to left, 
the section of greatest moment will be at 9|: ft. from the left support.) 
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6 / 2 

Max. moment = ^ ^ 

6 502 

= — p:X-Q- = 26-13 tons-ft. 
ov y 

118. Simple Beam with a Umformly-distributed Load Moving 
on the Beam. (Fig. 136.) Let the length of the load of w tons 
I>er ft.-run be li and let be less than I the length of the span. 


C 



The unit influence moment line for a section P with a maxi- 
ab 

mum ordinate = --y is shown in Fig. 136. 

The load on an elemental length dx w . dx, so that moment 
at P due to w ,dx dM^ == -m; . . drr, as 2 / is the ordinate of 

the unit diagram for w . dx. Now y ,dxi% the area of the unit 
influence diagram above dx ; hence total Mp = wZy . dx 
^ w X area of unit influence diagram above the length of the 
uniformly-distributed moving load, i.e. 

w X area CDEFG to scale 

118a. Maximum Moment, (a) For a rolling load as long as, 
or longer than, the length of the span, the maximum moment 
for any section will obviously occur when the whole span is 
covered. 

{b) For a rolling load of length less than the length I of 
the span. 

Mp = ty X area GDEFG : for a maximum = 0 
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Accordingly must be expressed in such a form that it 
,D be differentiated— 


Hence ED = AE tan a — {(i- ^ ? EG — (6 - 

Then My = w[area GDEP + area CP PO\ 

r iED + CP) , /(7P + -PG 


■ a^i), it can be shown that 
bx^ a{li_ - a:i)n 


Substituting ajg 


Hence My is a maximum when bx^ — a(Zi - — ax^ 


i.e. when 


so that the maximum moment occurs at the se< 
section point divides the load in the same rat 
the span. 

119. Equivalent Uniformly-Distributed Load 
For Concentrated Loads Moving Over a Span, 

concentrated load moving over a span, the rna: 
moment at any section occurs when the load is 
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where W tons is the moving concentrated load and x is the 
distance of the section from the origin ; 


xl- 


that is, for any section 


This is an equation where M^^ax depends on x - ; and a curve 
plotting as ordinates against x as abscissae will be a 

parabola (as in Fig. 137), 


Curve oF 

Msxtmum 

Moments, 



Single Load only. 
Fig. 137 


The maximum ordinate will be at the centre of the span 

_ Wl 
^ 4 

it is also equal to the ordinate of a moment parabola for 
an equivalent uniformly-distributed load thus, 


8 


m 

4 


i.e. 


m 

I 


is the equivalent uniformly-distributed load for W, A 
maximum moment for a uniformly-distributed load always 
occurs for any section when the beam is totally covered. 
For any system of concentrated rolling loads, find the maxi- 
mum moment for various positions of the loads on the beam. 
Draw {a) a polygon on the length of the beam as base to 
enclose the maximum moments for different load positions 
when all or the greater part of the loads are on the beams. 

Then to find the equivalent uniformly-distributed load 
take the maximum height (at the centre) in moment units of 

wJ!^ 


the enclosing parabola and equate to 


8 
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Draw (b), a polygon to enclose aU the maximum moments 
and to include cases when only a few of the loads are on the 
beams, i.e. near to the end supports : then the maximum 
ordinate of the enclosing parabola in this case will in most 
cases be greater than that of the case (a). Equate this 


maximum moment ordinate to 


"s^G, 






Loads of unequal Ma|,nitude. 


Fio. 138 


The student is requested to find the equivalent uniformly- 
distributed load for various lengths of beams usmg the loads 
given in the loading diagram (Fig. 129). 


120. Example. 


Two roUing concentrated loads crossing a span. To draw the curve of 
maximum moments (Fig. 138)-— 

as ordinates tlie moment a witTi the other or second load 

... — « 

that section with the second load at the section. 


“’m J. H™b„a W. H»by. 

Green & Co.) . „ , „ „ «< T^fluence Lines” in the 


Green & Co.) „ „ Tea on “Influence Lines” in the 

chapter. ) 




rVtb.f, 'ri . r''. ! ' 
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Fig. 139 


Now draw an enveloping parabola to enclose the maximum 
moments which occur at the sections %vit]i either of the loads 
at that section. This curve will be of the parabolic form : 

take its maximum ordinate and equate to 

where is the equivalent uniformly-distributed load. 

For two loads of equal intensity, the curve of maximum 
moment will be as shown in curve {AGFB), Fig. 139. Again, 

draw the enveloping para- 
bola to enclose the curve 
of maximum moments 
for the sections. 

; NoM ■■ OK* FlO. 138. :' 
is the curve of 
B moments for the sections 
when the snaaller load is 
at the section and lead- 
ing from left to right. 
AG DEB is the curve of moments w’-hen the larger load is at the 
section and going from right to left. Then, obviously, AODOB 
is the curve of maximum moments for all sections. If the loads 
were reversible, then the curve of maximum moments would 
have to be symmetrical about a vertical line through the 
centre of the beam, and would be AGO-iG-^B shown dotted in 
Fig. 138. 

NoteokFig. 139. AGjEDJSisthecurveof maximummoments 
for all sections. It is a special case of the preceding one. 

121. Unit Influence lane of Shear Force for any Section of 
a Simple Beam. The shear force at any section of a beam 
is the algebraic sum of the external forces to the right or left 
of the section. 

Forces acting upwards and downwards to the left of a 
section are negative and positive respectively ; forces acting 
upwards and downwards to the right of a section are 
respectively positive and negative. 

Let AB (Fig. 140) be a simple beam ; it is required to 
construct the influence line of shear for any section P when 
unit load crosses the beam. 

With the unit load between A and P, the shear at P is 
equal to + ; 

With the load between P and P, the shear at P is equal 
to -P,. ^ 
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because in tlieir respective cases they are the only forces to 
the right or left of the section. 

With 1 ton at *4, i?A = - 1 ton i?B = 0 

With 1 ton at .B, i?B = -f- 1 ton == 0 

At A and B, erect ordinates j = - 1 ton and BC | 

= 4-1 ton to scale. 

Join A to G, and B to D. 

With unit load at any section Z between A and P, and 
distant x from A, y is the ordinate of the diagram ABC. 


i.e. 


y = y — Bs when the load is at X. 


And similarly for any section between A and P. Therefore, 
AEP is the unit influence diagram and positive for the shear 
at P when the load is between A and P. , „ i j-i. 

Let the load of 1 ton just move to the right of P, then the 
single force to the left of P is P, f ^nd of negative sense. 

Let the load be at any section distant from B aM 
between P and B, and let be the ordinate to the K, 
diagram ADB, 

Vi 1 
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influence shear diagram is Pi B, If a load of IF tons 
crosses the span, construct the unit diagram as shown for the 
particular section, and multiply the ordinates of this diagram 
by IF. 

122. If a number of loads cross the span, then the shear 
at a particular section wnli be equal to 

£Wiyi-SW,y,, ... (3) 


where IFi and yi represent loac 
sections and ordinates of the 


R 

1 

wt 


jgS 

S 



— 5 •>! 


s giving positive shear at the 
positive unit shear diagram 
respectively, and IFg, y^ 
representing loads giving 
negative shear and negative 
ordinates respectively. 

The sign of the shear force 
will depend on the magni- 
tudes of the quantities in 
Equation (3). 


123. The Position of the 
Loads to Give Maximum Shear at Any Point is found by trial ; 
that is, take different positions of the loads, and the maximum 
shear is easily ascertained by finding the largest sum total of 
shear ; it occurs with a load at the section, and usually one 
of the largest. 


124. The Shear at a Section when a Uniformly-distributed 
Load Moves Over a Beam (Fig. 141). Construct the unit 
influence shear diagram for the section. As in the case of the 
moment diagram, the shear at the section ==w.dx,y~w.dA 

dA = small area of the unit diagram ; 

therefore, the area of the unit shear force diagram between the 
right limits x w gives the shear at a section when a uniformly- 
distributed load crosses the beam. 


125. Case I. Length of Rolling Load Greater than the Span. 
Let the load cross in the direction A to B. It is obvious that 
the shear of positive sense will be a maximum when the 
portion AP of the beam only is covered (Fig. 141), and 
that the shear at P of negative sense will be a maximum 
when only the portion PB of the beam is covered. Tf AP 
and part of PB is covered, then the shear at P will be 
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{w X area AEP)~ (w X part area of PFB). The sign of 
e resultant shear will depend on the magnitudes of the areas. 

Case n. Length o! Rolling Load Less than the Span. 

Let J[P== a; PB = b, and a < 6. 

Let the length of the moving load he < a, and movmg 
from left to right. 

lien positive shear at P is when the beginning of 

le load is at P, and maximum negative shear at Pj when 


fa) Loads not reversible 


(b) Loads reversible 


the end of the load is at P. Also vice versa 
moving from right to left. ... 

Referring to Fig. 141, the maximum positive 

= w X Area PXYE 

rhiPE + XY)-] 


a single load 
positive shear 

when the load is at that section. For two 
of the unit influence shear 


126. l yr^vimiim SheaiS (Fig. 142). (1) For 
moving over a bridge, the ma»mum negative or 

for a section occurs 

loads roUing over a bridge, the maximum VOftive^ovjeg^tire 
shear can be ascertained by the use c* — - 
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'x max 


'x max 


diagram for the section : it will occur when one of the loads is at 
the section. A diagram can be plotted giving the maximum 
shear at the section. [See Fig. 142.) 

(2) For a uniformly-distributed rolling load over the span and 
longer than the span, the maximum negative or positive shear 
occurs at the span, when either one or other of the portions of the 
beam made by the section are wholly covered. It has been 
shown that the shear is the corresponding area of the unit 
influence shear diagram to scale. In this case, therefore, maxi- 
mum shear is a function of and consequently the curve of 

T 

wt 
2 ' 



yjcc^ 

zi 

P + 

> 

T WCl-oc)^ 

2l 

1 


Fig. 143 


maximum shears plotted against ir is a semi -parabola as . 
illustrated in Fig. 143. 

127, Equivalent Uniformly-distributed Load for Shear for 
any Section, As discussed previously, find the maximum 
shear at a section by placing the loads at different positions 
on the beam with a load at the section. From the magnitudes 
of the loads and the corresponding ordinates of the unit 
influence shear diagram for the section, the maximum shear 
at the section can be found. 

Let -8^ be the maximum negative shear for a section Z, 
then the negative portion of the unit influence shear diagram 
must be covered by a uniformly-distributed load of value 
to cause the shear - [See Fig. 144.) 
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Similarly for maximum positive shear, 


max 


The maximum possible shear obviously occurs at the ends 
of the structure, and, therefore, the maximum equivalent 
uniformly-distributed load will occur for end shear. 

128. Influence Diagrams for Perfect Frames of the Warren 
and N-gi’rder Types which have Parallel Flanges, Influence 
diagrams are specially applicable to frames, as the loads are 
generally applied at the joints ; the stresses in the members 
are ascertained by a con- 
sideration of moments and 

shear forces. j 

Influence Lines for -r — O — 

A Warren Girder, of \ ^ 

Through’’ Type, single 
members as shown in Fig. ^ 

145. Let a unit load = 1 ton 144 

cross from A to B, 

(1) To ascertain the stress in a member of the top flange, say 
CE, take sl section line (1) - (1) ; then the force in GE is found 
by taking moments about the bottom joint D, i.e. 

Force in GE X p = moment at D = Mj, 

Therefore it is required to find the influence moment diagram 
for a joint in the lower boom. Take JS on side of section line 
away from the load, then with unit load between A and i). 


also with unit load between D and B^ 

Rj,. AD 

Rj, and jBb are found in the usual way by the method of 
moments. 

The influence moment diagrams for the joints on the bottom 
flange are the same as those for the different sections of a simply 
supported beam. The ordinate at D of the unit influence 

AD.BD 

moment diagram for D is — — 

The maximum stress in GE = Jfi,(Max)/p 
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(2) The stress or force in a member of the bottom boom such 
as DF is found by taking moments about a joint (here E) in 
the top flange. {See Figs. 145 and 146.) 

Force in I)F x == Ifs- 

Force in DF = m that the maximum force in DF: 

depends on the maximum moment at E, 

(a) With unit load between F and B, distant from B, 


so that J/e == -~p; this is a linear equation in x (each term 
being of the first degree, it is the equation of a straight line). 


Let d = length of one bay, then BF = nfl and I = nd, 
where n = number of bays in the bottom boom and % = num- 
ber of bays from F to J?. 

When the 1 ton load is at F, Xi, == BF = 


At F erect an ordinate FG 


When the 1 ton load is at B, = 0 and Ifp = 0. Join 0 
to B, then GB is a portion of the unit influence moment line 
for joint E, 

(b) With the unit load between A and D, distant x^^ from A 
{see Fig. 145) 

= BE = Bj ,^ ; B^ = xjl and 
which is again the equation of a straight line. 
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When aja = 0 ; == 0. 

When Xa = V (where % = number of bays from A to D) 


7le^ . ^2 


At D erect an ordinate DH to scale = tons-ft. Join 

H to A, then AH is a portion of the unit influence moment 
line for joint E with the load of 1 ton between A and D. 

( g ) To find the Influence Line for Moment (or Shear) for a 
section in the bay, when the load is in the bay and transferred 
to the main girder at the bay points by cross girders. 


/r° [£ 

IV 

/)( ^212 /^ 

n-r^r / 

// \ ^ ^ 



w 


'"U-- 




AHGB is the unit influence moment 
line fan the joint C ■ 


Fig. 146 


In Fiffs. 145 and 146, when the load is in the bay DF, the 
load will be applied at points D and F. It is 
struct the influence line for moment (or shear) for any sec- 

tion J. in UyDF. ,"S ? 



Struct tne innuen^tj ii.uc xux . n' 

tion Zi in bay DF. Let yj> = ordiimte of unit 

moment (or shear) diagram for section Z, when k^ad is at 

D; it has been shown that yj> = n^n; let y^ T 

same diagram for unit load at F, ys — % iM- 

1-ton load be between D and F, distant * from D, and let 

DF = d — length of bay. 

The load transmitted at F 

= Reaction at F = Bs = xfd 
also the load transmitted at D 

= Reaction at D = Bj} = (d - x)ld 
Let the moment (or shear) at Xi be represented by y^i- 


■■ 

■Hr 

NS&fm 
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Then == g {y^) + {-J- jyx> = Vd + ^ {Vf - 2/d) 

as yj) and y^ are ordinates of the unit influence diagram for 
-^ 1 - 

(Proof : If 1 ton is at D, a; = 0 and hence y^:^ = y^,, and if 
1 ton is at jF, ^ = cZ and == 2 /d + ^ (j/f - 2/i)) = 

Accordingly, the influence line for a section in the bay, with 
the load in the bay D#, is found by joining the tops of ordinates 
^ 1 ) and 2 /f. The complete unit influence moment line for joint 
E is thus AHOB. Force in DF == MJp. 

129. Masimiim Moment About a Joint. For a single load 
crossing the frame, the maximum moment will occur when the 
load is at the maximum ordinate of the unit influence moment 
diagram. With a uniformly-distributed load of length longer 
than the span, the moment is a maximum when the whole frame 
is covered ; for a load of length less than the span, by trial 
the position of the load to give the maximum area of moment 
diagram above it can be readily ascertained. For a joint in 
the bottom flange of a Warren girder, the position of the load 
will be the same as that obtained by using the form in para- 
graph 118 for simple beams. The rule for maximum moment 
for lower joints due to irregular loading is the same as for 
simple beams. 

Maximum moment due to a number of irregular loads for the 
upper joints of a Warren girder. Place the loads on the span so 
that one load is at F, Fig. 146 ; find the moment for this case. 
Move the loads along a little to the right and re-work ; by 
trial, the position of the loads for maximum moment can be 
found. The equivalent, uniformly distributed, can be found 
for both cases in the same way as for a simple beam. 

130. Stresses in the Diagonal Members. The stresses in the 
diagonal members depend on the shear force in the particular 
bay. For example, consider the bay JDF (Fig. 147). To find 
the stresses in the diagonals DE and EF. With the load of 
1 ton between F and 5, the only force to the left of F is : 
so the shear force in the bay DF is - Rj^i With the load of 
1 ton between A and I>, the only force to the right of D is 

and the shear force in the bay DF is then -f iJ^. 
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Length of bay = d 
With the load at F, = 


At D and F, erect ordinates to scale, 


Join AtoH and B to G, then AH and GB are portions of 
the unit shear influence line for the bay DF. 

Join H to G, and by the previous theory in paragraph 128 (c), 
EO is the influence line for the load between D and F, that 
is, when it is in the bay. 

EG cuts the bay DF in the point J. 

shear force in bay DF 
The force in DE = ~iin6 ~ 

shear force in bay DF 
The force in EF = — “ 

If shear in bay DF ±, force in DE ±. force in EF ^ 
where tensile force + and compressive force 

Thus the kind of force in the diagonals varies according 
to the position of the load ; that is, negative shear in a bay, 
the left-hand diagonal is a strut, the right hand a tie, and 
vice versa for positive shear. 




244 


THEORY OF STRUCTURES 


The maximum load in the diagonals will depend on the 
maximum shear in the bay. For a single concentrated load, 
the maximum shears will occur at the bay limits D and F, 
For a uniformly-distributed load longer than the span I, the 
maximum positive shear in the bay DF will occur when the 
portion AJ of the span is covered, and maximum negative 
when the portion JB is covered. For a uniformly-distributed 
load less than the length of the span Z, and moving from left 
to right maximum positive shear occurs when the front of the 
load is at J, and maximum negative shear when the end of it 
is at'J.' ■ 

131 . Maximum Shear in a Bay Due to a Uniformly-distri- 
buted Load Longer than the Span. (/See Fig. 147 .) 

By similar triangles 

JF FO 
JD HD 2/d 

; JF n^d 

so that yj — — _ = 

JD + JF njd + n^d 

But (7i^d + n 2 d) = (I -d); and if number of bays 


so that the expression 


n^d 

ITd) 


n, I = 7id, 


% 


Also 


JD + JF = d ; hence 


{n - !)• 

'll. 

d 




JF 


( % 

Vn- 1 


( 91 - 1 ) 


d. 


It has been indicated that the maximum negative shear occurs 
when the length JD = FB + JF is covered by a uniformly- 
distributed load ; so that maximum negative shear occurs for 
a continuous loading in a bay, e.g. the (% -f- 1)*^ bay from the 

right-hand support when a length cZ( % H — | jg covered, 

n \ V n— 1 J 

j bays are covered by the load. 


i.e. when ( 9ii + 


n ■ 


Similarly for maximum positive shear in the same bay; 
working from the left-hand support, a length of 




The, 


n-l 


bays must be covered to give maximum positive shear. 
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132. Maximiim Shear in a Bay Due to Irregulax Loads* Con- 
sider bay DF in Fig. 147. The loads move from left to right. 

(a) Let TFl be the resultant of all the loads in the frame to 
the left of the bay, TFb the resultant of all the loads in the 
bay, and TFk the resultant of all the loads to the right of the 
bay. 

Let jfL, he the ordinates of the unit influence shear 

diagram at the positions of TFt, IFb, and TF^ respectively. 

Then the resulting shear = (IFl2/l + regard 

being paid to the signs. 

For this position of the loads, this equation gives the total 
shear. 

(b) Move on the loads until the first heavy load passes D 
and comes into TFb : find the resulting shear for this new posi- 
tion of the loads. 

(c) Continue thus until the maximum is found. Professors 
Lea and Andrews have shown that in the limit and when the 
loads are very close together 

TFb + Fb + Fb 


i.e, the maximum shear in any bay occurs when W^, the sum of 
the loads in the bay, is equal to the total load ( PFi + TFb + W^) 
divided by the number of bays. As a general rule, the maxi- 
mum shear occurs in a bay when the first heavy load passes 
the general point D. (See Fig. 147.) 

133. Framed Girders with Vertical Posts of the N or Pratt 
Type. (Fig. 148.) The moment influence lines for any 

joint will be the same as for the lower flange joints 

of the Warren girder ; and for shear in any bay, 

the influence line will be the same as for a bay ^ n. 

of the Warren girder. The maximum load in an 

upright member will be equal to the maximum 
shear force ; the maximum load in a diagonal wili 
be equal to 

Maximum shear force where ^ = angle diagonal 
c^^ makes with the vertical 

For shear in the bay load in the left-hand vertical load 
in the diagonal where compressive forces - , and tensile 
forces -f . 

9— {T.5430) 
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134. Frames or Trusses with. Cunrei Flauges. (Fig. 149.) :: 
The frame in Fig. 149 is a cur¥ed flanged frame ; it is required 
to find the forces in the members J?#/ 01), and FO as 
typical of members in the top and bottom flanges and the 

diagonals. 

moment at F 

Force in CD =■ — — = — 

Pt Pi 


Force in EF 


moment at Q 


-(Ug) 



Moment. 

^^Moment*. 


— ii2d— — ^ 

^ 1 •->{ 

AhiLJb IS the Unit Influence Moment Diagram 
fop the point G. 

Fig. 149 


The moment influence lines for 0 and F are as for the bottom 
and top joints of the Warren girder considered previously. 

Force in FO. Produce FE to cut BA produced in 0. 
From O drop a perpendicular to FO produced 


Then the force in F(7 


moment about G Mq 


Pa 


Pa 


(1) Referring to Fig. 149, let a unit load be between D 
and B distant x from F. Let XX be a dividing line cutting 
the three members EF, FG, and CD, Then the left-hand 
half of the girder is in equilibrium under the external loads, 
including the reaction and the forces in the members EF, 
FC, and CD acting as external forces. Let the unit load be 
between D and B distant x from B ; then the only external 

I X X 
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Moments about 0, 

M^= -j X AQ = -j X g, negative 

as it will cause a compressive stress in FC. This is a linear 
equation in z, and, therefore, the unit influence moment line 
for unit load between D and 15 is a straight line BJ , 

BDg' wgdgr _ 

where JD = - —j— j — 

= the number of bays in BD, 
d = length of one bay, 
n = total number of bays. 

Let the unit load be between A and G, distant Xi from A, 
Considering the portion of the frame to the right of XX, 

Xi 

the only external load will he -j tons. 

Moment about 0, 

= RM'B + = RS + 9) 

= y (Z + gr) and is positive, 

V 

as it will cause a tensile stress m FG, 

M. = + 7 ) 

This is again a linear relation in x■^, so that the unit influence 
line when the load is between A and <7 is a straight line AH^ 
the ordinate CH being equal to 

where Wj == number of bays in AG. 

The unit influence moment line for the load crossing the bay 

is found by joining if to J. . ^ rr i.- i, ■ 

HA and BJ produced meet in one point K, whicn is 

vertically below G. Join K to O. 

KG, considered as an ordinate of BJ, produced 

= _(L+i)£^herea: = Z + ? 
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KG, considered as an ordinate of HA, produced 

__. g , + l)g„heie..= 


therefore, K is vertically below (?. 

Thus, to construct this particular intluence line of moment, 
set down from G an ordinate GK to scale 
il + 9)g 

^ I 


Join KA and produce to meet a vertical through (7, to give 
the ordinate + CH, 

Join K to B ; from I) drop an ordinate DJ to meet KB 
in J. Join H to J, The unit influence moment line for the 
point G will then be AHJB. 

Maximum Load in OF. For a single isolated load, this will 
occur when it is situated at the maximum ordinate of the 
unit diagram, that is, at the bay points, to give a maximum 
tensile or compressive force ; at 1) a maximum compressive 
force will occur ; at (7 a maximum tensile force. 

For a uniformly-distributed load of length greater than the 
span, the maximum occurs w'hen iliy or LB is covered : for 
length of load less than the span and moving from left to right, 
maximum positive moment occurs when the front of the load 
is at the point and maximum negative moment when the 
rear of the load is at the point L in the bay CD, 

Tests for maximum moments about 0 and F are as pre- 
viously determined for parallel flange trusses and simple 
beams. 

135. In dealing with the forces in the members of the 
flanges, care must be taken that the kind of force in the 
member is correctly determined. This can easily be ascer- 
tained by the consideration of the turning direction of the 
moments of the known external loads about a point. A force 
in a member acting towards a joint indicates a compressive 
force, and a force acting from a joint indicates a tensile force. 

REFERENCES to Papebs and Wobks on Influence Lines 
Proceedings of the Institution of Civil Engineers, Prof. F. C. Lea ; Vol. cixxxv, 
p. 288 ; Vol. clxxxv, p. 277 — “ Influence Lines for Continuous Girders 
and Lattice Girders’* Vol. clxi, p. 284, “Notes on Equivalent Uniformly- 
distributed Loads.** 

Higher Problefns in the Theory and Design of Structures, Ewart S. Andrews. 

(Chapman & Hall.) Influence lines for beams and frames. 

Influence Lines, Sprague. (Scott, Greenwood & Son.) Including also notes on 
impact. 
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Ilhistrative Problem 35 . 

A symmetrical IST-type' deck .bridge .has six- equal .panels and spans 120 ft. 
The depth of : each m.am girder is 20 ft. . ■ If on. each truss there acts a uniform 
dead load of 1 ton per foot run and a uniform moving load of 1 ton per foot 
run, determine the forces for which the members DE, DK, LK should be 
designed. Assume the dead load is concentrated at the top chord oHnel 
joints. (U. of L.) 

Considering the forces in the members due to dead load only. 

Referring to Fig. 150, 

= 60 tons = jRb. 


,Uoit Moment Line 
for Joint K, 


Uf;nt Moment 
Line for A 
Joint D, ^ 


Unit Influence Lines fon Joints D and K, 


Force in LK, considering the equilibrium of the portion of 
the girder to the left of the dividing line and taking moments 
about i). 

(Force in LK) x (- 20) == 20 x 20 + 10 X 40 - 60 x 40 
(Force in LK) = 80 tons and is positive, giving a tensile 
force. 

For the force in DE, 

Let a dividing line cut DE, KE, and KJ. 

Taking moments about K, 

(Force in DJ?) x 20 = 400 + 800 + 600 ~ 3600 
(Force in DE) = 90 tons, and is compressive. 
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The shear in bay 3 = - 60 4- 50 = - 10 tons. 

Considering the forces to the left of the bay, EK takes this, 
and, therefore, the force in the diagonal DK will be 

_l — io-v/2 = 14'14 tons, and is tensile. 

cos 45° 

MayimiiTn forces in the members due to the live load of 
1 ton per foot run. 

The Tnayirmim or din ate of the unit influence moment line 
for joint D will be 
40 X 80 


120 


tons-ft. = - 26‘6 tons-ft. 


The maximum moment at D will, therefore, be 
26-6 


1 X 


X 120 


Force in LK due to live load 


1600 tons-ft, 
-1600 


-20 


= 80 tons tensile force. 


The maximum ordinate of the unit influence line for the joint 
60 X 60 


i? is-- 


120 


= - 30 tons-ft. 


Maximum moment at K will, therefore, be 
30 

X 120 X 1 — - 1800 tons-ft. 

Force in DE due to the live load, 

-1800 

= — — = - 90 tons, and is compressive. 

The maximum positive shear in the third bay from the 
left-hand support will be {see paragraph 131) when 
bays from the left-hand support are covered : maximum 
negative shear when + 1“^ bays from the right-hand support 
are covered. 

Maximum positive shear in bay 3 therefore 
1 / 2\20 

= 1 X ^ X (s + g-jy = + 8 tons. 

[| = ordinate unit load influence line with 1 ton at D ] 
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Maximum negative shear in bay 3, 




.■ 3 \ 20 - 

^ons. 


[| === load influence line ' 1 ton at FJ 

Max. compressive force in DJl ■ ' 8 

due to tlie live , load . 


11 - 3 ^ 


11-3 X 2*25 


cos 46 

Maximum negative shear causes a tensile force in DX. 

Max. tensile force in DX 18 

due to live load ~~ cos 45° 

= 25*43 tons. 

The members, therefore, should be designed to carry the 
following loads. 

LXy “1“ 80 80 = “f~ 160 tons Y 

DE, -- 90 - 90 = --180 „ I 

DZ, -f U*14 + 25*4 = -f 39*54,, i 

Minimum tensile stress in DX = 14*14 - 11*3 = 2*84 tons. 

If the resultant load in a diagonal is changed from a tensile 
force to a thrust, then the bay can be counterbraced by a 
member along the other diagonal to take a tensile force, 
assuming the first diagonal cannot take thrust loads. 

REFERENCES 

Design of Modern Steel Sirnciures, L. E. Grinter. (Macmillan.) 

Kinetic Theory of Engineering Structures, Molitor. (McGraw-Hill.) 

See also those listed at the end of Chapter VII, page 175. 

EXAMPLES ■■ . 

L A girder 40 ft. long is supported at its ends, and two isolated loads of 
10 fcons and 4 tons travel slowly across it from opposite ends at the same 
speed, passing each other at the centre of the span. Draw the diagram of 
maximum bending moment and shearing force for the girder. (XJ. of L.) 

2. A load of -a; lb. per foot run moves from left to right over a Pratt 
girder which is divided into N panels of length 1. Show that the maximum 
shear S at the nth panel point from the left is given by the equation — 

^ wnH 

^ ~ 2(iV ~l) (XT. of B.) 

3. A Pratt truss, 104 ft. span, depth 13 ft., is divided into 8 equal panels. 
It carries a uniform dead load of 0-6 ton per foot run and a uniform live load 
of IJ tons per foot run, both supported at the joints of the bottom chord. 
Determine the maximum stresses in all the members of the third and fourth 
panels from one support, and state whether these panels require to be 
counterbraced. 
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4. A Howe trussed girder of 120 ft. span is divided into 10 bays of 12 ft. 
each. The depth of the girder is 16 ft., and it is Siibjeeted to a dead load 
of 3 cwt- per foot run. ;■ Find the .maximmii shear in each panel when a live 
load of 2 cwt. per foot run rolls over the bridge, and the number of bays 
that require counterbracing. Width of bridge = 15 It. (U. of B.) 

o. Railway bridges have a great variety of wheel loads moving over them 
at different times. Show carefully how you would determine “ the equiva- 
lent load per foot run ” for a given span for any type of load — - 

(а) for end shear, 

(б) for bending moment at all points of the girder. (U. of B.) 

6. An N girder of 120 ft. span has 6 equal bays in the lower boom. A 

rolling load of 2 tons per foot run passes over the girder. Determine (1) the 
maximum force in the top boom of the second bay from the left ; (2) the 
maximum force in the diagonal of the same bay. (U. of B.) 

7. An N girder 160 ft. span is loaded on the top boom and is also sup- 

ported at the ends of the top boom. It has 8 panels, each 20 ft. long. The 
depth of the girder is 25 ft. There is a dead load of 0-5 ton per foot run 
and a travelling load longer than the span of 1 ton per foot run. Determine 
the maximum forces in the vertical members 40 ft. and 60 ft. respectively 
from the left abutment, and also in the three members cut by a vertical 
section 50 ft. from the left abutment (i.e. the three members connecting the 
two vertical members). Neglect impact. (U. of L.) 

8. A lattice girder of the Warren type lias 4 equal bays of 20 ft. in the 

lower boom and, consequently, 3 equal bays in the upper boom. The 
diagonals of the girder are inclined at 60® to the horizontal. Draw the 
influence diagrams for the three members cut by a vertical section 35 ft. 
from the left abutment ; and determine in each case the maximum force 
produced in the member when a imiformly-distributed load of 2 tons per 
foot run, 80 ft. long, passes over the girder. (I.S.E.) 

9. Two loads of 10 and 15 tons respectively at 6 ft. apart roll over a 

girder of 30 ft. span. Draw to seal© a diagram showing the variation of 
maximum bending moment that occurs under the load of 15 tons. Deter- 
mine the maximum shearing force at the centre and also at the end of the 
girder. (U. of L. ) 

10. A locomotive, having wheel loads as shown in Fig. 151, passes over a 
bridge of 50 ft. span. Determine (a) the bending moment at the centre of 
the girder when the load of 18 tons is at the centre, (6) the maximum 
shearing force at the abutments due to these loads. 

11. Show clearly how you would find the equivalent load per foot run for 
bending moment for the wheel loads shown in Fig. 151 for any span. (U. of L. ) 


T T r T 

14 16 IS 10 



Fig. 151 

12. An N girder has a span of 150 ft. and has 10 equal bays in the lower 
boom. The girder is 20 ft, deep. Show how to find the influence diagrams 
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for (1) any boom member, (2) any diagonal. A load consisting of a loco- 
motive having 16 .tons on each of 5 axles spaced 6 ft. apart rolls over the 
girder. Neglecting any impact factor, find the maximum forces in the 
members cut by a vertical section 40 ft. from one abutment. 

13. The floor of a single line railway bridge is carried on cross girders 
which rest on the main girder at the panel points as shown in Fig. 152. The 
span of the main girder is 100 ft. and there are five panels each 20 ft. The 
girder is 15 ft. at the centre and 10 ft. deep at UD. A imiform load of 2 tons 
per foot runs over the bridge from G to H. Show that the forces due to 
the moving load in the two members AB and AO are a maximum when the 
front of the load is 71*1 ft, from G, and hence determine these forces in 
magnitude and kind. , (U. of L.) 


14. The student is requested to take the frames mentioned in the problems 
and to carry out exercises for himself to test any results and formula given 
in the text, using any of the types of moving loads^given in Fig. 129. 




GHAPTEB XI 


Three-pinned Metal Arches, Ribs, and 
Suspension Bridges 

136. An arch rib may be looked upon as a curved girder, either 
a solid rib or braced, supported at its ends and carrying 
transverse loads which are frequently all vertical. The arch, 
as a whole, is subjected to thrust, because the transverse 
loading at any section normal to the axis of the girder is 
at an angle to the normal face, and the force can, therefore, 
be spht up into a tangential or shear force across the face, 
and a force or thrust normal to the section. The line of 
resultant thrust is called the “ linear arch.” 

For an arch carrying vertical loads, it can easily be drawn, 
when, in addition to the vertical loads, the horizontal com- 
ponent of the thrust at the abutments is known. The vertical 
components of the reactions at the abutments are determined 
algebraically or graphically as for a straight beam, and they 
are not affected by the horizontal thrust if the abutments are 
at the same level, as is evident if moments about an abutment 
are considered. 

Arches are of three kinds — 

(a) Three-pinned, having hinges at the crown and the 
abutments. 

(b) Two-pinned, having hinges at the abutments only. 

(c) Fixed or solid arches, having no hinges at all. 

The former is a statically determinate structure ; the two 
latter are statically indeterminate. In this book the theory 
of the three-hinged arch only wiU be considered. 

137. The general condition of loading for an arch is as 
illustrated in Fig. 163. 

Let the external loads act vertically downwards. At the 
abutments there are, in general, (a) a fixed moment resist- 
ing bending ; (6) a reaction due to the thrust of the arch, 
and which can be resolved into ¥„ acting vertically upwards, 
and Hg the horizontal component acting towards the other 
abutment. 
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The straining actions at any normal section C are as in 
Fig. 153j and they are resolved into (a) a bending moment M, 
and (b) a shearing force 8 (as in a straight beam) ; in addi- 
tion, a thrnst P normal to the section. These three actions 
are statically equivalent to a single thrust T acting at some 
point D on the normal face 0 produced, and where 


D lies on the linear arch ; Gi is a point on face C lying on the 
axis of the arch, the axis passing through the centroid of the 


section. For continuous loading, the linear arch will be a 
curve having the direction of the resulting thrusts as tangents 
to the curve. 

The. straining action may then be specified by the normal 
thrust P, the radial shearing force 8^ and the bending moment 
M ; or simply by the linear arch. When the straining actions 
are known, the stress intensities in the rib can be determined. 
As in straight beams, the shearing force may be neglected as 
producing little effect on the stresses. If the curvature of the 
rib is not great, it is usually sufficient to calculate the bend- 
ing stresses as for a straight beam. The uniform compression 
arising from the thrust P is added algebraically to the bending 
stress^. 
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138. The general equations for all types of arches are — 
Considering the equilibrium of the portion AG^ m Fig. 153, 
y — height of the axis of the arch at C'j above the supports. 
Resolving the forces horizontally, d = slope of tangent to arch 
axis at 6'. 

P cobO-S aiad-Hg — 0 . . . . ( 1 ) 

Resolving the forces vertically, 

P sin e 4- -S' cos e + Wi) - F<, = 0 . . (2) 



Moments about Cj (the signs being the same as for straight 
beams). 

M,-M-V^ + H,y+ . . (3) 

The Three-hinged Arch. Thus there are six unknowns in 
these three equations : tlie general case, therefore, requires 
three more equations which are developed from the strains 
produced. But for the three-hinged arch, i.e. the arch having 
hinges at the abutments and the crown, and which is statically 
determinate, three of the unknowns in the general equations 
are easily found, is zero, i.e, there is no moment at the 
springings or abutments ; and also the moment at the crown 
hinge is zero. The horizontal thrust is found from these 
facts and, consequently, the line of thrust or linear arch. The 
line of thrust passes through the hinges, and F,, is found as 
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for a simply-supported beam. Therefore, for the three-hinged 
arch,' 


M=- V,x + + H,y 


(4) 

(5) 

( 6 ) 


/Moment at the section as for\ 

a simply-supported beam j <>y • 

= M,+ H^y 

Ms will always be of negative sign for downward loads. 

139. A few cases of loading will now be considered for the 
three-hinged arch. 

A single dead load between the abutment and the crown. 
Abutment hinges are at same height. 

IF is distant nl from the origin 0, and between O and 0. 
Referring to Fig. 154, page 256. 


W 

F<,== 


F« 


z 

I 


nl 


W{1 - n) 


Wn. 


Considering moments about the crown hinge C, 
ijc ~ height crown hinge above the origin. 

-W{l-n)^+w{^^-n^l-\-H,ys== 0 

) 


(7) 

( 8 ) 

(9) 


Wl f I n 
Wrd 

Similarly if IF be between 0 and B, 

W 






+ 


( 10 ) 




and 


IFwZ 


2y. 


(1 - n)l 


moment at 0, as if the arch was a simply -supported 


beam. 
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If W at C, n 


1 


Wnl Wl 1 
2 ~~2 ^2 


Then if, 


moment at the centre of a simply- 
— = supported beam with W at the 
^ centre. 

Wl 




and is a maximum. 


The moment at any section X between A (the origin) 
and the load point, 

Win V 

•^V,x + H,y=:^-W{l-n)x + ^.^:^^ . . ( 11 ) 

Moment at any section between the load point and the 


crown hinge = Jkf; 


XI 


^0^1 "f* ”■ '^l) 4" ^oVi 


Win 

^ - Tf(l + W{x,- nl) + . g 

Wln/2xi 

""T" vT 

Moment at any section Xg on the unloaded half 

== 1/^2 = - V^x^ where is measured from B 


2 + ^A . 

Vo) 


(12) 


^y^^Wnx, 

2 Vc 


(13) 


140. Graphical Solution of This Problem. Eeferring to 
Fig. 155, as there is no load on BG and as the moment at 0 
is zero, the thrust at B must pass through G to meet the line 
of action of W in Z. 

J?oj and W are in equilibrium, and the line of the 
reaction Ro at A must, when produced, meet W in Z, 

The vector diagram to the right represents ef = W to scale 
acting downwards. 

fk := Fb and M = Vo- 

From / and e draw /o and eo parallel to R^ and R^ respect- 
ively to meet in 0 ; then fo ~ R^ to scale and eo = Rq to, 
scale. 0 is the pole of the diagram. 

Then Oh is horizontal and to scale 

= horizontal thrust at A and B = Hq, 

Now triangle AZB represents the moment diagram to scale 
for a simple beam, and is of negative sign. 
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The curved figure AG BA represents to the same scale the 
moment diagram for H^y and is of the positive sense, 

y^ is common to both diagrams. 

Thus the resultant moment diagram to scale for the arch is the 
shaded diagram AZCXBGA. For the loaded half, the resultant 
diagram is negative, and, for the unloaded half, positive. 


W 



If Ho in tons and any ordinate yj, of the shaded diagram is 
measured in feet to the same scale as y^ then the moment at 
the section corresponding to y^^ Ho X y^ due regard 

being paid to the sign. 

Thus the resultant moment at any section is represented 
by the ordinate of the diagram formed by the linear arch and 
the axis of the arch. 

141. (a) The Graphical and (6) the Afeebraic Analysis of the 
Three-hinged Arch Carrying Several Vertical Concentrated 
Loads. (Fig. 156.) 

(a) The GiiAPHiCAL Method. Calculate H^, by the method 
stated, and also calculate Vo and Fb by the usual methods as 
for a simple beam. 

Referring to Fig. 156, draw the load diagram of the vector 
polygon to scale ; draw the pole line Oh horizontal equal to Hq 
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to scale, li being the point on the load line splitting the total 
loads into the two vertical reactions. Join 0 to the different 
points on the load line. The outer radii will be H^nd in 
magnitude and direction. 

Draw the funicular polygon as for a simple beam and thus 
obtain the linear arch, which will pass through (7, 

The resultant moment diagram is again represented by the 
diagram formed by the linear arch and the axis of the arch. 

If there are only a few loads on the arch, the linear arch 
can be easily found by constructing the simple beam moment 



diagram by finding the moment at the different load points 
and erecting ordinates to a scale equivalent to where 
will represent the moment at C. 

{b) The Algebraic Solution. Let ifgx represent the simple 
bending moment at any section X due to the vertical loads 
acting on a straight horizontal beam. 

Then the actual moment at X = 

= Jfgx + H^y from equation (6) 

Let if sc fihe simple moment at the centre D {see Fig. 150) 

of a span ; then since the bending moment at G is zero 

0 = Jfgo + Hoy^ 

OX Mo ^ 

Vc 

Hence for any other section 


y 
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due attention being paid to the sign of the simple moments; 
they are of the negative sign for downward loads. 

The normal thrust at any radial cross-section X (Fig. 156) 
may be found by multiplying the resultant thrust (represented 
by eo) by the cosine of the angle between the tangent to the 
arch axis at X, and the direction of the thrust (eo); the 
transverse or radial shearing force may be obtained by multi- 
plying the resultant thrust (eo) by the sine of its inclination 
to the tangent of the arch axis at X. 

Algebraically, the resultant thrust may be obtained by 
compounding the constant horizontal thrust wdth the ver- 
tical shearing force determined as for a straight horizontal 
beam. 

142. Uniformly-flistributed Load of Length Egual to the 
Span on a Three-hinged Arch. The moment diagram for a 
simple beam is a parabola, and it has its maximum ordinate 
■at G, ■ ■■ 

The resultant moment at 0 is zero, and therefore the 
resultant moment diagram for the whole arch of any curve 
will be of the same sign throughout. If the axis of the arch 
is a parabola, then obviously the resultant moment for the 
whole arch is zero ; because the curve of the simple beam 
moment line is parabolic and it passes through 0, therefore 
the two curves coincide. 

Illustrative Problem 36. 

The equation of the axis of a three-hinged arch is y — x - — , the origin 

being the left-hand support. The span and rise are 40 ft. and 10 ft. respec- 
tively. The left-hand half is loaded with a tmiformly-distributed load of 
1 ton per foot run. Find the reactions at the supports, and the normal 
thrusts at sections 10 ft. and 30 ft. from the left-hand support. What are 
the positions of maximum moment. Draw the linear arch. 

The linear arch is drawn in Fig. 157. Note = 10 ft. to 
scale = 1 in., and for the linear arch diagram being the 
moment diagram for the simple beam, M^, == 100 tons-ft. 
= 1 in. 

Therefore, — ' = — 

Vc 10 

Me == lOyc or M = lOy. 

A formula required for finding the slope of the linear arch. 

Now V.~ 15 tons. Fn = 5 tons. 
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Taking moments about 0 and equating to zero. 


, + - =1^ tons : 

V = 11-2 ,, 

The linear arch is constructed by finding the simple 
moments about a number of sections (i.e. the effect of is 


run 


Linear Arch 


not taken into account) and plotting the moments to such a 
scale that at G the linear arch passes through G, 

The resultant moment diagram is the diagram enclosed 
between the linear arch and the axis of the arch. The linear 
arch is a straight line from G to B. 

The resultant moment for any section X between A and C is 


This is a maximum when 


that is, the section of^ maximum negative moment is 10 ft, 
from A. 
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The maximum resultant moment is - 25 tons-ft., and agrees 
with the amount in the; diagram. .. 

Between C and :B, the resultant moment equation for any 
section Xj distant % from JS is ' : ■ ■ 


M^i — 


Bxj, + 


- + lO firi - 


5^1 - 


40 ; 4 

The maximum positwe moment occurs at a section X^ distant 
10 ft. from for 


5-- 


0 from which 10 ft. 


dx^ 2 

And the maximum moment at this section is 
= + 25 tons-ft. 

To Find the Normal Thrusts at the Sections Distant 
10 ET. AND 30 FT. FROM A. 

The resultant thrust at any section 


= (vertical shear at the section 

The direction of the resultant thrust is found from the slope 
of the linear arch ; the direction of the normal thrust from 
the slope of the axis of the arch. 

For the Section 10 ft. from A. 

Equation of the linear arch is 

( + ifcf)= + 15a: -^1 

due regard when considering it being paid to the sign. 

In terms of the y ordinate of the axis of the arch, 

( + lOy) = 15a:-|- 

The slope at any section is 


dx 


1*5 •- 


X 

Jo 


The slope at a; = 10 = + *5. 

The equation of the axis of the arch 


y 


x^ 

40 
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The slope of the axis of the arch, 
dx'~^ 20 

At aj == 10 the slope is 1 - *5 = -f 

therefore, - 27° (tan 27°;- -5), 
that is, at a; — 10, the slopes of the linear arch and the axis 
are the same ; therefore, the resultant thrust is equal to the 
normal thrust. 

Normal thrust — \/( - 15 + 10)^ + 1^^ = f 1’^ 
or Normal thrust — 10 cos 27 + (15 ~ 10) sin 27° — 1T2 tons 
using formula given in paragraph 140. 

The radial shear force will be zero. 

Normal Thexjst and Radial Shear at A. The direction 
of the resultant thrust (i?^) == angle B — tan'^ T5 == nearly 
57°. The inclination of the axis of the arch is 
== angle Bi — tan'^ 1 = 45° 

= 12 °. 

Normal thrust at A — * cos 12° — 17-6 tons 

Radial shear at A = jKa • sin 12° == 3*75 ,, 

where == 18 tons. 

Section 30 ft, from A, This is a section in the right-hand 
hah of the arch, and where the resultant thrust is the same 
for all sections. Take B as origin and x to the left as positive. 
Resultant thrust = = 11-2 tons 

and its direction is 6° == tan*^ 

/. e° - 27°. 

The slope of the axis of the arch is also 27° at this section, 
therefore, resultant thrust == normal thrust — 11*2 tons. 
[Normal thrust equal to 10 cos 27 + ^ sin 27 = 1T2 tons.] 
At B, the slope of the arch, considering B as origin and x 
to the left as positive is the same as at A, B^ = 46°. 

Sj- 0 - 18° 

Normal thrust at .B — 11*2 x cos 18° == 10*65 tons 
Radial shear at R 11*2 x sin 18° == 3*46 „ 

Take a Section X 5 ft. from A 
The slope of the linear arch — TO 6 = 45° 

The slope of the axis of the arch == -75 /. 6i — 36°50' 
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Normal thrust = 10 cos 36°50' + 10 sin 36^50' 

== 14 tons. 

or resultant thrust = •\/lO^~+~To^ == 14-14. 

Normal thrust = 14-14 x cos (45°- 36°50') 

— 14 tons. 

, 143. Tkree-Miiged Spandril-braced Arch with Dead Loading, 
(Fig. 158.) A frame having its bottom boom curved or 
arched, and hinged at the supports and the crown, is called 
a three-hinged spandril-braced arch ; it is illustrated in 
Fig. 158. Calculate R^ and as for a three-hinged ribbed 


Fig. 158 

arch, and proceed to find the stresses in the members as for 
ordinary frames, that is, by the force-stress diagram, method 
of sections, etc. 

144. Influence Lines for a Kiree-hinged Ribbed Arch, 
(Fig. 159.) Of Horizontal Thrust Let a concentrated load 
of 1 ton move across the span, and let it be at any time dis- 
tant nl from A (Fig. 159) and between AC\ As before, the 
reactions are made up of 

Vo and Ho (the horizontal thrust) and 
Fb and Ho. 

Referring to Equations (7) to (10) and substituting 1 for W, 


Ho = ^ , that is, Ho depends upon n 

For unit load between C and B, and distant Z(1 
B, by similar working as before, 
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Again a linear relation between if « aiid n, 
when = 0 from (14) = 0 


— is a maximum value for Ho, and it occurs when the unit 
load is at C. 

Thus join A and B to (7, and let represent 


and the unit influence line for the horizontal thrust at the 
abutments is obtained ; that is, the ordinate of the diagram 
to scale gives the horizontal thrust at the abutments when 
unit load is at that ordinate : let it be y. 

For a number of loads, == EWy, where y is the ordinate 
of the unit diagram at the position of the load. 

For a uniforndy-distributed load, Hq is represented by the 
area of the unit diagram to scale underneath the length of the 
load over the arch. 

For the uniformly-distributed load of 1 ton covering half 
the span AG in Problem 36, 


4 X 10 2 

145. Influence Diagram of Bending Moment. Let the unit 
load be at any section Q between A and (7, and distant nl 
from A, Fig. 159. 

To draw the unit influence moment diagram for any 
section X distant x from A, it has been shown that the 
moment at any section X 

= = Negative moment for a freely-supported beam 

+ Positive moment due to the horizontal thrust, 
therefore, the resulting influence diagram of moment will be 
the difference of the influence moment diagram for a simple 
beam and the moment diagram due to the horizontal thrust. 

The horijsontal thrust is a maximum when the load is at G, 
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1 X cos 9x(po$it!ve) 


I sin Ojc 


( negative) 1 x cos 9x 


£ positive 


^JK'BaC'a^a-Unit 
Influence Shear 
Diagram for X. 


^ positive 


lx sin $a: (negative) 


positive lx sin Boc 


■IA4 Ji XM4C4= Un’jt. Influence 

Normal Thrust Dja^ram for X- 

Fig. im 


flbn 


^ w 


Wnl~^ . , 

Unit Influence Diagram - Horizontal Thrust. 

0 C2 


^ f 

Unit Influence Moment Diagram 
for Section X. 
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therefore, the maximum moment at X due to the horizontal 
thrust 

... . (17) 

where y is the rise of the arch at the section X. The moment 
due to the horizontal thrust at X is H^y where varies 
with the position of the load and y is a constant. Thus the 
horizontal thrust moment diagram is found by erecting a 

ly 

central ordinate on the horizontal span to scale == ^ (Fig. 159), 
and joining -^ 2 * 

The maximum moment due to a simple beam is when the 
^(7 „ 

load is at X and = ^ — - and must be drawn to the same 

scale as for Hoy. 

The resulting unit influence moment diagram for the section 
X is shown shaded in Fig. 159, and it consists of two triangles, 
A JOE negative and GJS^E positive. 

Maximum Moment. With a single concentrated load, the 
maximum negative moment is when the load is at D, and 
the maximum positive moment when the load is at (7. With 
a uniformly-distributed load longer than the span, maximum 
positive and negative moments occur when BF and AF are 
covered respectively. 

146. Shear and Thrust Influence Lines. Radial Shear, 

If 6^ is the inclination of the tangent to the arch at the point 
X (between A and 0), then the shear at X will be the resultant 
force normal to the arch axis at that point. 

With the load between A and X, 


>^0.= FBCos0a.+ 


Load between X and B, 


-FoCOs5a:+ sin flj. . (19) 

The signs are due to considering the forces to the right and 
left of a section. 

For unit load on the arch, (18) and (19) are as for a simply- 
supported beam with unit load multiplied by cos 63 ,, together 
with a load Ho sin Mded. The unit influence shear diagram 
is shown in Fig. 159 (d). 
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Diagram is positive, 

„ ^4 gJJjBg is negative, 

,, is positive* 

A^G^B^ is the unit influence shear diagram for iJ^,sin0^. 
Ho is a maximum when the load is at the centre of the arch 

. ' I ' ■ ■ 

and for unit load == — tons. 


Thus GC^ to scale = sin 0^. = — 

^Vc 

and the triangle is the unit shear diagram for Hq sin 

AzJ^KB^ is the unit shear diagram for the section X as for 
a simple beam. 

With the unit load between A and JC, the radial shear at X 
(566 (i) Fig. 159) is == + 

With the unit load between X and 5, == + j/4~ 2/3. 

With a uniformly “distributed load, the shear {S^) will be 
the area of the diagram under the load to scale, due respect 
being paid to signs. 

147. Influence Line for Normal Thrust The normal 
thrust at a section X, between A and 0, will be the resultant 
force tangential to the axis of the arch at the section. 6 ^ is the 
direction of the tangent to the arch rib at X. 

For the load between J. and X, the thrust at X 

= = Ho cos 03. - Fjj . sin 0^ . . . (20) 

Between X and \B 

To, = Ho cos 0^ -f sin0^ V . . (21) 

By similar reasoning to that for shear, the following is the 
construction for the unit normal thrust influence line. [See (e) 
Fig. 159.) 

Make BJO^ ^4^1 equal to (1 sin 0). 

Join D^A^ to meet the vertical through X in 
i) B^Ei 9, 99 if in Ki 

At the centre of the span, set up an ordinate 

== + and join G^ to A4B4 

then the shaded portion, A^J^XK^B/J^, is the unit normal 
thrust influence diagram for the section X, 
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To construct the unit radial shear and normal thrust diagrams 
for a section between B and G, use B as the origin and take x 
to the left as positive, and work as given in paragraphs 146 and 
147. Or, by similarity, the diagrams for a section distant 
X from Bj wUl be the reflections of those for a section 
distant from 

148 . Suspension Bridges* A Hanghstg Cable and Its 
Relation to the Linbab Aech. If it is assumed that the 
cable has no resistance to bending, the form of the centre line 
of a hanging chain or cable carrying vertical loads is that of 


the funicular polygon for the loads and end-supporting forces, 
the horizontal pole distance from the load line in the vector 
polygon representing the horizontal tension in the cable. 
In afl cases, each vertical load is balanced by the tensions in 
the two segments of the cable meeting in its line of action. 
The horizontal tension which evidently cannot vary through- 
out the cable, since no forces having horizontal components 
are applied except at the ends, fixes the precise outline of the 
cable centre line and supplies the remaining condition to fix 
the pole 0. The horizontal distance from the pole to the 
load line represents the horizontal component to scale of all 
the tensions in the various segments. Thus the hanging 
cable is the ‘‘ linear arch itself. 

An arch supports vertical loads by material exposed to 
thrust, and for an arch we have seen that the funicular polygon 
represents the line of thrust, or the linear arch. 

In the case of the three-hinged arch, the resultant moment 
is zero at the ^ crown hinge. In this case, the linear arch may 
pass outside the axis of the arch ; while in the case of the 
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flexible cable, the axis of the cable and the line of resistance 
must coincide. The cable is in stable equilibriuna ; the arch 
is in unstable equilibrium. 

149. Let a chain be loaded as in Fig. 160, and let the 
supports be the same height. A and B are the support 
points at the same level. 

At the supports the reactions will be T i and T 5 respectively , 
which can be divided into Fa and Fb vertically, H and Hi 

horizontally. . 

As all the loading is vertical, then H = Hi and acts m 
opposite directions outwards. 

The horizontal component of the tension in each member 

AG, CD, etc., is also = H. , ^ , xi. 

Point (7 is in equilibrium under Wi, Ti, and T^, and these 
three forces form the sides of a triangle. 

Point i) is in equilibrium under W^, and T^, and these 
forces form the sides of a triangle and similarly for the other 

^°The shape of the cable will, therefore, be the funicular poly- 
gon which is constructed from the vector diagram by the 
usual methods. 

Taking moments about B, 

yj=Wi{l-a)+WS-(^-b)+--- • 

Fa can be found and subsequently Fb- . i, « 

Let the vertical component of the stress Tn in the n 
member from the origin A be T^. 


Horizontal component of will be H. 

... Tn = y'T/ -f- H^ = H seed . . • (24=) 

Let the slope of the member be tan 6, 

then tan e = ( 2 ®' 

and H sec (26! 

Let be the maximum depth of the cable below the sup 
ports at any point 0 and at z,, from A then 

Hy, -f Wi{x, - a) + W^{x, - a-6 ) + . . - = Fa*. (27; 

(Z moments of the external loads \ _ -p /gg 

or Hy^ + ( of (i about (7 j ' 
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150. Consider a Harming Cable on which the Load Carried is 
a Continuous One. 

Let this be to per unit length of horizontal span. 


Total load 




w 


, dx 


Let the slope of the cable at some section X distant > from 
dy 

the left-hand support be ^ 


then 


dy 


i: 


w . dx 


dx 

Differentiating, 
dhy 


H 


tan 6 


(28a) 


H 


dx^ 


I 


- w 


— - sec^ d. 


1 


d^y * 
dx^ 


For — = - „ . 

r sec'^ d 


dx^ r 

6 == angle tangent to the curve makes with the horizontal 
or X axis 

■ 

therefore, — sec^6 = w, 

r ■; 

and £r = wr oos^d . . . (29) 

„ ^ ==^008^6 / . . (30) 

At the vertex of the curve where r == r^, 
w = and cos 6=1, 

T = . . . . (31) 

151. Hanging Cable and Xlniformly-distributed Load. When 
the load is uniformly distributed over the span of the cable, 
as approximately in some suspension bridge cables, and in 
telegraph and trolley wires, which are tightly stretched and 
loaded by their own weight, the form of the curve in which 
the cable hangs is parabolic. 

If the uniform loads are applied at short intervals, then the 
funicular polygon will be circumscribed by the parabola 
corresponding to continuous loading ; i.e. the points of 
application of the load will lie on a parabola, which the cable 
would follow under continuous loading. 


Radius of curvature. See Mathematical textbooks. 
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If ID is a constant 


we have H == -w from Equation (28a) 

Integrating twice, 2/ = - ^ ^ • • (32) 

which is the equation to a parabola having the left support as 
origin, and, therefore, the form of the cable will be a parabola. 
y will be positive downwards. 

Let the maximum depth of the cable having supports at 

the same level be and this will be at a; = -I- . 

wP 


is the moment as for a s: 


and 2/ == “ x)x , , . . (35) 

and is positive downwards for all values of x. 

The greatest tension in the cable will occur at the support 
points where the slope is a maximum. 


The load carried by a suspension bridge cable, including the 
stiffening truss (paragraph 153), is nearly uniform in intensity 
in reference to a horizontal line ; and so nearly so, that it is 
assumed to be exactly uniform. 

Length and dip of cable or chain having parabolic form.* 

' 4 ^/ ' ^ 

y ^ _ x) X, where I = horizontal span. 


L = length of chain == I 


* Working from the left sujjport as origin. 


■' ' ' 5 ';’ 
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For very flat curves, 

+ ^ . . . (38) 

y 

y generally between -2 and -06. 

The approximate greatest length of span* 

Z = .... (39) 

I ^ 

where p = weight of 1 cu. in. of steel = *2836 lb. 
t =: 60,000 Ib./sq. in. for steel wire. 

= 30,000 Ib./sq. in. for nickel steel eyebar cable. 

152 . Anchorages. Loads in the anchorage cables and on 
the piers. Assume the side cables in a straight line from the 
tops of the supports to the anchorages. 

(1) Cable over a fixed pulley or roller on the top of the 
support, 

== tension in the anchorage cable, making an angle ^ 
with the horizontal ; 

T = tension in the hanging cable at the support and at 
an angle a to the horizontal. 

In this case, T = 

Horizontal pressure on the tower = 

= y cos a - r cos /? . . (40) 

If a = /?, iTi - 0. 

The vertical load will be 

= y sin a + y sin ^ . * (41) 

(2) To avoid horizontal pressures on the piers, movable 
saddles over which the cables pass are placed on the top, free 
to move over rollers. 

In this case, == 0, neglecting friction, therefore 

y cos a = cos . (42) 

If a and are known, can be found. 

If a = y = Pi 


From Suspension Bridges, by Burr (Wiley). 


(43) 
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Vertical pressure on the tower 

= = T sin a + 2^1 sin jS. . (44) 

Illustrative Problem 37. 

A cable of span 100 ft. and a maximum dip of 10 ft. carries a uniformly- 
distributed load of i ton per foot of span. Find the maximum and 
minimum tensions in the cable. 

The maximum tensions will be at the support points 
= 5 minimum tension will be the horizontal com- 

ponent of all the tensions = H. 

wP 

Now .ff = — (equation 34) 


max 


-*• max — ^ 

Find the alteration in these tensions due to a rise in temperature of 30° F, 
if the coefficient of expansion is *000006. 

Now length of cable in a flat parabolic curve is 

r ,^yc^ 


I = span : == cup ; 

8 100 

L at normal temperature = 100 + ^ X 

= 102*7 ft. nearly ; 
L after rise of temperature of 30° F. 

= 102*7(1 + *000006 X 30) 
= 102*718 ft. 


H becomes 


max 
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lllmtf alive Problem 38, 

A chain having a span of 99 ft. carries a tmifornily-distribnted load of 

~ tons per foot of span. The left-hand and right-hand support are 4 ft. 
■ 4*5 « 

and 16 ft. respectively above the lowest point of the centre line of the chain. 
Find th© tension at the supports and at the lowest point. 

Let the lowest point be a horizontal distance x from J and 
from B. 

1 ff « .WXi^ 


therefore x 


vertical reaction at A 


/. 2\ = V30-252 +14-662 = 33-6 tons 

153. Stiffened Suspension Bridges. To make suitable for 
heavy traffic, the suspension bridge requires stiffening to 
resist changes of shape in the roadway. 

This is done by — 

(1) Carrying the roadway on a girder hinged at the two 
ends of the span. 

(2) CJarrying the roadway on two girders, each taking 
half the span, hinged together and at the ends of the span. 

(3) Replacing the cable by two stiff suspension girders 
hinged together midwa}^ between the piers. These virtually 
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form a tliree-piiiiied arcli, which is statically determinate. 

The determination of the reactions and stresses is exactly 

analogous to those for the three-hinged ribbed arch. 

' 154. Three-hinged Stiffening Trass.* Fig. 162(a). The function 
of the stiffening truss is to distribute to the cable, uniformly 
along a straight line, any load whatever applied to the structure, 
so that the parabolic form of the cable is preserved under all 
conditions of loading. 

Thus the chain keeps its parabolic form, assuming the live 
load is evenly distributed along the whole length of cable. 

Working from the left support of the chain as origin, the dip 
at any section distant x horizontal from the origin is 

¥ == ^ {l-x)x . . . . ( 45 ) 

General case. Wo 

S 

8 + Wq 

S + Wo= H (Equation (34)) 

Forces on the stiffening truss : its w^eight, the reactions due to 
the moving load, and the upward pulls of the hangers. 

The loads in the hangers produce moments in the 
trusses opposite to those in general caused by the vertical loads 
on the truss. 

/. Resultant moment at any section of the girder 

^ . . . (46) 

Now the whole weight of the girder is taken by the cable, 
and therefore, neither moment nor shear in the girder is due to 
its own dead weight : thus Mg is simply due to the live load 
acting on a simple beam. will be the moment due to 

the evenly-distributed hanger load equivalent to the live load. 

Now let W == live load ; 

and uniformly-distributed load on the hangers 

due to the live load; 


= dead load weight per foot-run 
= live 

= - J? ^ from Equation (28a) 
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Now the reaction acting downwards at the end hinge of 
the stiffening trass assumed simple will be = -^ 

which is also the reaction acting upwards at the cable support 

due to the live load. _ _ _ 

For the stiffening truss, therefore, the moment at any 

section X distant x from the left-hand hinge is 

. . (47) 


wjx 

-Ms+ 2 


M 


M = moment in truss as a simple beam due to hve load. 
For the cable, section distant a: from the support pomt 

- IwJj: + . - Hy — 0 . • • • (^®) 

Neglecting the small hanger loads represented by 
we get 

M = -M,+ . . • • • 

lx 
’"2 


and w:^ = Hy 


. (50) 

Hy . . • • • (®1) 

For a three-hinged stiffeimig girder, the moment at the 

. (52)' 

0. 


centre hinge must be zero : i.e 

M s = Hy . 

At C (Fig. 162, page 280), M^= M, - 
Msc ~ simple moment at C. Then 


Hyc = H 


Vc 


(53) 


155 Sing le Concentrated Load on the Stiflenrag Girder. 

(Fig. 162.) Let If be at a distance nl from E and between 
E and 0. Then 

<-> 

If If between G and F, 

W{l-n)l 






( 55 ) 


i 
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H is a maximum when = 
- i.e. when IF is at 0 and 

Wl 


X 

2 ? 


H 




(56) 


The shear at any section of the stiffening girders is 

= Positive or negative shear at the section of the 
girder as for a simple beam plus the vertical 
component of the cable tension at the corre- 
sponding section of the cable. 

= zh ^saj ^ tan fljj; . * (57) 

where 0^ is the inclination of the axis of the cable at the 
section. 


5. 


y = 

% 

dx 


= ±S,,+ H 
- x)x 

= ^V-2x) 


% 

dx 


(58) 

(59) 

(60) 


For any section when the load is between E and C, and at 

dy 

a distance from E, using Equation 60 for ^ 


== i + 


= zb ^sx + 


{l - 2a:^ 


Wnl 

2Wn{l- 2x) 
I 


% 


(61) 


When the .load is between G and F, and at a distance Z(1 - n) 
from E, 

W{l-n)l 

P 


'S'® = ± 8 SSI + 


(i~2xy 


i 8sx + 


2^0 

2lf(l-?^)(^-2a;) 

I 


(62) 


166. Influence Lines of Moment and Shear for any Section 
of the Stiffening Girders. Let unit load cross the girdeis. 
Then the unit moment influence line for this case is exactly 
the same as for the three-hinged ribbed arch. 
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157. Unit Shear Influence Line (Fig. 162). It 
that at any section X. distant x from E , the res 


EP(?CTF=Unit Influence Shear 


^ Unit Influence Shear 

^2 ^ Diagram for Section cc<l ^ 

Fig. 162 

Tlie mfluence shear diagram for the section X will, therefore, 
be a combination of two diagrams— 

(1) The unit negative or positive influence diagram as for 
a simple beam. 
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dy 

(2) The unit positive diagram for ^ . 

For the unit load between E and C and distant nl from E, 


dy 2n{l - 2x) 

^ ‘ ^ r“ 


dy 


^ is thus proportional to n as a; is a constant, being the 

distance of the section X from E. 

dv 

i? ^ is a maximum when the unit load is at C 
dx 

(when n = 0, H = 0.) 

Similar^ for the load between 0 and jF, 

dy 2 (1 ~ ?i) (2- 2^^;) rr(^y\ • i 

— and ^ ) is proportional to n 


il--2x) 

I 


H — 
^ dx 

when n 
when 71 


1, H 


I 

dx 


0 


1 dy . 

g ^ IS a maximum 


(l-2x) 

I 


(63) 


,(^y. 


The unit positive diagram for H ^ -will, therefore, be a triangle 

with the span as base and the maximum ordinate at the centre 

{l-2x) 


I 


tons 


To construct the complete unit influence shear line. {See 
Fig. 162(6).) 

First draw the unit shear influence line E^GiF-^Ji as for a 
simply-supported beam. 

= - 1 ; F,0, = -t- 1 
Diagram E-fi-iF-^ is positive. 

Diagram E-^J^F^ is negative. 

At the centre C set down 

and join Ci to E^ and Fi : this triangle is of positive area. 

The difference of the two diagrams shown shaded gives the 
influence diagram required for the section X. 
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FiQ Gom.es abo¥e FiCi, (Fig. 162 {c) .) 


li x = - , FiQ and F^C\ coincide, 
i.e. no shear at X when the load is between C and F« 

If X greater than , ^iQ below FiGi. {See Fig. 162 (6).) 
and the shear wholly negative for load betw^een X and F . 


Curves of maximum shear due to uniformly “distributed load, 
longer than the span, are given in Fig. 163. 

158. Maximum Shear. The maximum shear force curves for 
a single rolling load may be deduced from Fig. 162 (6) and (c). 

The maximum shearing force curves for a uniformly- 
distributed load may be easily found, also from the areas in 
the influence diagrams, the loaded lengths for the different 
maximum values being the projections of the areas of like 
sign in Fig. 162 (b). The positive and negative areas are equal 
for any value of a;,* and so the positive and negative curves 

are similar. When a; = 0 (a particular case of cr < in 


Fig, 162, the loaded lengths are 


for maximum negative and 


for maximum positive shear at the origin and both shears 


* See Andrews, Frohlerm in Higher Structures. 
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The student is requested to prove the maximum shears 
given in Fig. 163. 

Illustrative Problem SQ* 

A suspension cable of 100 ft, span and 10 ft. dip is stiffened by a tbree- 
liinged girder. The dead load is J ton per foot run. Determine the maxi- 
mum tension in the cable and the maximum bending moment in the girder 
due to a concentrated load of 5 tons crossing the span, assuming that the 
whole of the dead load is carried by the cable without stressing the girder. 
Find the bending moment in the girder at span from either pier when 
the concentrated load is 25 ft. from the left-hand pier. 

Tensions in the cable due to the dead load : 

TT • 4. 1 / • 1 

Horizontal tension = j x r— — r-p: 

4 o X i-u 

== 31‘25 tons. 

The vertical reaction at the support is 

wl 100 

12*5 tons = -— = 

2 4x2 

Due to the live load of 5 tons on the girder, i? is a maximum 
when the load is at the centre of the hinged girder, i.e. at 
50 ft. from the support points. 


5 X 100 
4 X 10 


12*5 tons. 


Vertical reaction at the support due to the live load is 2*5 tons. 
Maximum tension in the cable 

== V( 12 - 6)2 _|_ (31.25)2 + V(2-5)2 + 12-52 ^ 43.3 tons. 

Maximum Moment in the Giedbe Due to the Live Load. 
Draw the unit influence moment line for a section X distance 
X from the left-hand end of the girder. (Fig. 164.) 
y = dip of the cable at the section X 
maximum dip = 10 ft. 


yc 

y 


n 

J2 ' 


K^yc 


x) (equation for the cable) 
x{l-x)\ 


reduces to 


I 


* Problem given for solution in Morley’s Theory oj Structures^ 



(using equation (54) 
iovH) 


peduces to — : 

Parabolic Cable 
Pio. 164 


' To find the section having the biggest negative moment 
d{ - MJ,^) 72 I 0^7 _ = 0 


I . X — -51 ± ‘28QI 

= or -789?. 

Subs^uting in (64) the biggest negative moment 
unit load. 

The maximum positive moment for any section = 1 
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To find the section having the largest positive moment 

: ; d{ + FiM 


clx 


X = 


I “ 4tX 

£ 

4 


M. 


and also for a; == -j- by similarity. 

Substituting in (65) the biggest positive moment per unit 
I ' 

load == — 

16 

. I , wi m 



''0-096WI 

(oS) single Load 






D> 


1 0-0l883iol^ 

k— ^ 


(h) Uniformly Distributed Load w 
Fig. 165 

Maximum negative moment due to the S-tons load 
= -096 X 500 = - 48 tons-ft., 

for sections 2M and 78-9 ft. from the left-hand end of the girder. 
Maximum positive moment 
500 


16 


+ 31-2 tons-ft., 


for sections 25 and 75 ft. from the left-hand end of the girder. 

The curves of maximum positive and negative moment for 
any section due to a load W are shown in Fig. 165 (a) and the 
curves for maximum positive and negative moments due to a 
uniformly-distributed load of w tons longer than the span, for 
any section, are given in Fig. 165 (b).* 

* These curves of maximum positive, and negative moment (Fig. 165 (a) 
and (6) ) also apply to the parabolic three-hinged arch. 
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The student is requested to show that the biggest positive 
and negative moments for the girder which are of the same 
value -01883 wP, are those for the sections -234^ and -766/ from 
the origin (the left-hand hinge). 

Second Part of the Problem. (Fig. 166.) 

Moment at 10-foot section when 5 tons at 25 ft. from 0 

= /_ 4-5^ 5 = - 15 tons-ft. 



Moment at 90-foot section when 5 tons at 25 ft. from 0 
= ^ -j- 4-5 - ^ X 25^ 5 = 4- 10 tons-ft. 
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EXAMPLES 

1, A three-hinged segmental arch of 100-ft. span, rise 30 ft., is loaded 
with a load of 30 tons at a point 20 ft. from the centre of the arch. Draw 
the bending moment diagram for the arch, and find — • 

(1) The horizontal thrust in the arch ; 

(2) The resultant thrusts at the abutments ; 

(3) The maximum bending moment and the point at which it occurs. 

(U. of B.) 
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2. The axis of an arch rib is parabolic ; it has three hinges, the span is 
90 ft., and the rise at the centre 16 ft. There is a concentrated load of 
9 tons at a point 30 ft. from the crown of the arch, measured horizontally. 
Find— 

(a) The axial thrust, and the normal shear at the point of application 

of the load. 

{h) The maximum bending moments — ^positive and negative. (U. of T.) 

3. In a suspension bridge consisting of a cable supported on towers and 

stiffened by girders hinged at the centre, find an expression for the maximum 
bending moment due to a single concentrated load on the bridge at one- 
quarter the span. (I.C.E.) 

4. A three -pinned segmental arch has a span of 150 ft. and a rise of 
so ft. A load of 10 tons rolls over the arch. Determine — 

(1) the maximum horizontal thrust in the arch ; 

(2) the maximum bending moment at a point 50 ft. from one abutment, 

and the resultant thrust and radial shear in the arch at the abutment when 
this maximum bending moment occurs. (IT. of L.) 

5. Explain what you understand by “ link polygon ** and reciprocal 
figures.” Six equal weights of 1 ton, placed at equal horizontal distances 
of 6 ft. apart in one plane, are supported by a link polygon of seven bars. 
The end bars are inclined at 60® to the vertical. Find by a graphical con- 
struction the forces in the bars, and mark the magnitude of the stresses on 
the corresponding bars of your sketch. 

6. A footbridge, 8 ft. wide, has to be supported across a river 75 ft. wide 
by means of two cables of xmiform cross-section. The dip of the cables at 
the centre is 9 ft., and the maximum load on the platform is to be taken as 
1401b. per square foot of platform area. The working stress in the cables 
is not to exceed 5 tons per square inch, and the steel from which the cables 
are made weighs 0*28 lb. per cubic inch. Determine a suitable cross- 
sectional area for these cables. 

7. Each chain of a suspension bridge of 120 ft. span has a dip of 12 ft. 

and carries a dead load of 600 lb. per horizontal foot run. The chain is 
stiffened by a horizontal three-pinned girder. A uniform travelling load 
longer than the span traverses the girder and is 300 lb. per foot run per chain. 
Determine the maximum positive and negative bending moments in each 
half of the girder, and the positions of the load at which these occur. Find 
also the maximum pull in the chain. (XT. of L. ) 

8. Question 7 (cont,). Determine the maximum shear forces in each 
half of the girder and the positions of the load at which these occur. 

9. A three-pinned segmental arch has a span of 120 ft. and a rise of 

30 ft. The arch is loaded with 2 tons per horizontal foot run over the whole 
span, and with an additional load of 1 ton 
per foot rim over half the span only from 
one abutment. Find the maximiun bending 
moment in the arch rib and the horizontal 
thrust. (IT. of L.) 

10. A three-pinned parabolic arch has a span 

of 120 ft. and a rise of 40 ft. The loads shown 
in the diagram (Fig. 167) rest on the arch with the load of 15 tons over the 
central pin. Draw the diagram of bending moment for the arch ; determine 
the horizontal thrust and the maximum bending moment. (XT. of B.) 

11. Let the loads in Question 10 move over the span. Find — 

The maximum bending moment at a section distant 50 ft. from the 

left-hand, support, and the resultant thrust at this section when the 

maximum moment occurs. 


id" 

1 ^- 7 - 


Fig. 167 
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12. A bridge has 6 segmental three -pinned arches 7 ft. apart, the span 
being 150 ft. and the rise 30 ft. The dead load is 200 lb. per square foot, 
and the live load equivalent to 4001b. per square foot. What is the hori- 
zontal thrust when the span is half covered by the live load. If the plate 
girder ribs are 4 ft. deep over angles, flange plates 18 in. X I in., angles 4 in. 
X Jin., web plate Jin., calculate approximately the maximum stress in the 
rib. {See Chapter VI for combination of bending and direct stresses.) (I.S.E.) 

13. Taking the same bridge as in Question 7, determine the maximum 
positive and negative bending moments in each half of the girder when two 
loads of 2 tons each, 6 ft. apart, cross the girder. Also find the maximum 
shear forces in each half of the girder. 

14. A suspension bridge has a span of 600 ft. and a dip of 50 ft., and 

carries by means of two cables a total load of 100 tons uniformly distributed 
along the length of the platform. Assuming the hanging rods to be very 
numerous, determine the tension in each cable at the lowest point and at 
the piers. The cables are attached to saddles resting upon rollers on the 
tops of the piers, and the anchor cables make an angle of 30® with the 
vertical. Determine the maximum stress in the anchor cables and the 
total vertical pressure on each of the piers. ^ ^ ^ 

15. A three -hinged arched rib has hinges at the abutments A and B and at 
the crown G. G and 5 are respectively 35 ft. and 60 ft. from the vertical 
through and respectively 11 ft. and 5 ft. higher than .4. 

Construct the influence line for the horizontal thrust H for unit load crossing 
the span. Using this line, determine the magnitude of H produced by a uni- 
formly distributed load of 1000 lb. per ft. extending over the whole of the span. 

Note, HhQ reactions at the hinges A and 5 will consist of the vertical 
reactions and R^ as for a simply supported beam and a thrust in the 
directions A to B and B to A. Show that the horizontal component H of 


" -^A • 7 for the unit load between G and B where a ~ B5 ft. in the pro - 

b 

blem and / = vertical rise from line AB to hinge (7. Similarly H Rj^ for 

unit load between O and A, Continue problem as for case where abutment 
hinges at the same level. 
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159. Oblique Stresses. Referring to Fig. 168, let a small 
prism of cross-section a sq. in. be under an intensity of tensile 
stress p in the direction of its length. This is normal to the 
section A'B'. It is required to find the stress intensity normal 
and tangential to AB, a section at an angle Q to A'B'. 

Area AB = A'B' sec 6 = a sec 0. 

P — Total puU on the prism, normal io A'B' 

P„ — Total pull on the section AB 

Pf = Total shear force on the section AB. 

P„= P cos 6 

P„ P cos 0 „ „ 

= = = ® ■ ■ (*) 

Pi — P sin 0 

P sin0 .' „ 


Pi is a maximum when sin 0 == cos 0, i.e. when 0 = 45°. 
Then = p cos® 0, a’ a 


P 

andp„ = Pt=^ • (3) 

When Pi is a maximum, 

0 is 45° ; that is, the 
maximum shear stress 
occurs on planes inclined 
at an angle of 45° to the plane A'B\ the plane for which p is 
a normal. 



/ ^ 
B Bt 
Fig. 168 


Illustrative Problem 40. 

Construct the polar diagram for the stresses on a plane oblique to a direct 
stress p. paragraph 169.) 

0 = angle between direction of p and the normal to the 
plane ; 

or = angle between the plane of direct stress p and the other 
plane. 
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Tangential stress = pt = p sin 0 . cos 0 
Normal stress = p,, — cos® 0 

As shown in Fig. 169, take the plane as vertical on which 
n is normal. From a centre 0, draw radiatog lines at angles 
of 15 30, 45, 60, etc., to 180'' to tliis vertical; and a ong 
these ’lines to scale mark off the corresponding values of p^: 



the vectors fn are drawn normal to the radiating lines, 
up the ends of the vectors required by a smooth curve and the 
required diagrams are obtained, which are given in Fig. 169. 

160. Principal Stresses. If a body is under a complex 
system of stresses, these stresses may be resolved into three 
simple normal tensile or compressive stresses in planes at 
right angles to each other. These simple stresses are called 
Principal Stresses and the planes are called Principal Planes. 
The direction of the principal stresses are called the Axes of 
Stress 

In many cases, one of the principal stresses is zero or 
negligibly small, and consequently there are only two principal 
stresses to be considered, and these will act in the same plane. 
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'16L' Example. ^ (Figs. 170, a and b.) ' 

Let ns consider principal planes and stresses when com- 
plementary shear stresses are accompanied by a normal stress 
on the plane of one shear stress. (For Complementary Shear 
Stresses, see para. 57, Chapter V.) “ . 

Fig. 170a shows the forces acting on a rectangular block 
ADEO of unit thickness perpendicular to the plane of the 
paper, and of indefinitely small dimensions parallel to the 



Pig, 170a 

figure (unless the stresses are uniform). Let a be the inclina- 
tion of a principal plane BG to the plane J. <7 which has a 
normal unit stress p and a unit shear stress of q acting on it, 
and let JS be the unit stress wholly normal on jB(7. The face 
AD has only the unit stress q acting tangentially to it. 

Problem, 

To fuid the principal stresses and planes. 

Consider the equilibrium of the wedge J.J50 (Fig. 170b). 

Let p and q act on a plane, cutting the plane of the paper 
in ^0, and let J30 represent similarly one of the planes of 
principal stress. Let the intensity of 
this principal stress be i?. 

Then if AB is at right angles to AC, 
we have acting along J.JS (since for 
every shear stress there is an equal and 
opposite shear stress at right angles) a 
shear stress of intensity q. 

Let the width of the wedge at right 
angles to the plane of the paper be 
unity. 


A -A- B 



Fig. 170b 
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Resolving along AB and AO, 

■p . AC + q.AB = R. BO cos a 


From (4), 


qAO — B.BC siaa 




p COS a + 5' sin a — -B cos a 

ov p a ~ B 


From (5), 


AO „ . 

q.^ = Rsma 
q cosa = R sin a 


or q cot a = R 

From (6) and (7), 

q tan a X q cot a = R{R-p) 
ox R{R-F) = <f • 

B^- pB- q^= 0 

p Vp^ + 4q^ 

ii-f ± 5 




4 ( 7 ^ 

1 + -v 

p^ 


( 5 ) 


(6) 


(7) 


( 8 ) 


(9) 


The negative sign of the root corresponds to the second 
principal stress R^ and the plus sign to the maximum prmcip^ 
stress B. B^ is at right angles to i?, and acts on a plane 6rii 

at right angles to the plane RO (see Fig. 170 a). . 

The direction of the plane on which the stress R acts is 
From (6), 

R cos a - p cos a = ? sin a 

R sin a = q cos a 


R 


cos a 


sm a 


From (7), 
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The planes of maximum shear are inclined at an angle of 
45° to the principal planes, and the intensity of the maximum 
shear stress is 


For the shear stress on a plane at 45° to the principal plane 
of B will be 

= 4-y^l + ^ j from Equation (9) 

s im ilarly, the shear stress on a plane at 45° to the plane of B^ 


The shear stress due to B^ is of the opposite sign 
due to B, 


therefore q, 


In the example taken, p is a tensile stress ; the same result 
holds for p as a compressive stress. 

162. Two Perpendicular Stresses. Case I. L%Jce Porc^. 
Let a block of material ABCD (Pig. 171) of unit thickness be 
subjected to Two Pulls, P, and at right angles to one 
another, and let p„, pj, be the stresses per unit area across 
sections normal to these forces. 

Let px be > p„. 

Note.— p,, and Pj, are two principal stresses. 

Let EF be any section making an angle 6 with the direction 
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The normal component of across PP — P^ - sin ^ 

Px . 

Normal stress on PP due to P* = . sin 0 

= i5*-^->in0 = P^siii20 . . . 

Similarly the tangential stress on EF due to P^ 
P,cos0 OJF 


112; 


EF 


-■Px 


EF 


. cos 0 


■ Px sin d . cos 0 


(13) 



F 



Normal component of stress on PP due to Pa 
P ■ ■ - A'F ' 

• . . * (14) 

Similarly the tangential stress on EF due to 

= -Pj, sin 0 • cos 6 . . • (15) 

It is negative, since this tangential force is of the opposite 
sign of that due to 

The total normal component of the stress on EF 

= Pn = P® sin^ S + Pj, cos^ 0 . , . (16) 

The total tangential component of the stress on EF 

= Pm ^ iPx -Pv) sine . 00 s 6 . . . (17) 

The resultant of these components is 


Pr= V pn^ + P?\ 

= V (px sin® 0 -f- p„ cos® 0)® + (px - Pv)^ sin® 0 . cos® 0 
= A/px® sin® 0 -f Pv® oos® 0 .... (18) 
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(19) 


If p., makes an angle a with EF (Fig. 172), 

Pn 

then tan a — — 

Pt 

_ Fie ^ + P v CQS“ ^ _ Px Q + Py 
~ \px - Py) sill 0 . cos 0 “ {p^ - p^) tan 0 
If d is the angle Pr makes with p^, then 
tan a — cot 5 
or cot a = tan <3 

If /S is the angle between p,. and Pj,, then 
^ — a — d 

' • , tan a - tan 0 

tan^ = tan(a-0) = 3^^^-^^^^-^ . . (20) 

Substituting the value of tana from (19) and working out, 

Pv 


tan i 


Px 


• cot d 


Pt 


■ ~ Py) ® • COS 0 

Px “ py 


and is a maximum when 20 : 

thus Pi . 


. sin 20 
90 ^ 


Px Py 


(21) 


( 22 ) 


(23) 


and acts on the plane making an angle of 45° with 

163. In the Case of Two Unlike Forces and Py, that is, 
say, Py. tensile and py compressive, the above results hold 
good with a change in the sign of py. 

In this case the maximum shear or value of Pt will be 

Px "b Py ^ 

Pt max = 2 * • • 

If pa; = Py : the maximum Pi is on the plane at 45° to p^ 
and the corresponding = 0, . . . . (25) 

these results corresponding exactly with the case of pure shear. 

163a. (i) From equation (16), if py ^ Px and of the same 
sign, then p^ = Px> 

And from equation (18), p.^ ~ px A JPr == == Px* 

Also a = 90° and d == 0°. 

From equation {17), i£ Py = Px^ then p^ = 0* 
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Therefore, if the two principal stresses at a point are of like 
sign and of equal magnitude, then the stress on a third plane 
through the point is of the same intensity and is normal to the 

plane. These stresses are called “fluid” stresses. If the third 

plane makes an angle d -vvith the direction of then the 
normal and resultant stress on the third plane makes the 
angle d with the plane (principal) on which p® acts. If p* 
is horizontal, then the angle 6 is made with reference to the 
vertical tlirough the point considered. {See {A), Fig. 172a.) 

■ (ii) Also ifp, = p*t'ut of unlike sign. 

Then Pr = P* = Tv in magnitude. 

From equation (19) 

p^ tan® Q-Px __ tan® 6 - 1 


tan a == ' 


.0 


2/p g, tan 

But tan a = cot 5 = — cot 20 
(3 = (- 20 ) 

Therefore, will make 
its plane, which makes 


2 tan 0 


- cot (20) 




\ 

csr 


\j9^ 















an angle (- 20) with the normal to 
an angle 0 with the direction of _paj. 
The interpretation of the 
above is as follows — 

If a pair of principal stresses 
at a point be unlike (one ten- 
sion and one compression) 
and be of equal intensity, 
then the resultant on any 
plane through the point is of 
the same intensity, and is in- 
clined to the normal to the 
direction of at an angle 0, 
but on the opposite side to 
the resultant obtained in (i) 
when p^ = Pj, of same sign. 
{See (B), Fig. 172a.) 

164. Example. (Refer to para, 162.) 

Find the plane across which the resultant stress is most inclined to the 
normal, when but of the same sign. Here the angle a the resultant 

makes with the plane will be a minimum. 

Lei ^ = maximum inclination of the resultant stress 

to the normal. 


♦ / 
t / 

I / 


(AY 


Fia. 172 a 


¥ 
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Froai equation (19), page 295, tan <5 = cot a 

Pa: si«-^ 0 + p V cos^ i9 ^ 

when 5 is a maximum, then tan <5 is a maximum; so that 

ci(tan d) , 

— to be equal to zero. 

Differentiating and simplifying 

(p^ sin^l? + Py cos^ 0 )cos 26 - {p^ ~ py)cos 0 . sin 0 . sin 26 =: 0 

Then p,j cos 20 -p^ sin 26 = 0 


therefore tan 26 


Pn 

Pt 


tan a = cot 3^ 


cot (p 


Now cot (/> == tan 


20 


7T 
2 ■ 


„ TT <p <p 7T ■ 

0 = 7~ r or ® 

4 2 2 4 


(27) 


a relation between 0 and < 5 ^ when the maximum conditions hold. 
Substituting the value of 0 from (27) in (26), 


tan ^ 


jPx - Pv)OOS^ 

- sin + py(l + sin <j>) 


which, on simplifying, gives 

p^ 1 r sill <3^ 

py 1 - sin (jS V ' 

or sin<^ = ^f^" . . . . (29) 

^ Px+ Pv 

From (29), ^ can be found : Substituting in (27), 6 can be 
found, thus giving the plane required. 

The results obtained are used in the theory of retaining walls. 
Equation (29) gives the maximum inclination to the normal, 
and Equation (27) gives the inclination of the plane to the 
direct stress p*. 

Let A = inchnation of the normal to the direct stress p^. 
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” n -- 

2 ^ ~ 2 


.’^-1- - 
4^2 


A- -+^ 
^ ~ 4 ' 2 


(30) 


Equation (29) leads to a graphical method for finding the 
value of the resultant when sin 4> is known, and also for find- 
ing the principal stresses given the angles two i^esultant 
stresses make with their respective normals. {See Problem 41 . ) 

165. Ellipse of Stress, (l) Like Stbbsses._ Draw two 
concentric circles as in Eig. 173, whose radu are respec- 



tively equal to Px andp^, {px and py are principal stresses) and 
Px > Pv 

OX = Px 0Y = py 

and let EOF be the plane inclined at an angle 0 to OX ; and 
OAB, the normal inclined at (90 - 6) to OX. 

Draw BD and AG perpendicular to OX, AO perpendicular 
to BE, and join 00. 

It can be shown that 

00 = V OD^ + AQ^ = Vpx^An^d -f py^cos^d = p^ 
and that angle = DOG = ^ 
apd anglq OOF = 'a 
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It follows that 0 is on an ellipse whose major axis is and 
whose minor axis is 2py, because 

OD2 AG^ 

, -r a; Pv 

This ellipse is called the Ellipse of Stress. From it can be 
obtained the resultant stress on any plane, for by drawing 
OB at right angles to the given direction and BE parallel YY, 
to meet the ellipse in G, then OC is the resultant stress on 
the required plane in magnitude and direction, and the angle 
COF is the angle between this resultant stress and the given 
plane. 

(2) Unlike Steesses. Let be negative, py positive. 
The construction is similar as before to drawing OAB. From 
A, drop a perpendicular to cut the circle on the opposite 
side in J.', Drop a perpendicular from B, and draw A'C 
perpendicular to it to meet in C\ Join 0C\ Then OC' is 
the resultant stress on the plane OF, and G' lies on an ellipse 
which is the Ellipse of Stress, for here tan ^ is negative. 

Circle of Stress. (See (a), Fig. 173a.) In the cases when 
the principal stress intensities a; and are of equal magnitude, 
the ellipse of stress becomes a circle. If they are of the same 
sign, the resultant stress OP on any and every oblique plane 
EF perpendicular to the figure is normal to that plane and 
equal in magnitude and sign to the stresses == py {see 
para. 163a (i)). 

If the stress py is of opposite sign to p^, then the resultant 
stress (OP^) on any oblique plane EF perpendicular to the 
figure is of magnitude p^ = py but makes the angle (~ 26) with 
the normal to the plane and where 0 is the angle the plane 
makes with the direction oip^^. 

The case of unequal principal stresses of the same sign may 
be treated by the circle of stress by writing (when p^ > py) 

Pa>+Pv , Px-Pv 
Px = — 2 — 

Px+Pv Px-Pv 
^^2 2 

Every unit area of the plane EF is then spbject to equal 
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like normal stresses ^ ^ and to equal and opposite stresses 
but of opposite sign to -2—^ (6^ee para 163a (ii)) 

To find the resultant stress Pr in the plane EF it is necessary 




(h) 


ox = p^ = or = p^. 

OF = making angle 6 with 
OF and normal to EF when pg. 
= Pj, and of the same sign. OPj 
^ p^ in magnitude, but makes 
angle (-20) with normal to plane 
EF when Px = -~Pv’ 


Let OP = ^2-^” Case{o) 

OPi = Case (5) 

where > Py but of the same sign. 
From P draw PFj equal and paral- 
lel to OPj, then OFi is the resultant 
stress Pr on EF in magnitude and 
direction. FF^' makes the angle 20 
with OP. Produce OP to Pg. 

The bisector of OFF/ is parallel 
to O Y and the bhect or of F^FP^ 
is parallel to OX 


Fig. 173 a 


to find the resultant of the two stresses and 

which can be geometrically added together. 

Referring to (&), Fig. 173 a , OP/ = in magnitude and 
direction. • 
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If Pj'P is produced to out OY in and PP^' produced to 
out OX in Q, it can be shown that 

OP = sp = PQ = 

and therefore SQ h the diameter of a semicircle having P as 
centre. 

Also, 8Pi == pa> and P^Q = py. 

Now as the plane EOF moves through all angles, the point 



/p — fn 

P^ will describe a circle about P with a radius OP 

a, ri d PPj' keeping equally inclined to the vertical OY but on 
opposite sides of it. The locus of the point P^ is an ellipse 
which is the ellipse of stress for the point 0, within the body or 
material at the point 0. 

When 6 = 0°, Pr = Pv' when 6 = 90°, Pr = p®. 

The maximum value oi d — <l>, the angle the resultant makes 
with the normal to the plane EOF, wiU be when p^ is tangential 
to the circle traced out by the point P/ about P. (^ee Fig. 
173b.) 

' P<‘~Pv . n-p Fx + P v 
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OPj^ = Pr r»a; lri ng tke angle d~ with the normal to the 
plane. OP/ is tangential to the circle of radius 
From the right-angled triangle OP/P, 


PP/ ■ ; Px Pv 

= sm * = i . 

OP ^ Px+Pv 

1 -f sin ^ py 1 - sin 

Py 1 - sm ^ px 1 +- sin 0 

Also 2A = ^ ^ 


. i 

' 4^2 


Equation (29) 


also 26 


Equation (30) 


Equation (27) 


Conjugate Stress^, {See Fig. 173c.) 

Take an elementary prism represented by the face ABOD, 
of unit thickness normal to the plane ABCD. Let this be acted 



Fig. 1730 


upon by the equal and opposite stresses on the faces AB, 
CD and the equal and opposite stresses on the faces AC, BD. 
The direction of is parallel to the faces AC, BD and that of 
p/ parallel to the faces AB and CD, That is^ the stresses p^. 
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and |)/ all make the same angle, <5 with the normal to their 
planes. The prism will be in equilibrium under the system of 
forces, and the stresses and p/ are knowm as conjugate 
stresses. Principal stresses as considered are a particular case 
of conjugate stresses. 


Problem, 

Let there be within a mass of material at a point 0 a pair of conjugate 
stresses p,. and p/ acting on their respective planes. Let the angle d be their 
obliquity with respect to the noimals to their planes. Find the ratio of p,. 
and Pr’ Assume they are of the same sign. 

Refer to Fig. 173 d, draw any line ON ; draw OP^ making 
an angle 6 with ON : make OP, = Pr and 00 on OP, =; ?)/. 


Fio. 173 d 


From M the middle point of QP^ erect the perpendicular 
MP to cut ON in P. Draw QP, PPj and the semicircnlar arc 
HQP^N. 

OP represents and PPi, — 


where pa, and py are the principal stresses of the system. 
It can he shown that 

/\p !Pr Pat ~i~ Py 

“ 2 COS <3 ~ 2 


OAjOP, 



THEOMY OF STBUGTUSES 


When the resultant makes the maximum angle 6 
normal 

_ 1 +_W P^Py - A 


From equations (30a) and (306) it can be shown that 


Pr-\- Pr 'V COS^O 

Tlii.1,^: oo.a±V'K>s«<-cosV ^ ^ ^ 

Pr COS 6 ^ VcOS^^ - COS®^ 

also OPi — 0^ sec 6 = p, . . . . . (30d) 

An interpretation of this equation is given in para. 172a in 
the chapter on Retaining Walls. 

Illustrative Problem 41. 

At a point in a material subjected to two direct stresses on planes at right 
angles, the resultant stress on a plane A is 4 tons per square inch, inclined 
at 30® to the normal and on a plane B is 1 ton per square inch, inclined 
at 45® to the normal. Find the principal stresses, and show the position of 
the two planes A and B relative to the two principal stresses. 

Let the stresses be of the same kind. Eef erring to Fig. 174. 
Draw AB == 1 ton/sq. in, at an angle of 45*^ to the line \/4D. 
Draw AC = 4 ton/sq. in. at an angle of 30® to the line AD, 
Construct a circle to pass through B and C, and to have its 
centre 0 on the line 

sum of the principal stresses Rmax + Rmin 


difference of the principal stresses 


Scaling off from the figure, 
Rmtux + R, 


'max 


from which R. 


'max 


'min 
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Let be the tangent to the circle of radius 


'max 


min 


Then AF is inclined to JO at an angle which is the plane 


max 


min 


max 


Normal io oh. 

Construction 
>f>N/ Lines ^ for 
Ellipse. 


oa and oh are the 
required planes i 


Normal to oou 


on which the resultant is inclined at the possible maximum 
angle to the normal, 

for sin<^ == (verifying Equation (29)) 

^max i J^min 

The positions of the two planes required may be found by 


306 


TEEOBY OF STBUCTUBFS 


constructing the ellipse of stress. From the origin of the two 
axes, find where forces of 1 ton/sq. in. and 4 tons/sq. in. cut 
the eUipse ; then the direction of the normal to the plane 
has been established, the plane being at right angles to the 
normal. {See Fig. 174.) Or the directions of the planes 
with reference to the principal maximum stress may be found 
by solving the necessary equations. 

Using the Equation (17), 

Pi = (-Kma* - Rmin) Siu $ . COS 8 = Pr sm ^ 

and the principal stresses are Imown, as well as ^ ; there- 
fore d can be found. 

From which the plane of the 

1 ton resultant is at 9*5° or (90- 9*5°) = 80*5° to the maximum 
principal plane 

and of the 4 ton resultant at 35° to the max. principal plane. 

From the graphical method (Fig. 174), 
the angles are 80*5 and 34° respectively. 

166. Example. 



R 


On two mutually perpendicular planes, normal 
stresses-— one of intensity p and one of intensity 
Px — act, in addition to two equal shear stresses of 
intensity g. Find the direction of the principal 
planes and the intensity of the principal (normal ) 
stresses upon them. 

As before, let AB and ^(7 be the two 
planes at right angles. Let BO be a 
principal plane and B the maximum 
principal stress. Let the wedge ABO be 
of unit thickness. ((See Fig. 175.) 

Let BO be at an angle a to AO. 

Let p and p, be two compressive stresses and q the intensity 
of the shear stresses. 

Resolving along AB and AO, 

p . AO -j- q . AB = B . BO cos a . . . (A) 

Pi- AB q . AO — B . BO sin a . . . (B) 

From (A), p . + q . -jjt, -== R cos a 


■ BO BO 

p . cos a + q . sin a = JS cos a 

^ AB , AO ^ . 

From (B), Pi ^ + q . B sm a 

Pisin a + q cos a = B sin a . 


(31) 


. ( 32 ) 
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From 


Solving Equation (35) for a will give the direction of the 
two principal planes, as 2a will have two values differing by 
180°, and which will consequently give the inclination to AG 
of the two principal planes which are mutually perpendicular. 
From (33) and (34), 

= g tan a . g cot a 
= ^ . . . . ( 36 ) 

R{p+pi)-{q^-ppi) = 0 


Therefore B^ax = — 2 V 4 H • • (38) 

and it is of the same sign as p and p^,, 

and is of the opposite sign to p and piy if g^ > ppi* 

These results are used in the analysis of the stresses in a 
dam given in Chapter XIII. 

The planes of maximum shear stress are inclined at angles 
of “ to the principal planes found, and the maximum shear 
stress is 

g... = + 9 " • («) 
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Tf « is of the opposite to sign 2h> the modifications 
Note. If P a substitution of the necessary 

necessary are easily maae o.y 
signs in the preceding formula. 

If Pi = 0. 


B 


P 


max 


cblld. Qmax 


/ 

4 








both of which agree with the results obtained m Equations 

(9) and (H)- -nriucinal planes and stresses, and 

167. Havmg from which 

their directions, the e resultant stress on any 

plane. The maximum principal plane 
D ^ be drawn at an angle a to the 

^ vertical,; this fixes the axis YY of 

principal stress. The axis ZX of 
principal stress for which p* — .Kmo® 
measured is at right angles YY ; thus 
the position of the ellipse of stress 
will be fixed in space. Obviously the 
nunimum principal plane makes an 
angle of (90° + a) with the vertical. 

Illustrative Probkm 4:2. 

^ are two tensile stresses of 6 and 

At a point in a .?„nes at right angles to each other, accorn- 

3 tons per square mch P' ^ sauafe inch. Find the direction and 

nanied W a shear stress of 2 tons per square iiivi 

magnitude of the principal stresses. (Fig. 17b.) . , , 

Let a == angle the maximum principal plane makes with the 
5-ton stress. 



^setM 


tan 2a ■ 


2X2 


; 2 (See Equation (35)) 


5- 3 

2a = 63° 26' or 180 + 63° 26' 

31 ° . 43 ' and = (90° -f 31° 43') == 121 43 . 

The maximum principal plane is at an angle of 31°43' with 
the 5-ton stress^plane and the minimum principal ^ 

an angle of (a^) 121 °43' with the 5-ton stress plane wor g 

from the vertical. 
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1(5 ^ 3 ) ^ (2)2 (5e6 Equation (37)) 

4±V^ 

6*236 or 1*764 tons/sq. in. 

6*236 tons/sq. in. (tension). 

1-764 „ (tension). 
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EXAMPLES 

1. Define principal planes and principal axes. If a specimen (cross- 
sectional area, A sq. in.) carries a tensile load of P tons, show that a maxi- 

P ■ 

mum shear stress of — tons per square inch exists on a plane at 45** in the 

direction of the load. (U- of B.) 

2. Define principal stresses and principal planes. At a point in a speci- 

men there is a normal tensile stress of 5 tons per square inch on a certain 
plane, accompanied by a shear stress of 2 tons per square inch. Find the 
maximum principal stress and the angle the direction of this makes with 
the direction of the 5-ton tensile stress. (U. of B.) 

3. In a bar subjected to pure tension, show graphically (e.g. “ polar ” 

diagrams) the magnitude of the normal and shear stresses on any plane 
inclined at an angle 6 to a cross-section at right angles to the axis of pull, 
when 6 varies from 0 to 2 tc. A bar, 1 in. diameter, is loaded with 5 tons. 
Determine the normal and shear stress in a plane inclined at 60® to the axis 
of the bar. (U. of B.) 

4. The normal tensile stresses on two planes at right angles in a solid are 
3 tons and 2 tons per square inch respectively, and the shear stress is 1 ton per 
square inch. Determine the principal stresses in direction and magnitude. 

(U. of B.) 

5. Show that the two principal stresses at a point in a member are equal 

to half the sum of the normal stresses on any two planes at right angles 
through the point plus or minus the maximum intensity of shearing stress 
at that point. (I.C.E.) 

6. A boiler is 6 ft. 6 in. diameter, f in. thick, and is subjected to an 

internal pressure of 1501b. per square inch, the ends being unstayed. Find 
the intensities of longitudinal and circumferential stress in the material, 
and of the normal and shearing stresses on a plane at 45® to the length of 
the cylinder. (I.C.E.) 

7. At a point in a piece of steel there is a shear stress of 1 ton per square 
inch, and tensile stresses of 3 tons per square inch and 2 tons per square 

ii—(T.543o) 
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inch respectively acting on Hs^^ection?™d”the maximim 

or otherwise, the maxunum princip^ stress, its a r 

qlipar stress. Draw the ellipse oi stress. , ’ . * „ 

tog » • “3,“ ■ S^^SSSZib i. »n«.A . ~~i 

acting on a vertical potion. J.ne aysi. nrincipal stresses as 

system is appHed which produces at 3^0 

“f r£si-5~if 

•*"S toi'" ?Sii ■STi .* ^ «>•■ “ 

and stresses. 


CHAPTEB XIII 


Retailing Walls and Gbavity Dams 

168. A Retaining Wall is one for sustaining the pressure of 
earth, or other filling or backing which possesses some fric- 
tional stability, The backing may be level with the top of the 
wall, or it may be sloped upwards from the wall when the 
backing is higher than the wall ; in this case the wall is 
positively surcharged. 

If the earth surface slopes downwards from the top of the 
wall, then the surcharge is a negative one. The pressure of the 
suj)ported material wiU depend upon the material, the method 
of placing, moisture content, and other factors. It will be 
assumed that the materials are semi-fluids, possessing no 
cohesion, of indefinite extent, the particles being held in place 
by friction on each other. Loose earth will remain in equili- 
brium with its faces at slopes whose inclinations are less than 
an angle which is called the angle of repose, or more properly 
the angle of internal friction. The coefficient of friction will be 
jj, — tan <^. Now, if a homogeneous, unlimited granular mass 
is in equilibrium, and if and are the two principal stresses 
at a point within the mass of the material, then the greatest 
angle which the resultant on a plane at the same point can 
make with the normal to the plane is (j>, the angle of repose. 
The greatest ratio between p^^ and py will be 

Py __ I ~ sin <l> 

p^~~' 1 + 

To determine fully the pressure of the filling on a retaining 
wall it is necessary that the resultant pressure be known (a) 
in magnitude, (6) in line of action, and (c) in point of applica- 
tion. Theories for the design of retaining walls come into two 
classes — 

(1) The Theory of Conjugate Pressures, due to Rankine, and 
known as Rankine' s Theory ; and 

(2) The Theory of the Maximum Wedge, commonly known 
as Coulomb's Theory, 

Rankine’s theory completely determines the thrust in magni- 
tude, direction and point of application. In Coulomb’s theory, 
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the magnitude of the thrust is ascertained, but f 

it and its point of application must be assumed, thus leadmg 

to numerous solutions of more or less merit. Experimental 

work has been carried out within recent years, notably in 

Great Britain, by Professor JenJdn. The results 

must be referred to in techmcal pubhcations. The solution 

of the thrust of the filling for the simplest cases of retaining 

waUs only are given in this chapter. For the graphical 

solutions using the eUipse of stress and the earth 

triangle (wedge theory), reference should be made to more 

advanced works. (See list of references at the end of this 

^^ 169 . ^eovy of Rankiae. In this theory the filling is assumed 
to consist of an incompressible, homogeneous, granular mass, 
not possessing the property of cohesion or resistance to shear, 
the particles being held in position by friction on each other. 
The mass is of indefinite extent, having a plane surface, resting 
on a homogeneous foundation and being subjected to ^s own 
weight. These assumptions lead to the ellipse of stress and the 
development and use of formulae already found in the prevmus 
chapter. If a wall is vertical, then the pressure or thrust ot 
the earth on the wall iviU be parallel to the top surface The 
nressure on other than vertical walk can be determined from 
the construction of the particular eUipse of stress, although this 
method gives indeterminate values for sonae walls when they 
lean towards the filling. The earth face (i.e. the face oi the 
wall in contact with the filling) of the wall is looked upon as a 
plane passing through points within the filling itseE. The work 
given well determine the pressure actively exerted by the hFng 
upon the wall which is less than the passive resistance which 
may be developed by pushing the wall against the earth.* 
Conditions at the moment of failure when the retaining 
wall begins to slide. The space between the ba,ck of the waU 
and the earth filling as soon as the wall begins to shde is 
presumably filled up by a vertical fall of earth, which exerts 
a tangential effect fiP, where y is the coefficient of friction 
for the earth and wall, and P is the earth pressure normal to 
the wall. In Rankine’s theory yP is not considered, and the 
retaining wall is made thus automatically a little more stable 
than is required. 


* See Ketohum, Walls, Bins and Grain Elevators (McGraw-Hill). 
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SUBFACE OF THE EaETH BaCKIHG HoBIZONTAL - WITH THE 
Top OF THE Wall, Back of Wall Vebtical. In Fig. 177, 
Uake a column of earth height A and having niiit area. Neglect- 
ing fiiction on the sides of the column, and assuming the filling 
is subjected to its own weight, the px'essure per unit horizontal 
area at depth h will be where tOg, = weight of 1 cu. ft. of 
earth. This pressure will be the maximum principal pressure, 
and consequently on a vertical c fh f ! 

surface, which will be a principal “ — 

plane, there will be a minimum j i 1 

principal horizontal pressure. The ^ 1 7z,^l 

problem is to find the intensity of 1 | 

this horizontal stress. L M 

Consider any plane intermediate Ti- 
bet ween the two principal planes, ^ I 

then the condition that sliding 
shall just not take place is that a 

resultant pressure on this plane shall just not make an angle 
with the normal = <]> == angle of friction. 

is the maximum principal stress or pressure on a small 
cube of earth ipj^ is then the minimum principal stress at right 
angles to p^A 

Now sliding will take place along some intermediate plane, 
on which the resulting stress is at an angle <f> (the angle of 
repose) with the normal to that plane. 

Equation (28), Chapter XII, shows that the relation between 
two principal stresses py and this condition is 

1 + sin ^ ' 

where > py 


1 - sin (j> 

Now Py > Pj^, so that changing over and substituting v for 
X and h for y, 

1 + sin <;& 

1 - sini 


or pjt, == wji . tan^ ^45° - 

This is the horizontal intensity of pressure due to the earth 
on the back of the wall at a depth of h ft. 
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The total horizontal force on a wall of height A per unit 
length or run of wall is because is proportional to the depth 
of a point, 

, , /I - sin <i}\ 


and it acts at a depth of | A from the top of the wall. ^ 

170. Graphical Method of Finding (Fig. 178.) 0 is the 
centre of the semicircle ODBOG: Produce BOG to some point 


^ Fig. 178 : 

A, from which the tangent AD to the semicircle makes an 
angle ^ with u4 (75. 

Now AB wiU represent p^ = and ^(7 whll represent 

( X siliTi ^ 

1 + sin same scale = AB. 

^ OD OD . , 

Proof, = sm i 
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\1 + Sin 

171. Sloping Back of Wall and Horizontal Earth Surface (Fig. 
179). Let 6 be the slope of the back wall face with the vertical, 
the wall sloping away from the fiUing. Then 
the' intensity of pressure across the face at a 
depth h is given by 

Pr — Vpa^sin^e + p^^Qos^d 

(Eqn. 18, Chap. XII) 

where Px > Tv 

Therefore, in this case of the retaining wall, 

, (1-sin^) 

where wji . rx"";-;: > =T^ = P. 


Earth Level 






= wji^ + cos^0 . tan^^45‘ 
Total Py per foot-run of wall 


P^ tan^S + tan^^45 -- . (6) 

and it acts at a point on the back of the wall at a depth of 
two-thirds the height of the wall. 

The angle /S at which it will act with the direction of the 
maximum principal stress is given by 


’max 


are the two principal stresses equal to 


where P, 
and p 


max 


316 


tan 
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wJi / I 


:(r 


sin ' 


10 Ji 


+ sin <l> 
<l> 


. cot 6 


tan 0 


m 


172. Graphical Method oi Finding Pr (of para. 171) (Fig. 180). 
p, and p^ will be found either by calculation or pn by the 
graphical method given in paragraph 1/0. 

Now Pa and p» are principal stresses 


Pv > Ph 

To find the resultant force p, acting on a plane maldng an 
angle 0 with the direction of the maximum principal stress. 



Beferring to Fig. 180, OY and OX are the directions of the 
maximum and minimum principal stresses respectively. Draw 

to scale and making an angle 0 with OX, i.e. 

Oa is normal to the plane. 

From a, draw ab = -- - — to scale and maldng an angle 20 

with Oa. 

Join b to 0, when Ob will represent p,. 
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Proof. (Ob)^ — (Oa)^ + (oib)^ - 2 .Oa . ah . cos 20 

ip^ + Ph? , {Pv-Ph? ,, , 

== 1 — f- J \(p^ + Ph){Pv - Ph) cos 26 


: (1 - cos 20) + (1 -f cos 20) 

z z . 

cos 20 = 2 cos^O ~ 1 = 1-2 sin^ 
(Ob)^ = sin^ 6 + Ph^ 6 


Pv + Ph\ fPv - Ph 


no could be equal to 90°, 

(Pv + Pk\ , fPv- Ph\ „ 

^ ) + [—2r--)=Pv 

172a. Vertical Earth Face. Retaining Wall with Positive 
Surcharge 5. In Fig. 181a take a small parallelopipedon of 
earth at a point at a depth h below' the surface. It is held in 
equilibrium by the forces, p^ vertical, z normal, and p^ whose 
direction is not yet known. The stresses on every part or any 
imaginary plane in a granular mass will be parallel. The 
stresses on a vertical plane will be parallel to the plane of sur- 
charge where the surcharge is positive. The unit pressure 

rp - = wh cos <5 is uniform over the surface inclined at the 

^ seen 

positive angle <5 to the horizontal, and it is vertical in direction. 
Pj! acts on a vertical plane, and will therefore have the direc- 
tion of the inclined plane on which 'p^ acts. Therefore p^ and 
are conjugate stresses. The resultant pressure on the 
back of the wall per foot-run will therefore be parallel to the 
plane of surcharge. 

Note. The resultant pressure on a wall not vertical will 
not be parallel to the top surface. 

To find the intensity of f)/. It was shown in para. 165, 

Chapter XII, that 

cos <3 jr V cos^^ - cos^^ ^ 

Pr cos (5 T V COS^(3 ~ GOS^(l> 
where, in this case, <!> is the angle of repose of the filling. 
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Equation (8) represents both the active and passive thrust 
the point, the two stresses being equal m amount but 

tor actire foroeo, equilibriom of the 

all iriUtake place with the upper signs. Keversing the free 

ons, solving for p/, and putting 

= wjh cos (5 


we obtain 


cos 6 - V cos®5 - cos^<j> 


is proportional to the 


Therefore for a waU of height h, as p 


foot-run of wall, the resultant thrust 


cos d- V cos^d - cos^i^ 
cos 5 4- V 0OS®5 - GOS^ 


wJi^ 1-sin^ „ 

p ' _ _l_ 4 See para. 169. 

2 ■ 1 + sin ^ 

RBTAmNG Wall. The earth face leans away from 
hich is positively surcharged to the angle <5, 
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The ellipse of stress can be used to determine the resultant 
pressure on such an inclined retaining wall. This solution deter- 
mines the amount and direction of the resultant. For the 
method and proof, recourse should be made to more advanced 
works on retaining walls. The same results may be obtained 
directly from the discussion of the pressure on vertical walls. 

AB represents the earth face of the wall inclined at an angle 
6 to the vertical. In Fig. 181 b, let P/ = pressure on a vertical 
wall BG per foot-run as given by equation (8a). acts 



parallel to the top slope and at a point P(7/3 above P. Let 
W represent the weight of the triangle of earth J.PC7 and of 
unit thickness which acts through the centroid of the triangle. 
It intersects P/ at the point D on the face of the wall AB. 
Then P, the resultant of P/ and W, wiU be the resultant pres- 
sure per foot-run of wall at D. The angle it makes with the 
normal to the wall, and with the horizontal, can easily be found 
from the force polygon constructed. The algebraic equation for 
P is complicated, but is given in textbooks on retaining walls. 

173. Wedge Theories. In these theories, it is assumed there 
is a wedge of the filling, having the earth face of the wall as 
one side, and a plane called the plane of rupture as the other 
side, which exerts a maximum thrust on the wall. The plane 
of rupture lies between the earth face of the wall and a line, 


* e.g. WallSf Bins and Grain Elevators^ Ketchum. 
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drawn from the bottom of the wall, making the angle of repose 
of the filHng with the horizontal The theories do not determine 
the direction of the thrust or its point of application. There 
are many assumptions as to the direction of the thrust, but 
its point of apfjlication is generally assumed to be one-third up 
from the base, when the filling starts from the top of the wall 
In Fig. 181c, let AB be the back of the wall making an 
angle p with the horizontal: let the filling be positively sur- 
charged to the angle <5, which cannot be greater than the 


/ 



angle of repose of the filling. Let AF be a trace of the plane 
of mpture, which will lie between AB and the line of repose 
AG, of the earth drawn from the base of the wall It is assumed 
that the triangular prism of earth above JIF will produce the 
maximum pressure and that in turn the prism will be supported 
by the reaction of the wall and the earth. When the prism is 
just on the point of moving, P,.', the thrust of the earth on 
the wall, will make an angle with the normal to the earth 
face. It can be shown* that, per foot-run of waU, 


PJ - . - 


sin^ (/> - <f>) 


sin^p . sin (p + P) 1 + 


sin(^ + (j >) . sin(^ 
sin(p 4* P) • sin(p 


- d)J 
-d) 



* See Ketchum, Walls, Bins and Grain Elevators (McGraw-Hill), 
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where ^ = angle of repose of the earth and h ~ height of the 
wall. Pr is assumed to act at a height A/3 above the base of 
the wall. 

The value of P,' will therefore depend upon the angle 
and various experimenters have given various values to this 
angle. One assumption is that p = ^. another that /3 = ^/2, 
and that /? is equal to the angle of friction of the filling on the 
back of the wall. 

Using equation (9), P/ can be calculated from the various 
values of h, p, <5, p, and <j>, or the formula may be simplified 
for known conditions. 

. e.g. if p = 90°, 6 = 0, and = 0, 

then P/ == ^ tan® 45 - ^ ^ 


and acts normal to. the ^ wall. If 


2 (1 + V2sin<^)® ^ ^ 

and makes the angle cj) with the normal to the wall. 

If the wall is vertical and the surcharge and ^ are zero, it can be 

shown that the plane of rupture makes the angle 45 ~ - with 

■ ■ ' . '.Z' ■■■ 

the vertical, i.e. it bisects the angle between the back of the 
wall and the line of repose. If the wall is vertical and the 
positive surcharge is <3 = the plane of rupture coincides with 
the plane of repose. 

174. Resistanceof Masonry Retaming Walls.* Distribution 
OF Normal Stresses on a Horizontal Section. Take unit 
length of wall. (Fig. 182.) 

Let R = resultant of the earth pressure and the weight 
of the wall on the rectangular area AB X 1. 
Its point of action on AB is at D, which is distant x from G, 
the centre point of AB. It can be resolved into F, vertical, 
and J/, horizontal. H will cause shear. 

V can be replaced by a couple Vx and a force F acting 
at the point C. The normal stresses at points on AB will there-* 
fore be the algebraic sum of a bending stress and a direct stress. 

* Only masonry walls are considered in. this book. The student is referred 
to textbooks on Concrete for the design of reinforced concrete walls. 
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Thus the resultant stress at A will be the sum of two 
compressive stresses, and where D is between A and C, 

F d f - 

-f Fa; X 




d X 1 


Point on 
Line of Thrust. 


X 12. 


2 X d® 

W(wall) 


M = f- 

./ y 



HC'H 

d 

Compression^ 

+ Forces. | 

Tensile f OlstributionStress x<d 

- Forces. + 6 



VF 

diA- 






Compressim'^^ 

f ■_ 

i 


Distribution Stress soyi 
(C) ^ 



" Tension 


"”T{/ 


K .dr 7 — r~^ , 

Finai Stress Distribution when 
fB cannot take Tension. 

(d) 

Fig. 182 




V { 6a;' 


If X 


Pb 

d 

6 ’ 


)■ 

=K-?) 


Pb 


= 0 . 


( 12 ) 


( 13 ) 
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If a; > 


d 

6 ’ 


Ps becomes a tensile force. 


Mortar joints cannot resist a tensile stress, so the limit of 

AB 

the point of action (D) of the reaction is— ^ . 

If B falls within the middle third (i.e. when x < d/6), no 
tensile stresses are possible ; but the waU is heavy in material. 
Let B fall outside the middle third at a distance from 

A == y, such that 2/ < g 

then a tensile stress will be developed at B ; as the mortar 
is assumed to take no tension, then a crack will be developed 
until the tensile stresses disappear. This will occur at some 
point jB', where 


AB' 


di 


Xi —~ 


The effective width of the base is now ; and for no stress 


at y must be equal to 


di 


Thus from A to B\ compressive stress ; and from B' to 
By no stress. 

B'B = length of crack, 

2F 

The maximum stress at A-t will now be -y- : and if 

^ di 

this compressive stress is within the safe limits of the 
material, the wall will be safe, unless water gets into the 
crack at B, when it will exert an upward pressure on the wall, 
thus throwing B further towards A, and increasing the com- 
pressive stress at A until such a time when the material fails. 

175. ToFindtheLineof Thrust for a Wall. Take a number of 
horizontal sections within the wall ; to ascertain the point 
of action of the reaction, find the resultant of the weight of 
the material above the wall (acting through the centroid of 
this piece of the wall), and the total earth pressure above the 
section acting at a depth of two-thirds the height of the wall 
above the section. By the parallelogram of forces, the 
resultant can be obtained in magnitude and direction ; and 
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the point where its Hne of action cuts the section gives the 
point D required. Join up all the points D for different sections 

and the line of thrust is found. 

Note. In working out the loads, it wiU be found con- 
venient to work in cubic feet of 

feet of wall for the earth per unit length of waU The tota 
earth pressure divided by the weight of a cubic foot of wall 
will give the equivalent cubic feet oi wail, ^ io 
/ convert into force units of lbs. or tons, multiply 

/ the force in cubic feet of waU by the weight of 

' 1 cu. ft. of wall. 

Tor the method of working, see the example 
for a dam given in paragraph 185, and Figs. 184 
and 185. 

176. Foundations. (Fig. 183). When the 
ground is sufficiently firm to support a structure 
without any reinforcing, such as piles, the 
average safe or normal bearing pressure 
total weight borne 
“ area of the foundation 
total weight borne 

or area of foundation = g^f© unit-bearing pressure 

At the front edge of a foundation, let the normal bearing 
pressure be p, assumed uniform. In order to resist any squeezing 
out of the earth, there must be a horizontal pressure to 
resist this. This in its turn is supported by a virtual pressure 
Po at the outside of the base, and po must be equal to 
where is the depth of the footing. 

f l - sin^ \^ 

_j_ sin ^ Vl + sin 


W 

% 

Fig. 183 


sin (j> 

1 - sin <I> Y 
^\l 4- sin (f>) 

p/l-sin^V 

Ad — 


(14) 


.■. wjfii 


«;„\1 -f sin ^ 
If p = average unit-bearing pressure, 

W 1 1 - sm^ \^ 

^ VI + sm<p) 


(15) 


( 16 ) 
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Illustrative Problem 43. 

A concrete foundation for a wall has to carry 6 tons per linear foot at 
1-5 tons per square foot bearing pressure. Estimate the necessary depth 
of the foimdations if the angle of repose of the earth is 35®, and its weight 
110 lb. per cubic foot. 

p 1-5 tons/square foot. 

The pressure at right angles to p is 
^ / I - sin 35°\ 

= *405 ton/square foot. 

Let ha = depth of foundation in feet, 

then wjia == llOha = *405 X *27 x 2240 
therefore, h^ = 2-24 ft. 

If the weight of the concrete foundation is not included in 
the weight of the wall, it must be allowed for in designing the 
depth of the foundation. The depth of concrete will be /^^ft.*^ 

177. Dams. Dams, which are walls of masonry or concrete, 
are used for impounding or holding up large depths of water ; 
they can be put into two main classes — gravity, and arched 
dams. This section will only deal with gravity dams. 

178. Notes on Gravity Dams. (1) The resultant thrust, 
whether the reservoir be full or empty, must be within the 
base, or the dam will overturn ; and no normal tensile stresses 
are developed if the resultant thrust fall within the middle 
third. (The water face of a dam must be nearly vertical.) 

(2) The maximum compressive stress on any section must 
not be greater than a safe working stress. 

(3) The resistance to sliding on any horizontal plane must 
be greater than the horizontal pressure H, i.e. pW > H, 
where is a coefficient of friction and W the weight of the 
dam above the plane. The base of the dam is not generally 
the critical plane as regards slipping. 

(4) The shear stress must not exceed a specified amount. 

(5) The maximum principal stress developed must not 
exceed the safe compressive working stress. 

(6) On the water face there shall be no tensile principal 
stress. 

If the foundation pressure varies uniformly from a maximum to a 
minimum pg? ’then 

Pi-.., /l-fsin<i\2 /l + sin^'\2 

^ \1 ~ sm ^ “ \1 - sin 
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179. The Analysis of a Gravity Dam. Assume the form, 
then Md the stresses. For loads, work in cubic feet of water 
and consider unit length of dam. The equivalent water load 
on a cross-section due to the dam above it is equal to the area of 

the cross-section of the dam above it (X nmt length) mn ti- 
plied by the density of the masonry == p 

weight of 1 cu, foot of masonry 
P wciirht of 1 cn, foS of water 



180. First Case. Consider the stability of the dam with no 
water in the reservoir. {See Fig. 184 and Plate I.) The force on 
any horizontal cross-section AB = weight of masonry above it, 
acting through the centroid of the mass of masonry. 

Find its point of application on the cross-section. ^ Take similar planes at 
distances, say, 10 to 20 ft. apart, and find corresponding points of application. 

Connect all these points, and the line of thrust is obtained 
equal to the locus of the points of action of the thrusts on 
the horizontal planes. 
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For no tensile stresses on any plane or section, the resultant 
load W on such a plane AB must be within the middle third. 
Thus the line of thrust has to be within the middle third, and 
as near as possible to the \Tater face boundary line of the 
middle thirds of all sections. 



Fig, 185 


181. Second Case. Consider the Dam when the Water 
IN the Reservoir is at Its Maximum Depth at the Dam. 
{See Fig, 185 and Plate II, page 334.) The total water load 
on the dam above the section taken {AB^ say) will be equal 

to ^ X ~ wh^ per unit length, and where h = height 

of w^ater above the section ; Py, will act normal to the water 

face at a height — above AB (w = weight of 1 cu. foot of 
o 

water = 62*4 lb.) 
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. The resultant force acting on the section will be found by 
compounding the water load, and the load due to the masonp' 
above the section. This will throw the pomt of action of the 
resultant away from the water face towards the downstream 
face; and, for no tensile stress in the dam, _ the 
of action of the resultant must faU within 
third. For no stress at the water face, the pomt i^l be the 
further middle third point from the water face. Therefore, 
the line of thrust with the reservoir full will be towards the 
middle third boundary line farthest from the water face. 



If the water face is battered, then the water load normal 
to the face will tend to make the resultant force steeper, and, 
therefore, its points of action on the horizontal planes will he 
nearer the centre and tend towards increased stability. 

The normal stresses on horizontal planes can be found as 
for retaining walls ; the maximum compressive stresses must 
be within the safe limits of the masonry. 

182. General Case of Analysis of a Dam. Shear Stresses 
ON Horizontal Planes. (Figs. 186 and 187.) 

^j 5 = any horizontal plane at depth h 
== normal stress at B 

At -B take a small length along AB = ax = Bg. 

A% g erect a vertical to cut the face of the dam in h ; let 
gk= Ah- is very small. 7 

Let the mean intensity of water pressure on kB be = wh. 
Angle /5'V 

Consider the equilibrium of the triangle ghB. 

The total upward load on gB = p^ - A0(^ 
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The vertical component of Ptff = p^sm{90-^') 

= p«,cos^' 

Total load ' on = wh.Bk 
whose vertical component = wh , Bk cos 


Neglecting the weight of masonry gJcB, the shear force on 

gk == Pb . AX, 


Hopizontal Shear 


nam 


Shear stress on gk == pg . *- wh * 

“Pscot^'- wh cot|8' 

The intensity of the complementary horizontal shear stress on 
gB == AX is equal to the intensity of the vertical shear stress 
at B ; 

then == (pg - wh) cot 

If p' = 90"^^ = 0, i.e. there is no horizontal shear stress 

at B, 

If Pb > wh^ then the vertical shear stress on gk acts down- 
wards, and the complementary shear stress on ax acts from 
right to left ; that is, it acts in conjunction with the hori- 
zontal water pressure. 

Note, A A is to the left of B, 

Similarly at A, the vertical shear stress on a vertical sec- 
tion to the right of A will be 

Pk cot ^ 

ailid it will act downwards 
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The complementary shear stress on a smaU lengtli_ Ax at ^ 
will be Pi cot and ,will act from left to right, resisting the 
horizontal water pressure and the tendency to slide. 

If Pb > S'sis positive, is negative. 

Or if Pe and Pa are of the same sign, then always is of the 
opposite sign from c?A- . i i * 

This curve of horizontal shear is a parabola. 

To construct the curve. r. ^ j a n 

and can be found. Erect perpendiculars BiC and A 

to scale = and Ai (Eig^ 187). _ 

Now the total shear force along AB is equal to the total 

horizontal water load on the dam 
above the section J.-B ; this is easily 

ascertained. Let it befi". 

r — "r~ lb ~ Thetotal shear force on J.5= area 

I ^ I of shear stress diagram A-iPFCB^ 

„ , where DEC is a parabola. Excep- 

tion see paragraph 186. Join C to 

D to cut AiBi in E. Find the area of A^DEGBi and to scale 

= total shear load — | „ V x 

Making allowances for the different kinds of shear stress 
(positive or negative), H-8 ox S-H will be nearly equal to 
the area DECF to scale, and will be so when q^ = Oox is of toe 
same sign as q^. Measure DC and at the centre point F of DC 
erect a perpendicular X in the necessary direction, such that 

( CD X soalo — S - 8 ox S - H. 

If q-B of the opposite sign from qi, then re-check, to ascertain 
if AiDFCB^ = 3. If not, by further trial the correct curve can 
be ascertained. 

As q^ must be small, P' must not be much less than 90 . 
If p is small, a6, Fig. 188, becomes subjected to a bending 
moment which may be fairly big. Concrete is weak in tension, 
and it is supposed with concrete dams that small cracks occur at 
points b which upset the values of the stresses found 
theoretically. 

183. Normal Stresses on Vertical Planes. {See Fig. 189.) 
Assume that the horizontal shear stresses on two planes 
A'B' and AB, Ah apart, are known. 

* ScB p£ip 6 r, PToc66Cii7i^3 InstitutiioTb of Civii Vol. clxxii, p. 89 . 

^‘ Stresses in Masonry Dams.” by B. P. Hill. 
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M 
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Shear stresses opposing the water pressure are negative. 
The difference in shear force between the planes acts as a 
normal force on ab. 

Let X = area of shear stress diagram for A'B' to the left of ab 
and Y. - u a > 5 . AJB ■ . sj 

Then Y - X === on ab = total normal force on ab, 

Y — X 

then the normal stress = r— 

Ah 

At the point is cot jS ; 
and at B it is equal to the /~ 

mean intensity of water pres- / 

sure on dtie to the height / 

of water above the mean point / 

of Ah loss or plus gsCot/S'. / 

A/^ is very small, therefore // a ^ / 

at 5 

== wh =f gs cot /3' 1 7 X 

The curve of ^ cubic / 

parabola, which is nearly a \ / Y h ^ 

straight line ; thus set down ^ ^ 

an ordinate at £ = B^B^ — 

T- cot and join to ' ■ 

where\4i^2 = 9 'a cot ^ 

and the diagram for the normal 

vertical pressures is found. \ ^ ^ One ^ 

184. Theory of Stress. The 

stresses acting on a small 
element at a section of the 
dam are shown in Fig. 190. 

p and = normal stresses on the horizontal and vertical 
planes respectively. 

It has been shown that the stresses can be compounded so 
that on two planes the stresses are normal. These stresses 
are the principal stresses Br^ax -Kwzn* 

The connecting formula is 

= q\ {See Eqn. 36, Chap. XII) 

The maximum principal plane is inclined at an angle a to the 
vertical, 

■■2g ■ 

where tan 2a {See Eqn. 35, Chap. XII) 
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For any section, the normal, horizontal, and shear stresses arc 
known ; by the use of the formula, the two principal stresses 
and the direction of the principal plane c^ be found, ihus 

the ellipse of stress can be drawn, (^ee Plate 11.) 

Both principal stresses must be positive, i.e. both com- 

^ If the water face of the dam is vertical and there are no 
tensile stresses, then no tensile forces at all will occur. It is, 
therefore, important that neither of the principal stresses is 

tensile. 



Consider the Water Pace. It is essential no tensile 
stresses should occur on any plane normal to the water face. 

Referring to Fig. 191, 

One principal stress = >Bi = wh 

= (iPB- cot /S' 

and (R-Pn){S-p) = qB^ (C) 
p„, p, and gu are known and also 

Solving Equation (0), two values of B are found, one of 
which is B^= wh. The other is on a plane at right angles 
to the water face, and can be found from (C). It must be positive, 
i.e. compressive. 

An analysis of a dam is given in Plates I and II. 

185. Notes on Plates I and n. Take unit foot-run of the 
dam. Work in weight units of 62-5 lb. (the weight of 1 cu. ft. 
of water) ; then the density of the masonry will be 
weight of I cu. ft. of masonry in lb. 

. , p ^ e2-5ib. : v) - ; 



FLUID PRESSURE DIAGRAM. 



(T0430) 


Plate, I 
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Divide the dam section by horizontal planes equidistant apart 
(if possible), such as aa, bb, cc, . . , IL Find the weight in 
the required units of each section of masonry, aabb , . . 
jjkk, llmm, which will be equal to the area in square feet 
X p. These weights will act through the centroids of their 
sections. By known means, find the centroids and join 
together by a curve to obtain the centroid locus, 

Cj^ is the centroid for hlook jjkk 

(7j is that for kkjj. 

From Cl drop a perpendicular to cut ll in Z' ; from Cj, drop a 
perpendicular to cut kk in k'. Similarly for the other sections. 



Construct the polar diagram for the masonry loads, and 
from this the link or funicular polygon for these loads. With 
the reservoir empty, the total load acting on the base ll is 
the total masonry load per foot «run. To find its point of 
application on the base ZZ, produce the outer lines of the 
masonry link polygon to meet in a point L. Draw a vertical 
through X. This vertical gives the position of the resultant 
total load with respect to V on ZZ. The resultant acts at the 
distance Z^Z^ from Z' on the base. Similarly for the other 
planes ; join up the points of application and the line of 
thrust, dam empty is found. 

Reservoir Full. Calculate the water pressure acting at 
each section point a, 6, c, . . . Z per foot-run of dam. 

{p = wh: w = unit weight of 62-5 lbs. I- P ^ k). 







'll 

1 


I 

1 

I 


ii 


Set out to scale these pressures at right angles to the water 
face at their section points, and join up the ordinates to obtain 
a water pressure line al^. To find the water loads acting on 
each section of masonry, such as a6, 6c, etc., find the areas 


I 
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pnfVi <?ectioii of water pressure diagram to scale/ such as 

sSi is ^ 

k^the^^iSi^of^ these. On the area aacc, the water load will 
he P + P and similarly for the other sections. Construct 
Se ;ater bad polar diagram, attaching it to the masonry 
load polar diagram. 



Construct the funicular or link polygon for the ^^ter loads 
from the polar diagram, and from f his l^mk Po}y|°^ 
found the^ direction of application of the resultants of the 
loads required. The resultant water load above the section 
rr is P.4- P. = Pc and acting as shown. 

SoduJ «: to meet the resultant weight of the masonry 
aacc in (7, ^From the joined polar diagrams, the resultants 
of the corresponding total water and masoniy loads are found 
in magnitude and direction ; these are , iic * * 

Through Gs draw a line parallel to cut the base cc, 

and the cutting point is the point at which .B„ acts. Simi 
larly for the other section lines ; join up the points of apphca- 
tion and the line of thrust, reservoir full is obtained. 

By the methods indicated, the ^7“! Srenl 

and vertical, also shear stresses, are found for the difierent 
sections and the stress distribution diagrams drawn. 
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In Plate II are given the distribution of stress diagrams, 
and the ellipses of stress for various horizontal sections and 
points in these sections. 

TABLE FOR PLATE II 


Unit stress = 62*5 lb. /square foot. 


Base. 

1 Wet Face Stress Units. | 

1 DRY Face Stress Units. 

Horizontal. 

Vertical. ' 

i 

1 Shear. 

Horizontal.! 

1 

Vertical. 

Shear. 

GO 

15-0 

21-02 

•145 

3-34 

41-5 

12-32 

FF 

37-47 

M4 

; -996 

26-44 

105-5 

52-78 

II 

59-98 

14-12 

1 2-84 

90-75 

119-1 

104-4 

■■■ LL i 

82-46 

81-4 

2-32 

220-0 

87-3 

138-5 


Ellipse. 

1 Principal Stresses. 

Minor. 

Major. 

A , 

15-02 

21-02 

B 

5-98 

34*75 

■ ■ 0 

•35 

37-5 

D 

9-7 

74-3 

, E .i 

11-95 

60-15 

■ F \ 

25-0 

137-5 

0 

33-8 

84-5 

H , 

61-14 

84-9 

I 

65-85 

118-95 

J 

61-7 

164-3 

■■ " . ■ '.1 

40-35 

226-45 


186, Notes on Question 4 in Examples (page 337, Chap. XIII). 
(Fig. 192, page 334). 

h == height of dam 
d = required width of the base 
w = weight of 1 cu. ft. of water 
pw = weight of 1 cu. ft. of masonry 

t 

^ 1^?! jL — for resultant to hit middle third point 

Total masonry load ^ 

3 
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Max. stress == p 


Jiwp and is a 


d a 

‘“Trii«W a»<i are the norma,! homontel stress 

■^“sSrA' dam for the eonditions given. 

Take two section depths A and h^, and dh apart. 

Max. stress on base depth h = hwp 

. hi— hiWp 

J > ' * 

Slope of horizontal normal stress diagrams, 
wph ^ . wpAi 

tan /3 == I 

d d^ 


di 


Shear stress on ef 


: WpX 


Shear on e/ section = p - P + weight of e/g A 

= weight of efgk 
= wp . X • dh 
wp • ^ • dh 

""■'IT" 

Shear stress diagram is a straight line when there are just no 

tensile stresses on the base. too 

From the general case considered in paragraph ISi 

= wp . ^1 

cot « = ^ 
and = wp .d 

shear stress is a function of the length of the base. 
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EXAMPLES 


1. A wall of rectangular section 14 ft. high is to retain an embankment 
of dry earth having an angle of repose which is 30®. Find the necessary 
thiclmess of the wall, and the maximum vertical stress on the base if the 
earth is horizontal and level with the top of the wall. 

Weight of earth, 100 lb. per cubic foot. 

Weight of wall, 1501b. per cubic foot. (XJ. of B.) 

2. A retaining wall is 10 ft. high and 5 ft. wide at its base, and 2 ft. wide 

at its top, which is level with the ground surface. The back of the wall is 
vertical. It carries a super -load equal to 10 cwt. per square foot at 3 ft. 
below the ground level. Determine the position of the resultant pressure at 
the base, using Rankine’s formula for the lateral pressure of the earth, if 
the specific gravity of the masonry is 2J and that of the earth If, and the 
angle of friction of the earth 45®. (I.C.E.) 

3. A piece of level ground is to have a portion of the surface excavated 
to a depth of 14 ft., and it is necessary to support the earth at the boundaries 
of this excavation by concrete retaining walls. The earth face is vertical 
and the width at the top of the wall is 3 ft. Determine a suitable trapezoidal 
cross-section for the retaining walls, if the earth weighs 1251b. per cubic 
foot and has a nattiral slope of 2 to 1. The concrete may be assumed to 
weigh 1401b. per cubic foot. Discuss the validity of any formula used in 
connection with the calculation. 

4. A masonry dam 50 ft. high has a vertical water face. Assuming the 

dam has a triangular section, determine the width of the base so that there 
shall just be no tensile stresses on the base. Show that the shear stress 
diagram on the base is a triangle. Construct the ellipses of stress for various 
points on the base. (IT. of B.) 

5. A wall 15 ft. high of rectangular section has to retain earth, the sur- 

face of which is horizontal. The angle of repose of the earth is 30®. 
Determine the dimensions of the wall so that the line of thrust shall be in the 
middle third of the base. Weight of earth, 100 lb. per cubic foot; weight of 
wall, 150 lb. per cubic foot. (U. of B.) 

6. A masonry dam of trapezoidal section 100 ft. high has a base 60 ft. 

wide. The water face is vertical and the width at the top is 10 ft. Find 
the normal stress diagram for the base, and deduce approximately the shear- 
stress diagram. Weight of masonry, 1401b. per cubic foot. (XJ. of B.) 

7. A trapezoidal masonry dam has a height of 42 ft. and the water face 
is vertical. The base is 25 ft. and the thickness at the top 8 ft. Weight of 
a cubic foot of masonry, 1501b. Determine — 

(1) The resultant thrust on the base per foot length of dam ; 

(2) The distribution of normal stress on the base. (XJ. of B.) 

8. A concrete retaining wall with a vertical face is 12 ft. high and 5 ft. 
wide at the base, and 2 ft. 6 in. wide at the top. If the concrete weighs 
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1401b. per cubic foot, find the horizontal force per foot run of the wall 
necessary to overturn the wall, the force being applied on the vertical face 
4 ft. from the base. 

9. Prove the Rule of the Middle Third, as stated for solid masonry 
structures vvhth rectangular bases, subjected to overturning forces. A 
parallel brick chimney of hollow square section is 2 ft. by 2 ft. inside, and 
the thickness is also 2 ft. The chimney is 40 ft. high. Find the greatest 
allowable intensity of wind pressure perpendicular to one face, so as not 
to cause tension at one edge. The brickwork weighs 1201b. per cubic foot. 

(U. ofB.) 

10. Betermine the width and depth of a concrete foundation which sup- 

ports a wall having a load on the base of 6 tons per foot run, if the earth 
has a bearing pressure of IJ tons per square foot and an angle of repose of 
30®. The weights of concrete and earth are 140 and 100 lb. per cubic foot 
respectively. (U. of L.) 

11. Prove that the intensity, of the horizontal pressure per unit area on 
the vertical back of a retaining wall at a depth h is 


^ * (1 + sin^) 

and hence deduce a formula for the safe depth of a foundation on which 
the maximum pressure is 2 tons per square foot, {U. of B.) 

12. The earth face of a retaining wall 20 ft. high is vertical. The angle 
of friction both for earth on earth and for earth on masonry is 40® ; the earth 
weighs 110 lb. per cubic foot. Take account of friction between the earth 
and wall, and &d the resultant earth pressure on the wall. Also find the 
pressui’e by Rankine’s theory. The earth surface is horizontal. 

13. Taking the dam in Question 7, determine also (a) the distribution of 
shear stress on the base ; (6) the normal stresses on vertical planes at the 
base. Construct the ellipses of stress for sections on the base distant 0, 6, 
12*5, 20, and 25 ft. from the water face. 

14. The base of a retaining wall is 9 ft. wide ; the vertical component of 
the resultant thrust is 12 tons, and it acts (a) at the centre, (6) at 6 ft, from 
the earth face ; (c) at 7 ft. from the earth face. For each case, draw the 
normal stress diagram for the base. Assuming a mortar joint along the base 
which cannot resist tension, for case (c) what is the maximum compressive 
stress on the base ? and draw the diagram of normal stress distribution. 

15. Work Questions 1, 3, and 5 by both the Rankine and Wedge theories ; 
the coefficient of friction of earth on wall being the same as for earth and 
earth; i.e. == tan (angle of repose of the earth). 
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187 Plitcli Beams* A flitch beam is one consisting of timber 
to which are bolted steel plates. The aim is to obtain a beam 
which is stronger than the timber, yet economical in cost. 
The reinforcing material must therefore have an elastic modu- 
Ins (E) greater than that of the reinforced material. In some 
flitch beams the plates are bolted to the outsides of the timber ; 
in others, a single plate runs down the centre of the timber 
beam. The plates may or may not be of the same depth as 
the timber beam. 

The beam will be built up symmetrically with respect to 
the neutral axis, as shown in Fig. 193. 

188. Consider the Case where there is a Centre Plate, whose 
depth is less than that of the timber ; the following theory 
will apply also to two or more plates, as all the plates can 
be put together to make an equivg|.lent single plate. 

Eg= Young’s modulus for the steel plates. 

Et = „ „ „ timber. 

dt == depth of the timber. 

rf, = „ plates == or < 

== total breadth of the timber. 

= „ „ steel plates. 

li = moment of inertia for the timber portion only. 

/, = „ „ „ steel plates only. 

Jg == effective moment of inertia of the whole beam, work- 
ing, say, on a timber basis* 
fs =: skin stress in the plates. 
ft = „ „ timber. 

^ = k; ^ = m = modular ratio. 

For any beam, the external moment at a section == internal 
moment of resistance at that section. 

External moment = moment of resistance. 


Reixeobced Beams 
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The radius of curvature being the 
same» 


Heutra. 


where == mis + ^ t 

= effective moment of inertia of the 

on a timber basis . • • (^) 

Let L = moment of inertia of a whole rectangular cross- 
Ltii of the beam, given that it is only made of timber 

(6, 4- K)d? 
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Illustrative Problem Ai. 

A timber beam, 4 in. x 2 in. cross -section, 100 in. long, is simply supported. 
Find the size of two steel plates 4 in. deep to be fixed to the timber beam, 
so that it may carry a central load of 25001b. with a maximum stress in 
the timber of 2000 lb. /square inch. 

E timber = I’Sx 10® Ib./sq. ill. 

^ steel = 30 X 10® Ib./sq. in. 


timher 

Tlien the maximum external moment on the compound beam 
has to be equal to the internal moment of resistance 

2 X 4^ , 43 

2500 X 100 „„„„ 12 °^12 


where & in inches is the total width of the plates required, 


Tw'o plates are required, to be fastened one on each side of 
the beam and to be of cross-section 4 in. X J in. 

180. Reinforced Concrete Beams. Concrete is a heterogeneous 
material (consisting of cement^ sand, and stone) having a fairly 
good compressive strength, but a very low tensile strength, 
which is usually assumed negligible. It is cheap, economical, 
and easy to make, and can be adapted to many purposes. For 
use in beams and structures where tensile stresses may be 
developed, some material is required in the concrete to take 
the tensile stresses. Mild steel in round and other shaped 
rods is used, and the two materials together give a reinforced 
concrete beam, column, and other structures. This section 
will only deal with steel rods placed in the tension side of 
a beam; in many cases, steel rods are also placed on the 
compression side to assist the concrete in taking the com- 
pressive strains. 

In designing beams of this reinforced character, and know- 
ing the safe load to be carried, the first step is to find the 
position of the neutral axis of the cross-section, and then 
alw’^ays to remember 

12--(T.543o) 
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External moment at a section = internal moment of 
resistance, which, is a couple ; that is, the total tensile force 
on one side of the neutral axis = total compressive force 
on the other. 

For steel only on the tension side, it is assumed that the con- 
crete wiU only take compressive forces, leaving the steel to 
take the tensile forces ; then the total internal compressive 
force in the concrete is equal to the total tensile force m the 
steel. 

If steel rods are also put in on the compression side, then 
the total internal compressive force in the concrete plus the 
compressive force in the steel on the compression side, is equal 
to the total tensile force in the steel on the tension side. 

The notation given is that stated in the L.C.C. regulations 
for reinforced concrete work. 

190. Notation for Beams and Slabs. 

A = area of tensile reinforcement in sq. in. 

= „ compressive „ ,, 

a — arm of internal moment of resistance in inches. 

B ~ Bendmg moment due to external loads or forces. 
b = breadth of a rectangular beam in inches or the breadth 
of the flange of a Tee beam. 

c = permissible compressive working stress in lb. per sq. 
in. of the extreme edge of the concrete in compression. 
It depends upon the mix and grade used: varying, 
for instance, from 750 lb. per sq. in. for a 1 • 2 • 4 mix 
to 975 lb. per sq. in. for a 1 • 1 • 2 mix : both of 
ordinary grade concrete. These values being increased 
to 950 and 1,250 for high grade mixed concrete. 

. tZ, = total depth of slab or beam in inches. 
d = effective depth of the beam in inches ; that is, the dis- 
tance from the compression edge of the concrete to 
the centre of gravity of the steel reinforcement in 
tension. 

— depth of the centre of gravity of the compression 
reinforcement (when used) from the compression 
edge of the concrete. 

Eo — Modulus of Elasticity of concrete in compression lb. 
per sq. in. 
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Modulus of Elasticity of steel in tension, lb. per sq. in. 
length of effective span of a beam in inches. 

5: = mod„l„ ratio. A t.gg»ted value is where 

3c = minimum cube strength at 28 days (works 
tests). 

distance of the neutral axis from the compression edge 
of the concrete in inches. 

== neutral axis ratio, so that n = nM. 
a ^ 

percentage of tensile reinforcement = lOOr where r = 

inteimal moment of resistance in terms of the com- 
pressive force. 

internal moment of resistance in terms of the tensile 
force. 


= slab or beam depth ratio == 

i = tensile working stress in the steel in lb. per sq. in. 
(18,000 to 20,0001b. per sq. in. suggested values for 
mild steel.) 

= ratio of the tensile stress in the steel to the skin com- 
pressive stress in the concrete. 

W = working load in lb. 

191. Assumptions Involved in the Theory of Reinforced 
Concrete Beams. 

(1) A plane section before bending remains plane after 
bending, 

(2) Tension in the concrete is neglected. 

(3) The stress in the concrete is proportional to the strain. 
(See note in assumption 4.) 

(4) The modulus of elasticity for the concrete is assumed 
to be constant. The stress-strain diagram for most concrete in 
compression is a smooth curve right from the start ; there- 
fore, the slope of this curve varies for all stresses, and, conse- 
quently, which is the slope of the stress-strain curve. 
If working the concrete at, say, 6001b. per sq. in., then for 
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the particular kind of concrete, E,, -corresponding to this 

Adhesion between the steel and the concrete is perfect 
witliin the limit of proportionality of the steel. 

192. Rectangular Beam. Ajs:altsis when the Lmiting 
‘^t'rWsbs are Known. Reinforced on the tension side only. 
Sr onTro^Tof rodB area .4. (Kg. 194.) The beam wll 


Total Pc 
acts at 


H 5 >\ 


Axisi 


Normal Compresston 
Stress Diagram 
for the Concrete. 



Fig. 194 

bend about the neutral axis (N.A.), which is at a depth n from 
the compression skin. Here h, d, m, t and c known ^ 
The problems are (a) to find the position of 
(6) the maximum permissible bending moment for the beai 
with given limiting stresses, and (c) the steel area A, 

' . stress':' 

Now strain e == 

Maximum strain in the steel ___ d -n 


Maximum strain in the concrete 

L 

E, d-n 
_ „ ^ "“IT” 


n 


E, 

t _ ^ p A 

EA n ) 


m 


d-n 


( 7 ) 


riid 


* See Modulus oj Elmticity oj Concrete, by Professor Lea, Institution of 
Concrete. 
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^ t. m{d-n-^d) 


m(l - %) 


As t, c, and m are known, % can be found and therefore n. 
Assuming working stresses of == 16,000 lb. /sq. in. 

c == 600 „ 

and m ==: 15 

16,000 

600 V % / 

nj ~ -36 

or n == -36^ . . . . (9) 

The total tensile force in the steel = the compressive force in 

the concrete. 


Then tA 




= the average conipressive stress in the concrete. 


The internal moment of resistance is Bc ~ Eg 

^ bnc / , n\ , . / , Ti 

^c = -2 ^ “ 3 ) == ^ "■ 3 ) “ 


Now a = d- — 


i.e. when t = 16,000 Ib./sq. in., c = 600lb./sq. in., = 16, 

n, = -36, a = -SScL . . (11) 


= -36, a = -sm 
(From (10) ) 


b X •36CZ X 600 X -SSa 


= '95 bd^ 

therefore the external moment = B — 95 bd? . . (12) 


346 


THEORY OF STR EOT URES 


- n,. 


In general = B . bd^ where R 


also B, — R . bd^ where i? == t . f . ^ 1 - g- j 

The quantity B is called the coefficient of resistance. 

Relation between A and bd, 

A = rbd (by definition) 

, , , bnc . t n 

ih.m trbd = — and - =^ 


therefore -r--, == 
2rd 


from Equation (8) 


and 71^ === 2mr^Z(<f n) 

Solving n | -mr ± VmV^ + 2mr\d 
71 cannot be minus. 

== (^/7?^V^ + 2mr- mr)d . . (13) 

or 77^ = •+• 27777* -- Tnr . . . (14) 

If Tij = -36 and m = 15 (for the conditions taken), 

>36 = V225?‘2 ^ 30r ~ I5r . . (15) 

Solving Equation (15), 

r ==:.0068 . . . ( 16 ) 

and = -OOeSid . . . (17) 

Equations which give the relatiozi between the area of the 
steel and the effective area of the beam when 

t = 16,000 Ib./sq. in., c = 600 Ib./sq. in., and m = 15 
(The economical percentage of steel = == 1^0 r == *68.) 

Rework examples given, taking c = 800 lb. per sq. in. 

t = 18,000 lb. per sq. in., and m = 


From Equation (7) . 


2400 

16, say. 

1 \ d-^n 


Also tA 


* Cf ^ tl?n is the stress at the depth d of the section assuming a straight 
line distribution of stress on the concrete basis. See page 347, 
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{mA){d -n) = bn X 


Analysis "when the Steel Aeea A is Known. 

Interpretation of Equations (18) and (19). c* is the equiva- 
lent tensile stress in an equivalent concrete area {mA) on the 
tension side. The equivalent elastic modulus of the equivalent 
f>nTi Crete area imA) or transformed concrete area is E^. That is, 


/ Equivalent / 
/ j Stress / 

' ‘Diagram / 


Actual 
{ Strain 
1 Diagram 

Strain or 
CmA) 


mAd from equation (18) 


2mAd 


2mAd 
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mA 


n 


2m Ad 


Thus, in any given beam when 6, d, A and m are known, the 
neutral axis has a fixed position (through the centroid of the 
transformed section) and therefore the ratio of c and i is oon- 
stank Also from equation (18), it can be seen that any 
increase in A for a given m will increase the value of tz , because 
{d-n) decreases; in other words, the neutral axis is lowered. 
For a given A, a lower value of m raises the neutral axis, that 
is, decreases the value of n. A higher value of m lowers the 
neutral axis for a given value of A, i.e. the value of n is 
increased. 

Example. 

A rectangular reinforced concrete beam has 5 = 10 in., d ~ 20 in., A 
2 sq. in., m = 15. The beam carries a bending moment of 480,000 in.-ib. 
Calculate c and if. 

To find the neutral axis position. 

mA(d - n) == ~ 

30(20 - n) == 

/. + 6n = 120. 

^2 ^ ^ 9 129. 

n :== 11*36- 3 == 8*4 in. 


d - 


n 


20-2*8 = 17*2 in. 


Binding Moment 480,000 


^-3 


17-2 


480,000 


17-2 ^42 


665 lb. per sq. in. 


480,000 ^ 

t ~ |7 r 2 ~ x"2 ^ 13,9501b. per sq. m. 


What is the maximum moment which the beam of the foregoing problem 
can carry, assuming that the limiting stresses for c and t are 750 1b. per 
sq. in. and 18,0001b. per sq. in. respectively? 

If m =15, n = 8*4 in. again, and the arm of the resisting 
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couple is therefore 17*2 in. If c has its maximum value of 
750 lb, per sq. in., then the corresponding resisting couple is 


10 X ~~]j~ X 8*4 X 17*2 = 541,800 lb. -in. 

If t has its maximum value of 18,0001b. per sq. in., then the 
corresponding resisting couple is 


We have, therefore, a single equation containing the two 
unknowns b and d. It is thus necessary to make an 
assumption regarding b in relation to d, i.e. b = xd. For 
small rectangular beams ir = | to f and for large beams x 
= to “1. 

Now d can be calculated. In practice b and d would com- 
monly be made an integral number of inches, and if as 
calculated consisted of a whole number and a fraction of 


The maximum bending moment which can be carried is 
541,800 in. -lb. when c = 7501b. per sq. in. and t == 15,267 lb. 
per sq. in. Thus the limiting steel stress is not realized. 

192a. Design a Rectangular Beam with Tension Reinforce- 
ment to Carry a Given Bending Moment at Given Stresses. The 
most economical beam results when both materials are stressed 
to the limit and the problem is to determine b, d, and A for 
a given value of m, such that the permissible stresses will be 
realized simultaneously when the internal moment of resist- 
ance is equal to the stated bending moment. If A is the steel 
area and t the given tensile stress, then mA will be the trans- 
formed concrete area, and the equivalent tensile stress in it 
equal to tjm. If c is the limiting compression stress, then n is 
found from the equation 


from equation (7) 


2 X 18,000 X 17*2 


= 619,200 Ib.-in. 


B == R .hd^ where B 
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incheSy then it would be necessary to re-design the beam to 
meet the condition that d would be an integral number of 
inches. Knowing .B, b, d, t, (7, and n, A can be found. 

Reference should be made to advanced works on design for 
the principles underlying the method of changing from the 
theoretical dimensions to an exact integer. 

Therefore, to find n or when the fibre or skin stresses are 
known, the formulae 

c 

or “ — - will be used. 


193. Tee-Beams. In practice tee-beams usually form part 
of a floor system and act integrally with the slab on either side, 
which forms a flange giving added strength in the compressive 
part. If the beams are widely spaced, the compressive stresses 
are not distributed uniformly across the whole width of the 
slab. In order to investigate or design the usual tee-beam, it 
is necessary to make some assumption regarding the width of 
the slab which will be considered to act reasonably with the 
stem or rib and be uniformly stressed over the whole width. 
In British practice, for the breadth of the flange, the least of 
the following is taken— 

(a) one-fourth of the effective span of the tee-beam, 

(b) the distance between the centres of the ribs of the 
tee-beams, or 

(c) twelve times the thickness of the slabs. 

The minimum breadth of the rib should not be less than one- 
third of the depth of the rib below the slab. There are, how- 
ever, two methods of designing a tee-beam with the flange 
provided by a floor slab. The first method assumes that the 
full breadth of flange is available for use. The compressive 
stress in the flange is usually found to be low by this method. 
The other method assumes that the limiting stresses are 
realized, and that the breadth of slab called into play is only 
that necessary. This breadth is usually less than the limit set 
by the various codes. The position of the neutral axis, and the 
arm of the resisting couple, will have different values by 
these two methods. Both assumptions are no more than 
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conveniences wMch give satisfactory results. The design of 
tee-beams consists in proportioning the stem or rib, and 
determining the tension steel area. Proportioning the stem 
requires a consideration of the shearing stresses. 

Steel Rods in the Tension Side Only. (1) When the 
neutral axis falls within the slab, the analysis is similar to that 
of the rectangular beam with reinforcement in the tension 
side only, remembering that b applies to the slab breadth and 
not the rib breadth. 

(2) When the neutral axis falls below the slab. (Fig. 195.) 
The compressive stress in the small portion of the rib will be 


Neutral 


N.Axis 

j Dlaiributign 
.X Compression St nebs 
i in the Concrete Slab, 


neglected. Assume that the breadth b is such that the limiting 
stress of c is realized in the slab, and t in the steel. 

6, ds, d, t, c and n are known c 

Maximum strain in the concrete 
Maximum strain in the steel t 


t m{d-7i) * ‘ ‘ 

knowing c and t, n can be found. 

The compressive stress in the concrete at the base of the 
slab 

^ ==: depth of slab) (21) 

The total compressive force in the concrete will act at a 
depth y from the maximum compression edge. 
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(From Fig. 195.) 

Area ABCD X y — 
from the stress diagram, 
Now n == Wid and dj = 
™ Sidj^n-i - 


Total tensile force = total compressive force 
. /2n-d,\ 


— — average stress in the slab 

2n 

From the equation, the steel area A can be calculated, 
Substituting for n and d, as before, it can be shown 
2rm + Sj® 

2rm + 2si ' 

^ (Sj® + 4mrSi® - 12 » 2 rs + 12mr ^ 
And consequently a = d\ Qmrl2 - s ) ' 


Approximately, a — d--^ . 

The internal moment of resistance — Fj = tA . a 


Substituting the value for a, the moment of resistance in 
terms of c or i can be found. The problem can again be easily 
solved by the transformed area method. 

194. The Investigation of the Maximum Stresses at a Given 
Section of a Tee-heam for a Stated Moment, and of the Maxi- 
mum Permissible Moment for a given Tee-beam with Certain 
T.imiting Stresses Given. Here 6, d, d„ A and m will be known. 
The analysis follows the same Unes as for the similar case of 
the rectangular beam. It will be best considered from the 
transformed area method, and the compression in the stem 
will again be neglected. The compression area will therefore 
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be considered as acting at a depth of dJ2 ixom the compression 
skin. d4 will again be transformed to mA, and from the equation 


tlie vahie of n and hence the position of the neutral axis is 
found. 

Draw the equivalent stress diagram, where the niaxiinuiii 
compressive stress is c, the stress at the under-edge of the slab 

is equal to -{n ~ds), and the tensile stress in the transformed 

steel area is i/m. 

If the moment B is given, it is a simple matter to compute 
the total compressive stress C in terms of c and hence the lever 
arm a. 

Oa = B, an equation from which G and hence c can be found. 

Also 0 = — . mA — tA from which t is calculated. 
m 

If the limiting stresses and A are given but not b the breadth 
of the flange, the investigation may be concerned with the 
maximum moment that can be carried by the beam and also 
the breadth of the flange. As in the preceding discussion, locate 
the position of the neutral axis from the stress diagram dmwn 
with the extreme stresses taken as equal to the limiting stresses, 
and calculate the lever arm a. As m the case of the rectangular 
beam, calculate the moment assuming the limiting stress of t is 
realized. B = tAa. 

The total compressive stress will be G = T. Calculate the 

average Co per unit breadth of the flange : then 6 = Compare 

this calculated b with the value of b allowed from one of the 
hmiting formulae. 

G 

6 = — will in general be less than the maximum allowable 

value of 6, 

Illustrative Problem 45. 

A reinforced concrete beam is 3-5 in. wide and 4*25 in. deep to the centre 
of the tensile steel reinforcement. The working stresses are 600 and 16,000 
lb. per square inch for the concrete and steel respectively, 


16 
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Find the depth of the neutral axis from the compression flange, the area of 

the steel in tension, the percentage reinforcement, and the moment of 
resistance... 


15 


Prom paragraph 192. 

16,000 
600 

Solving n = 1'53 in. 

Total force in the steel 

600 X 3-5 X 1-53 


Area of steel = 


2 

1605 


lb. = 16051b. 


16,000 

Percentage reinforcement 
Moment of resistance 


- — -1 sq. in. nearly 
•1 X 100 


4-25 X 3-5 
1605 X ^4-25 • 
6000 Ib.-in. 


= -617 per cent 

1-53 
3 


195. Distribution of Shear Stress in a Reinforced Concrete 
Beam of Rectangular Cross-section and with Only Reinforce- 
ments on the Tension Side. (Pig. 196.) Consider the forces 
acting on a length of beam dx between two vertical planes 
AD and BC. The concrete again carries no load in tension. 

Let the compressive stress in the outside fibre at A be c 
and at .B, c + dc. 

Let q be the shear stress on a horizontal plane of area b . bx 
situated at a height y above the neutral axis ; then q .b . bx 


1 

••• 2 = 2 - 

This is zero when y = 


-f(l+f )(»-!/)» 

dc{n^ 


<lmax neutral axis 




n .dx ' 

and a maximum when i/ == 0 
dc , n 


y)b 


g'moa ou vertical plane through a point on the neutral axis. 
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The curve of vertical shear distribution in the compression 
side of the beam is a parabola, being zero at the skin and a 
niaximum at the neutral axis. 

Below the neutral axis, assuming the tensile forces in the 
concrete negligible, the shear stress must be constant between 
the neutral plane and the plane of the tensile reinforcement, 
where the whole of it is balanced by the difference in the 
tensile forces in the steel at K and L. 


±..h 

Heutrai 


j/ ' ^ Axis F F Z‘Sba ba 


Shear 

Diagram. 


Fig. 196 


Let M be the bending moment at AD and 31 + 631 at BG. 
Let a be the arm of the internal moment of resistance. 

The internal moment ot resistance at AD is Cci B^ci 3d. 

where 0 — total compressive force in the concrete 
and Ft =■■"= » tensile .. steel. 

_ P = -0+ ((7 + dC) 

(X 

== + 60 . . • (32) 


Now 80 == (c + dc) 


831 8 . dx 


here 8 is the total shearing force at the section. 
But i . 6c . nh ■ b ■ 8x (From (31) ) 

'here q^nax is the shear stress at the N.A. 

•a — - — = vertical shear at the N.A. 

. Hmax ■ .. 


For rectangular beams and for tee-beams where b is replaced 
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by b, the breadth of the stem, an average value of a is usually 

■ ^ : ' n : 

taken as |d. Actually 

190. Diagonal Tension in Reiniorced Concrete^Be^s^^ In 

the chapter on principal stresses, it was 

force eo^d be compounded with complementaiy shea , 

acting at the same point within the material to produce prin- 

cipal stresses 

where + p is tlie tensile stress and g f 

is assumed that the concrete cannot carry tensile forces then 

that is, there wUl be two principal stresses, one a I®nsde stress 
equal to + q, and the other a compressive stress equal to q. 
Sse planerwill be at angles of 45° and 135 ° to the^l^e of 
the initial tensde stress. The tensile stress i? = +q acting at 
an angle of 45“ to the plane of the mitial 
known as the diagcmal tension stress. The concrete in a i 
Ed Lm is no stronger in itself than when unrenrforced 
and it cracks in any loaded beam when the 
is exceeded. In aU loaded reinforced beams therefore on the 
assumption that the concrete cannot take 
the N.A., lines of cracking (cracks inchned at 45 
the beam) wiU develop in the beam when the tensile limit stress 
of the concrete is exceeded. The direction of the crac s wi 
be away from the supports. Now if reinforcement known as 
dwqonal tension or web {or more incorrectly, shear) reinforce- 
ment is placed in the beam, either vertically to the Ime ot e 
tension reinforcement or normal to the probable line of diagonal 
tension crack, then this web reinforcement wiU function to keep 
any one crack from opening up widely and compel the formation 
of many minute cracks in place of the single large one which 
would cause failure. In order to proportion the web reinforce- 
ment, knowledge must be had of the diagonal tension. 

The web reinforcement in practice consists of stnrups, 
generally vertical, looped about the main steel, and of mam 
longitudinal rods bent up at an angle across the region o 
diagonal tension stress in those portions of the beam where 
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they are no longer needed to resist the normal tension. Tests 
indicate that the concrete is effective in resisting small amounts 
of diac^onal tension, and may be counted upon with safety to 
uerform this duty when the shearing stress is less than about 
40 lb. per sq. in. for most ordinary mixes. When q exceeds 
this limit the concrete is ordinarily still comited upon as 
carrying a portion of the diagonal tension. The principal com- 
presive stress = - g can, of course, be carried efiectively by 
the concrete itself. The working maximum allowable value of 
a is usually 1201b. per sq. in., but the suggested code recom- 
mends values dependent upon the proportion and grade of 
concrete to be used.* 

Stresses in Diagonal Tension REiNEOBcpiENT. ihe 
methods given are purely approximate, producing empirical 
rules that have been found to give safe and economical results. 

___ - ^ 



kH 






a ^ 


T 

a 

1 

± 


Fig. 197a 

(a) Vertical Stirrups. The centre stirrup of the three showii 
in Fig. 197 a is assumed to carry all or part of 
component of the diagonal tension acting over e ® f 
along the 45 degree hue of potential cracking. The horizontal 
opening of the crack is prevented by the longitudinal steel, 
which may be considered to carry the horizontal component of 
the diagonal tension. The concrete, too, is credited with 
a certain portion of the vertical component of the diagonal 
tension. 'A.e total amount of the diagonal tension within the 
distance 2/ is q.b. t/ and the vertical component is 3. 6 • «. 

The stress (Td in the stirrup then is wheie is the 
amount of shear denoting the share of diagonal tension c^d 
by the stirrup. is often assumed to be -^q or equal to (g 40) 

lb. per sq. in. 

Note. The vertical component of diagonal tension m any 

* Suggested Code of Practice, see References at end of chapter. 
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distance along a R.C. beam is taken as equal to the total hori- 
zontal shear in that distance. ; 

If L lb. per sq. in. is the tensile stress in the vertical sturup 
and A, is the total cross-sectional area of the legs of the stirrup 




then ti:As = • b -s = j- . b . s 


(35) 


8is 

, . 0 . 6 - = -— ■ • • • 
ba O' 

where S, is the proportion of the average shear force over the 

distance 5 and a is the lever arm of the internal moment of 

resistance. . ' , r 

(6) Inclined Rods. Assuming that the vertical component ot 



diagonal tension in a horizontal spacing of s is the vertical 
component of the tensile stress in the 45° mchned rod, then 


tj., = qiby 

= q^bs sin a 

= 0-l(Hqjbs = Q-IOlS-^sJa 


(36) 


Comparing the spacing of the vertical and inclined rods, if 
t A q, and b are the same for both cases, then s for the ver- 
tical stirrups is equal to 0-707 of the spacing (s) for the inclined 
rods. Therefore inclined rods are more effective than vertical 
stirrups for taking up the diagonal tension. The limiting spacing 
for vertical stirrups is one-half the depth to the main steel centre, 
and for inclined rods, three-quarters the depth. Of course, the 
vertical stirrups can act in conjunction with inclined rods. 

Spacing op the Diagonal Tension Reinfobcement. 
Analytical Method. Let the distance between two sections A 
and iJ of a reinforced concrete beam be ( aO equal to s. Let the 
moments at A and JB be and M^ respectively (say 3/^ > M A- 



distance not less than — from the support, 


or other distance 


will correspond to Ahj The change of moment over this dis- 
tance can be measured from the moment diagram, or it can be 
calculated. As can then be found using the required equations 
(35-36). The spacing can be found as before. It will be 
found that for more or less uniform loading the stirrups are 
spaced closer together near the supports than at the centre 
of the beam. 

If stirrups are too far apart there will be opportunity for 
inclined cracks to open between them, and the limiting spacing 


* For practical rules of spacing, see Problem 456, page 360. 
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Then the average rate of change of moment over the 
length (A ?) 

or If,- Jf,.' . 

Therefore equations (35) and (36) can read 

A . -^4, . a = k{Mj, - M,) or 0-707/<lfB - if J 

If vis IS assumed and constant, then ts . . a, will be constant 

for a beam of uniform cross-section, if a is assumed constant. 
Then if, - is a constant, for h and 0*707^; are constant. 


Mn - if. 


t^AsCL 


' or 




= constant. 


To find ifjj - if A ^ assume a value of a and h will be 

known, and the change of moment can be found. 

Construct the moment diagram for the beam on the length 
of beam as base : on a vertical axis and from the horizontal 
axis mark off intervals corresponding to ifg - if a- Draw lines 
parallel to the base of the moment diagram from these interval 
points, to cut the moment diagram (generally) in tw^o points. 
From these points of intersection drop perpendiculars on to 
the base (length of bea-m to scale) of the moment diagram. 
Where these perpendiculars touch, the base will give the position 
of the stiiTups at the tensile reinforcement.* 

If ^4^ is not assumed, the first stirrup is usually placed at a 
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is often taken as cZ/2 for vertical stirrups, and as 3cZ/4 for 
inclined rods. A further point to be watched is the anchorage 
at the ends of the stirrups and bars. They may be very highly 
stressed at the neutral axis and, therefore, the question of the 
^^bond” between the bars and the concrete is called into play. 
If the ends are anchored by a hook, a satisfactory anchorage is 
obtained. The discussion of bond and anchorages must be 
left to books on reinforced concrete design. 

Illustrative Problem 45a. 

A rectangular reinforced concrete cantilever beam 12 ft. long carries an 
end load of 20,0001b. The beam section is 6 = 10 in. d = 20 in. If one 
vertical stii'rup can carry a load of 4500 lb., how many stirrups will be required V 
Assume the concrete can carry one-third of the diagonal tension. 

8 20,000 

We Have 5 - lo x P®" ""I’ 

Load to be carried by vertical stirrups 


No. of stirrups = 
Spacing of the stirrups = 


Illustrative Problem 456. 

A simple reinforced rectangular concrete beam is 24 in. deep to steel centre 
and 12 in. wide. It supports a total uniformly-distributed load of 3000 lb. 
per ft. run on a clear span of 20 ft. Use single loop stirrups of | in. round 
material, which can be assumed to be stressed to a maximum of 18,0001b, 
per sq. in. Design the diagonal tension reinforcement, using vertical stirrups, 
and assume no stirrups are required where the maximum shear stress is less 
than 40 lb. per sq. in. 

The total end shear is 30,0001b. decreasing uniformly to 
zero at the middle of the beam. The intensity of maximum 
shear stress at the end of the beam is 
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Let y in. be tlie distance from the middle of the beam along 
which no stirrups are required. 


The vertical stirrups will be required over 80 in. at each 
end. 

A single loop stirrup of f in. round material can carry 

2 X O-ll X 18,0001b. = 39601b. 

Assuming that the concrete can carry diagonal tension repre- 
sented by q — 40 lb. per sq. in., then the total diagonal ten- 
sion load to be carried by the stirrups in 80 in. length from the 
support is 

1(120 - 40) X 12 X 80 = 38,400 lb. 

The number of stirrups required is 
38,40 0 
3960 

The average spacing will be 


Note that as the spacing varies inversely as the shear, then 
the end spacing will be 


whilst at a distance of 80 in. from the support it will be 

1(120-40) „ . ^ 

X 8 = mfimty 


which is greater than the maximum spacing allowable. 

In choosing stirrups for a beam, a convenient practice is to 
calculate the number required in each end and space them 
approximately, the spacing being given in multiples of 2 or 3 in. 
Some designers prefer to calculate the spacing at several points, 
and place the stirrups accordingly; others prefer to employ 
more stirrups than required, in order to keep down the spacing 
to the maximum allowable. 
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For the stirrups required in the present problem, a suggested 
spacingis 

the first dimension being from the support f" 
stirruping would be carried tlirough the whole length of he^m’ 
a number of stirrups at about maximum 

across the central portion of the beam where q is less than 40 lb. 
per sq. in. 

IllustTQtiVQ PTOhl&Vfh 45c. ^ , 

Two I in. steel bars are bent breadth 10^^^ 

of a reinforced is 110 lb. per sq. in. Are vertical stirrups 

S t^w-up ^ 

limiting stress in bent-up bars to be 18,000 lb. pei sq. m. 

Assume concrete can take diagonal tension to the amount 

represented by 40 lb. per sq. in. 

Then using equation ^ ^ ^ ^ 


= 0-707g'i6s 


49 


where A/= 2 X 0-785 X ^ = 1-2 sq. m. 


then t 


64 

= (120 - 40) = 80 lb. per sq. in. 
6 = 10 in. s = 15 m. 

0-707 X 80 X 10 X 15 


1-2 


7070 lb. per sq. in. 


which is less than 18,000 aUowable. . , . 

Therefore vertical stirrups are not requned. As the shear, 

say, at the point of bend is 100 lb. per sq. m., vertical stmups 
wm be req^ed in the length of beam from this pomt to 
the point where » = 40 lb. per sq. in. .mi 

196a Bond Stress and Anchorage or Embedment. The ques- 
tion of proper length of embedment of steel in concrete arises 
Snterthere is Stressed steel in concrete. Whether the stress 
is tension or compression, a rod must extend beyond any pom 
of stress a distance sufiBoient to develop in bond the total stress 
there existing. For instance, suppose a number of tension bars 
of a cantilever beam to be anchored in a supportmg mass 
of concrete. What is the length the bars must extend into 
the mass concrete, such that the resistance to pulhng out 
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r^Pveloped with the aUowable bond stress is equal to, or greater 
than the total stress in the bars at the face of the mass concrete ^ 
Let u be the allowable bond stress between the 
concrete in the mass concrete. Let So represent the 
nerimeters of the bats, I the length of embedment or anchorage, 
t the stress in the bars at the face of the m^s conciete, a 

sectional area of the bars. There results as a 

JnWal expression ^ ^ ^ 

For a single square bar of side D and for a single lound bar 
of diameter i) it can be shown that 


I 


k 

Am 


.D. 


^e“nd1’tl^awa7tod between the sted and the 

concrete, then v- i at 

u . So . I = g[ • o ■ 1- 

where To is the sum of the perimeters of the rods. 

q.b 

Then u = 

is provided.* flipnretical relation between 

However, tests show facts Nevertheless, it 

M and q does not qmte cover all the the 

forms a useful basis for comparison in beams in wn 
dimensions and general make up are simila . ^ 

for u in the recommended QQde of Practice, 
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If S is the shear force at a section 

qb 8.b 
Then u = 7-— i 


where (I is the arm of the resisting moment 

d{3-n,) 


Comparing the values of u and q for the same steel area, 

■8 8 

« = and q = ~-j 


li Eo < b, then u > q. \ . . 

Therefore to make u — ox <q, for the same steel area, itis 
only necessary to increase the number of bars, and at the same 
time decrease the diameter, so that Eo — or >b. 

n 

E.g. assume one bar, d = 1, perimeter = tt, area = 

Assume A = \, number of bars required for area | is 4, giving 

a perimeter of 27i. . r 1 1 r 

4 bars of dia. = | have twice the perimeter oi 1 bar ot 


lUustrative Problem 45d. 

The overall dimensions of a rectangular reinforced concrete 
26 in. by 12 in. The centre of the steel area of 3 sq.m. lor 3-1. 
bars is 2 in. from the nearer edge. The shear load at a section is 
Calculate the intensity of the bond and shear at this section. 

Assuming a = Id, then for the section given 
a = ^(26- 2) = 21 in. 
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a = (24 - 3-38) = 20-62 in. 
cf. a = I- X 24 = 21in. 

Assuming there are 3 - 1 in. round bars instead of 3 - 1 m, 

iiare bars, and a — 21 in. 

24,000 


■ " 21 X 3 X 71 

197. Reinforced Concrete Columns with Axial Loads. The 

usual type of reinforced concrete compression member has a 

circular, octagonal, or rectangular concrete 

series of rods, parallel to the longitudinal axis of 

set about 2 in. back from the surface all around the perimeter. 

The steel reinforcement is from 0-8 to 8-0 per cent of the ^s- 

sectional area of the concrete. The main reinforcing are 

held in place either by being wired to an encircling series of 

hoops or ties, or to a closely spaced steel 

tical or longitudinal reinforcement deforms the ®ame a 

surrounding concrete, as the column ®^ortens und - 

action of the ties is to bind the rods together and into the 

mass of concrete in such a way that they themselves will not 
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buckle and cause failure. As heaTy initial stresses are induced 
in the longitudinal reinforcement during the sbri^ap of the 
concrete whilst hardening, the function of the ^s “P”' 
tant The task is more efaoiently performed by the spnal 
reinforcement, as it serves to restram lateral ° 

concrete during shortening. As the spiral only comes into 
play after the column passes its elastic hmit, certain authorities 
Consider that no allowance should be made for the increased 
strength which it affords, whilst others make this allowance. 
ReferLce should be made to the work of Considere m this 
respect. Most reinforced columns are so short that their idtimate 

strength is not limited by any tendency towards buckhng or 

bending ; their length is ordinarily less than 15 to 18 times then- 
least dimension. For slenderer columns, the working stresses 
must be reduced below those allowable on short columns of 
the same section. In columns exposed to fire, the steel must he 
adequately protected by a covering of concrete at least 2 in 
thick. Sometimes this additional concrete is credited with 
being part of the column ; in other cases it is only the concrete 
within the spiral or longitudinal bars which is effective in carry- 
ing load, i.e. the core is the effective concrete. The value of m 

is taken the same for columns as for beams. 

(1) Shobt Columns, (a) With lateral ties or hoops. 

Let = area of concrete only, in sq. ins. ; not including any 

finishing material appHed after column is cast. 

,, As= area of steel only, in sq. ins. 

„ A = total area — Ac -f As 
W — axial load in lb, 

Cc = compressive stress in concrete lb. per sq. in. 


steel 


m = 


El 

E. 


Then IF = cA + CjAs * 

Now, as the strain in the concrete and the steel is the same, 
then 

* The code states that W shall not be greater than given by this equation : 
therefore e, and c, shall not exceed their maximum permissible values. 
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From (37) W CcA^ + m 

== c,{A, + mA,) , . . . ( 

= Cc (effective area on a concrete basis) 

== C(.(-<42jg) • . , . • ( 


then Pf = {Ccil + - 1)} . . . (40) 

(b) W ith spiral reinforcement The Code of Practice for rein- 
forced concrete suggests the following. Where spiral reinforce- 
ment is used, the axial load IF on the column shall not exceed 
the value given by equations (40), or (41), below, whichever is 
the greater. 

W = , (41) 

where Aj^ = cross-sectional area of concrete in the core. 

= permissible stress in tension in spiral reinforce- 
ment. 

and A^ = equivalent area of spiral reinforcement (volume of 
spiral per unit length of the column). 

In no case shall the sum of the loads contributed by the 
concrete in the core, and by the spiral, exceed 0-50/c*4c where 
/g is the crushing strength of the concrete required from the 
works tests, and A^ is gross sectional area of the concrete. 

The value of is dependent on the kind of concrete used, 
and varies from 600 to 1250 lb. per sq. in., whilst the maximum 
Cg and ti, depend on the kind of mild steel used, but vary 
from 13,500 to 15,000 lb. per sq. in. 

(2) Loistg COLUMN'S. The Code suggests the following. The 
])erinissible working loads of axially -loaded long columns shall 
not exceed the values given by the equations for short columns 
multiplied by a buckling coefficient which depends upon the 
ratio of effective length to least lateral dimension of the 
column, or ratio of effective length to least radius of gyration. 
For further information reference should be made to the Code. 

Ilhisirative Problem 46. 

A reinforced concrete column is 14 in. square. It is reinforced longi- 
tudinally with 4 2-in. diameter steel rods placed near the corners ; it car- 
ries 60 tons. Find the load carried by the concrete and steel respectively. 
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E, (steel) = 29 x 10« Ib./sq. in. 

(concrete) =3X10® 

_ 

m - j 

Total area of steel = 47r sq. in. 

Area of concrete = 196-477 == 183'44 sq. in. 

We = load taken by concrete. 

We= „ steel. 

60 tons = We + Ws 

c, = stress in steel. = stress in concrete. 
c.= 9-66c, 

60 tons = 183-44C, + (9-66cV X 47r) 

Ce — *197 tons/sq. in. = 440 lb. per sq. in. 

Load taken by the concrete = 183-44 X -197 = 36-7 tons 
„ „ steel = 60 - 36-7 == 23-3 „ 

23*3 '■ 

Stress in the steel = —j — = 1*90 tons/sq. in. 

■■ 4:77 . 

or Cg = *197 X 9| =: 1*90 tons/sq. in. = 4,260 lb. per sq. in. 
Illustrative Problem 4:1 , 

Design a column to carry an axial load of 100,000 lb. Take = 600 lb. 
per sq. in. and m = 18. 

(a) Cj will be equal to 18 X 600 = 10,800 lb. per sq. in. 
Total area of concrete required for the transformed section is 

100,000 

~w~ = i®7sq-m. 

A 12 X 12 section furnishes 144sq. in., leaving 23 as the 
transformed concrete area of the steel. 

.-. (18- 1)A, = 23 

23 ' ' ' ' 

and = — = 1-35 sq. in. 

1-35 

-r- 77 " X 100 = 0*94 per cent. 

■ ^44 ■■ ■ 

If the cross-section and steel first clioson are nnsatisfactoi'y 
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for auy reason, further trials must be made. The design is 
facilitated by the use of tables and diagrams. 

In the above example stress has controlled the design. 

(6) If the effective length of the column is, say, 18 ft., then 
the dimension of a square section would be 

IQ ^ . 

— = 1-2 ft. = say 15 in. 


1 the column is 100,000 lb 
100,000 

Then c» Kok ^ q _ 1 1 


The steel area should be between 0-8 and 8 per cei 
ction, or between 1-8 sq. in. and 18 sq. in. As st; 
mtrolling the design of the section, the steel area i 
> too liish— say 4 - 1 in. round bars (area 3-14 sq. m, 


c, = 360 X 18 6500 lb. per sq. m. 

Therefore, as A, diminishes, c„ and c* will both increase. ^ 
Also as the column dimensions decrease, and c, will increas . 
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EXAMPLES / ■ 

1. Design the central section of a reinforced concrete beam of 20 ft. span 

to carry a load of 600 lb. per foot rxm. Tensile stress allowable in the steel, 
16,000 lb. per square inch. Compressive stress in the concrete, 600 lb. per 
square inch. Batio of modulus of elasticity of steel to that of concrete, 12 . 
Ratio of breadth to depth, i to 3, Show how you would make provision 
for resisting the shear stress in the beam. (XT. of L.) 

2. Define resilience. A concrete pillar is 12 in. square in section and has 
four 1 in. diameter rods as vertical reinforcement. A load of 20 tons is 
placed on the column. Find — 

(а) The shortening of the column ; 

(б) Resilience of the column. 

=« 30 X lOUb./sq. in, E. = 2 X 10® lb. /sq. in. 

, ■ (U.of B.) 

3. A load of 2 tons has to be supported midway between two walls 10 ft. 

apart. Design a suitable reinforced concrete beam for the purpose. The 
outside dimensions are to be IS in. deep and 10 in. wide. (U. of B.) 

4. The vertical sides of a circtilar reinforced concrete tank, 60 ft. in 

diameter, are reinforced with circular steel rods embedded in the concrete. 
If the tensile stress in the steel is limited to 5 tons per square inch, calculate 
the area of steel required per foot in depth between 8 ft. and 9 ft. depth of 
water, and between 9 ft. and 10 ft, depth of water. (I.C.E.) 


5. The reinforced concrete beam showi^ in Fig. 198 carries two equal con- 
centrated loads symmetrically placed on the span and 5 ft. apart. If the 
modular ratio is 12, and c and t are not to exceed 600 lb. per square inch 
and 16,0001b. per square inch respectively, find the maximum values of the 
loads, taking into account the weight of the beam itself. If vertical stirrups 
made from f -in. roxmd steel take the whole shear, find the necessarv spacing. 

''{U. of L.) 

6. A reinforced concrete slab, 7Jin. thick, has an effective span of 10 ft. 
The reinforcement consists of J in. diameter bars at 6 -in. centres placed 
IJin. above the bottom of the slab. Determine what uniform load per 
square foot the slab will carry in addition to its own weight, if the allow- 
able maximum stresses are 18,0001b. per square inch for steel and 6501b. 
per square inch for concrete, and if the ratio of the modulus of elasticity of 
steel to that of concrete is 12. Weight of slab, 1501b. per cubic foot. 

(U. of L.) 

7. Write down the expressions for, and explain what you understand by 

(a) the equivalent area of a reinforced concrete column ; (b) the equivalent 
moment of inertia of a reinforced concrete beam 12 in. deep, 6 in. wide, 
reinforced with two steel bars J in. diameter at 1 in, fi*om the underside of 
the beam, (U. of B.) 
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8. A reinforced concrete beam 0 ft. long, 5 in. wide, and 7 in. effective depth, 

carries a load of 2 tons applied at two points symmetrically placed relative 
to the centre of the beam. Tho area of the reinforcement is 0-6 sq. in. 
The distance between the supports is 5 ft., and the distance between the 
points of application of the load is 3 ft. Find the maximum stress in the 
concrete and in tlie steel, 'm =^15. (U. of B.) 

9. A ditched timber beam consists of two timber joists, each 4 in. wide 
by 12 in. deep, with a steel plate fin. thick and Sin. deep, placed sym- 
motricaliy between them and firmly fixed in place. If the span is 20 ft. 
and the ends are simply supported, calculate the maximum imiformly- 
distributed load tlie beam can carry if the stress intensity in the timber is 
not to exceed 10001b. per square inch. \Vliat will then be the maximum 
stress in the steel ? 

E for steel ~ 30,000,000 lb. x^er square inch. 

E for timber = 1,500,0001b. „ (U. of L.) 

10. What do you imderstand by the “ equivalent area ’’ and ‘‘ equivalent 
moment of inertia ” of a reinforced concrete column ? State what assump- 
tions are made in deducing mathematical expressions for these. 

A concrete column is 15 in. X 15 in. square in section ; it is reinforced with 
four 2 in. diameter mild steel bars. If the maximum stresses allowable are 
6001b. square inch in the concrete and 16,0001b. square inch in the steel, 
what load can tlie column safely carry ? Take the modular ratio as 15. 

(U. of B.) 

11. Wliat is meant by the “economical percentage of steel ’’ in a rein- 

forced concrete beam with tension reinforcement only ? Deduce expres- 
sions for the depth of the neutral axis, the x^ercentage reinforcement, and the 
moment of resistance of an “ economical beam,” assuming maximmn stresses 
of 600 Ib./sq. in. (compression) in concrete, and 16,000 Ib./sq. in. (tension) in 
steel. (Take — 16.) (U. ofB.) 

12. If kd is tho dex^th of tlie neutral axis of a rectangular concrete beam 
reinforced on the tension side only, p the steel ratio, and m the modular ratio, 
prove that 

h = ^(2pm + — pm 

A rectangular reinforced concrete beam is 15 in. wide and 30 in. deep to the 
centre of the steel bars, which have an area of 4 sq. in. If m = 15 and the 
limiting stresses fg and are respectively 18,000 and 8001b. per sq. in., 
determine (a) the x^osition of the neutral axis, and (6) the maximum moment 
which can be carried. (U. of B.) 

13. A rectangular concrete beam reinforced in the tension side only is to 

be designed to resist a moment of 600,000 inch-pomids. Design the economical 
section for an ordinary grade concrete having a minimum 28 days crushing 
strength based on works tests of 2250 lb. per sq. in. and a mild steel having 
an ultimate strength of 30 tons per sq- in. Take m =18. (U. of B.) 

14. What are the functions of bont-up bars and vertical stirrups in 
reinforced concrete beams ? 

The maximiim compressive stress in a reinforced concrete beam is 800 lb. 
per sq. in. and the stress in the steel is 18,0001b. per sq. in. The effective 
depth of the beam is 25 in. and m is 15. Calculate the stress in | in. U vertical 
stirrups at 4 in. spacing where the .shearing force is 8 tons. Assume that the 
concrete can carry one-thud of the diagonal tension. (U. of B.) 

15. A double reinforced rectangular concrete beam is 15 in. wide and 30 in. 
deep from the compression edge to the centre of the tension steel. The areas 
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of the coxnpi’ession and tension steel are both 4 sq. in., and the centre of the 
compression steel is one-third of the neutral axis depth from the compression 
edge. If TO is 15 and the bending moment at the section is 120,000 pound -feet, 
calculate the maximum stress in the concrete and the stresses in both the 
compression and tension steel. (U. of B.) 

16. A reinforced concrete pit prop is 6 ft. long and 6 in, square in 

section. The hooped longitudinal reinforeement consists of four J in. square 
mild steel bars. If to is 15 and /<. is 500 lb. per sq. m., calculate the work- 
ing load of the prop. (B. of B.) 

17. Design a square reinforced concrete column, 14 ft. high, reinforced 

with 1 per cent longitudinal bars and ordinary hoops to carry an axial load 
of 100 tons. The permissible stress in the concrete is 500 lb. per sq. in. and 
TO= 12. (IJ. of B.) 

18. The section ahtd oi a short reinforced concrete column is 15 in. by 15 in. 

The reinforcement consists of four 1 in. square bars whose centres are IJ in. 
from the edges of the column. A load of 70,000 lb. is applied on on© of the 
axes of symmetry and at a distance of 2 in. from the centre of the section. 
Calculate the maximum and mihimiim stresses developed in the steel and in 
the concrete, m = 12. (XT. ofB.) 

{Note. Transform the whole section and solve as for a homogeneous short 
column.) 

19. Discuss the design of short reinforced concrete compression members. 

■ ■{U. OfB.) 

20. Deduce an expression showing the relation between the bond and 
shearing stresses in a reinforced concrete beam. 

Loads of 12 tons are applied at points 6 ft. and 12 ft. from one end of a 
simply supported reinforced concrete beam 18ft. long. The tensile reinforce- 
ment consists of eight 1-in. roimd bars with their centre of gravity 18 in. from 
the outside compressive fibre of the beam. Calculate the maximum bond stress 
developed, if the maximum compressive stress in the concrete is 750 lb. per 
sq. in., the tensile stress in the steel is 18,000 lb. per sq. in., and m is 18. 

How far into the supports of a cantilever beam should a l-in. round bar be 
carried to develop its full working tensile strength, assuming a safe bond stress 
of 110 lb. per sq. in. ? (U. of B.) 

21. The flange of a Tee beam is 60 in. by S J in., and the stem is 10 in. wide. 

The area of the tension reinforcement is 2 sq. in., and its centre of gravity is 
20 m. from the upper face of the flange. Determine the moment of resistance 
of the beam and the steel stress developed, if = 220 lb. per sq. in. Take 
m.=s'15. ■ ■ ■ ■ ■ ' . ■ ■ 

Over a length of this beam the shearing force is constant and equal to 
14,000 lb. The spacing of l-in. vertical U stirrups is 6 in. Assuming that the 
concrete carries diagonal tension represented by a shear stress of 40 lb. per 
sq. in., calculate the load carried by a stirrup. (U. of B.) 

22. A simply supported reinforced concrete beam has a breadth of 0 in. 
and an effective depth of 18 in. If the limiting stresses, = 750 lb. per sq. in. 
and/g ~ 18,000 lb. per sq. in. are realized, calculate the moment of resistance 
and the area of the tensile steel. Assume w = 12. 

If the moment of resistance is increased by 30 per cent, find the tensile 
and compressive steel areas required, assuming that the centre of the com- 
pressive steel is 2 in. below the compression skin, and that the limiting 
stresses are again realized. (U. of B.) 
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Note on Question 7 (6)' — Examples 

Uefef to Fig> 194; 

Moment of inertia of the concrete above the N.A. 


and about the N.A. 


Momoat of inertia of the steel about the N.A. on a concrete basis 

= mJ. (d- n)2 

The equivalent moment of inertia of the beam on a concrete basis about 
the N.A. T z 


(equation 7) 


Then J] 


Equivalent compression modulus 
Moment of Kesistanoo 



CHAPTER XV 


The Slope - Dbplection and Moment - Distbibtjtion 

Methods oe the Solhtion op Rigid or Continxjohs 

J^AMED StBHCTHRES, WHERE BENDING MOMENTS ABE 

THE Determining Factor in Design 

The discussion of the methods will he based upon the assump- 
tion that the moment of inertia remains constant throughout 
the length of each member in the structures : i.e. members are 
prismatic members. 

198. Preliminaxy Discussion and Sign Convention. A frame 
with rigid joints is a structure in which the member inter- 
sections are so constructed that the original angle between the 
members is maintained under any loading. For a steel frame 
joint with heavy gusset plates and ample riveting, and for 
welded connections, it is assumed that complete rigidity is 
justifiable. For monolithic reinforced concrete construction the 
assumption is made without question. By far the most impor- 
case of the rigid joint frame is to be found in the column 
and girder combination in building construction. However, 
there are other examples of rigid frame construction, e.g. 
culverts, trapezoidal frames, roofs with sloping members, the 
framed bridge span or open webbed girder (Vierendeel Frame). 
In the past, it was the custom to analyse a building frame as 
independent beams and columns without due regard to its 
essentially monolithic character. It is now recognized that such 
a method is inadequate; and that such a structure can be 
economically designed only by treating it as a multiple rigid 
frame. The present chapter will be devoted to two modern 
methods for the analysis of the rigid frame and to the study of 
a number of simple numerical problems. Special problems of a 
more complex character and of more complex structures can be 
found in the references given at the end of the chapter. 

In a rigid frame all the members meet at joints, and because 
of the interaction of members and the applied loads, the joints 
will rotate. The amount of rotation will depend upon the 
restraint offered by the connecting members. Any or all of the 
members of the frame may be loaded transversely, and any 
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frames, beats, culverts, lurch sideways or ‘'sway"’ under the 
action of lateral forces or of unsymmetrically placed vertical 
loads. In general, when loads are applied to a rigid frame which 
is unsyiiinietrical in outline, in the cross-sectional dimensions of 
its members, the end or support conditions, or in the nature and 
position of the loads, or in any combination of these, there is a 
tendency for the joints to be displaced or translated, resulting 
in a lateral sway of the frame. (Obviously with a framed bridged 
span there will be a translation of the Joints under the vertical 
applied loads.) 

This effect causes joints to be translated as well as rotated 
under the action of the applied loads. However, in a great 
many cases, the relative linear displacements of the joints are 
negligible. Therefore a general form of equation giving the end 
moments in a member, must include terms stating the effect of 
joint restraint, the effect of applied loads, and the effect of 
joint movements. 

Let a member AB tie into joints at A and B. Let it be sub- 
jected to transverse loads, so that there is rotation of the joints 
A and B. Let us consider the internal moments of resistance 
induced at the ends A and B of the member. If we cut the 
member at these ends then we must place at the cuts, {a) a pair 
of equal and opposite couples (moments of resistance), one 
acting on the joint and one on the end of the member, (6) an 
equal and opposite shearing force pair, and (c) an equal and 
opposite normal force pair. In general, the effects of the 
shearing and normal force strains on the moment distribution 
will be neglected. That is, the moment distribution is due to 
flexure only. 

The end moment in a member will be designated as M with 
a subscript. The first letter of the subscript indicates the end 
of the member at which the moment exists: e.g. is '^be 
moment at A in member AB^ and ilfsA is fbe moment at B in 
the same member. If the ends of the members are fixed in 
direction (built-in or restrained against rotation), then the end 
moments will be designated as, e.g. ifeTpAB -^fba fbe 
member AB. The determination of the magnitudes of these 
fixing moments is given in Chapter IV. 

199. Sign Convention. Note carefully the convention for the 
algebraic sign of end moments, which will be used in considering 
statically indeterminate structures by the slope-deflection 
method and later by the moment-distribution method, the two 
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methods which are considered in this chapter. The student 
will find this convention different from that given in the previous 
work on simple, built-in, and continuous beams. While in 
general it is not desirable to use two such conventions, the 
advantages which result would seem to make the two conven- 
tions desirable. The student should thoroughly familiarize 
himself with these conventions and learn to recognize at a 
glance whether a moment is positive or negative. 

The convention now given is as follows — 

A moment which tends to rotate the end of a member in a 
‘counter-clockwise’ direction is ‘positive (+)V the moment 
which tends to rotate the end of a member in a ‘clockwise’ 
direction is ‘negative (Conversely, moments acting on a 

joint in a ‘clockwise’ direction are ‘positive,’ and those in a 
‘counter-clockwise’ direction are ‘negative.’) 

The rotation of the tangent at the end of a member (or the 
rotation of a joint), is measured from the original direction of 
the axis of the member. A ‘counter-clockwise’ rotation of the 
tangent at the end of a member is ‘positive’ and a ‘clockwise’ 
direction is ‘negative.’ These rotations are denoted by the 
sign d : e.g. ? radian measure. If 

the ends A and of a member A £ are direction-fixed (or 

built-in), then 6 ab = ^BA = 

The deflection or displacement (A) of one end of a member 
relative to the other end is measured perpendicular to the 
original direction of the axis of the member and it is termed 
‘positive’ when the movement of the deflected end is ‘clock- 
wise’ with respect to the other end. The opposite movement of 
the deflected end is ‘negative.’ 

If I is the length of the member, then the angle (j> (in radian 
measure = A/Z) through which the axis of the member rotates, 
is ‘positive’ if it is in a ‘clockwise’ direction, and ‘negative’ if 
it is in a ‘ counter-clockwise ’ direction. 

200. Examples of the Sign Conventions are given in Figs. 
199a to 205b. In these figures, j)f stands for point of inflection, 
TT indicates tension on the top side of the beam and TB on 
the bottom side of the beam. These are given, as the bending- 
moment diagrams. (Figs. 199b to 205b) are drawn on the 
tension sides of the beams. 

Fig. 199a denotes the conditions for a built-in or direction- 
fixed ended beam subjected to transverse loading. In Figs. 200a 
to 205b, the beam AB is not subjected to transverse loading. 



Fig. 20iA 
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jfsA called a ‘carry-over’ moment. In Figs. 202a and 203a, 
the end B is rotated through an angle of ± whilst the end 
A remains direction-fixed. 

In Fig. 204a the end B is displaced or translated by means of 
an external lateral force relative to ^4 in a positive direction 
through a distance + A, both the ends A and B remaining 
direction-fixed (i.e. 0^3 = ^ba remaining = 0). The student 
can deduce for himself the conditions for AB when B is displaced 
through a distance equal to — A. In Fig. 205a the end A is 
translated relative to B through a distance = — A, 
remaining = 0. 

The bending moment diagrams corresponding to the loading 
conditions given in Figs. 199a to 205a are given in Figs. 199b 
to 205b. In the Figs. 200b and 201b, it is indicated that the 
induced moments in the beam at B are ± for 

the member AB when it is of constant cross-section. When the 
end B is rotated, the moment in the beam at the end A is 
M ~ ± for a beam of uniform cross-section. The 

proof of this is given in a subsequent paragraph. For beams of 
non-uniform section, reference must be made to other works 
{references to which are given at the end of the chapter) for the 
value of the carry-over moments. In the ^'agrams. Figs. 204b 
and 205b, it wifi be noted that the moments induced in the 
beam at the ends A and B due to the relative displacement of 
these ends are equal in magnitude ; their values are determined 
in another paragraph. 

In Fig. 206 there is indicated the signs of the induced 
moments in a length of a continuous beam. 
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Fig. 207 (a) shows the displacement of an unsymmetrical 
portal, direction-fixed at the bases A and B, due to a transverse 
load acting from left to right on the column AB ; the moment 


Deflected 

Beam 


Moment Diagram 
plotted on 
Tension Side 
of Beam 


diagram is given in Fig. 207 (b). TL indicates tension on the 
left side of a column, and TR tension in the right side of a 
column. In the diagram 207 (a), the joints B and G have 


Moment 

Diagram 


Displacement 
Diagram, 
AB is loaded 
laterally 


Mg/^ and Mgc be 

numerically equal. 
Also Mcb and Mcd 


rotated as well as being translated. Kgs. 208 (a) and {b) are 
for an unsymmetrical portal, when the ends A and B are hinged. 

Fig. 209 (a) is of an unsymmetrical portal ABGD with the 
column bases A and D direction-fixed so that 6 == dno = 0. 
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The frame has been displaced from left to right without any 
rotation of the joints 5 and G, so that 0^^ = ®od = f*- 

= h, and DC = then == and ^co 


Moment 

Diag. 


Displacement 

Diag. 


MsAand 

numerically equa 
Also and M/ 


— = ^jh^. The lateral displacements of B and G are 

both equal to + A, and the sway angles <l> are both positive ; 

also i± The moment diagram is given in Fig. 209 (6), 

Q fh 

and note tliat illBA == -^ab and Jfen = -^dc and that they 
are all positive. These oases of sway coiTespond to that of the 
beam in Fig. 204a. If the portal sways from right to left, 

LAJpNSoVeai^o^l-AJjAsoVecD'O Mra Mcd 


Moment Diag. 
Columns AB, DC 


i.e. A is negative, the joints are translated trom right to lett 
and the angles and 4>o are negative. This case corresponds 
to that of the beam in Fig. 205a. 

The cases for the beam where one end is rotated and the other 


.:Js^ 
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•e given in Fig. 210. The member is, of course, 
the hinge. Fig. 211 indicates the displacement 


HINGE 


Displacement Diags. Moment Dlags. 

Fig. 210 

of and the moment diagram for an unsymmetrical portal with 
the column bases hinged. The sway is from right to left. 

Let the beams in the previous discussions be prismatic 
beams : i.e. the cross-section and therefore the cross-sectional 
area A and the moment of inertia I are constant. Consider the 
beam system given in Fig, 200a and the moment diagram for 
which is given in Fig. 200b to show that == 



'* and- 

N 

Qdc“^d 

- and+ 


Moment Diag. 
ColumnsAB,CD. 


HINGE 


The change of slope of the tangents from A to B is 0 ab 


In the case considered both and ab P 

Similarly, considering the beam in Fig. 202a - 

that - J^ab = “ -^ba/2 • • • 

Solving too for J^ab (case given in Fig. 200), it will he found 
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locked at both ends, and if one end is released and rotated 
through an angle d radians by a moment or couple M, a moment 
M is induced in the beam at the rotated end and a moment lf/2 
is induced in the member at the other end which has been kept 
locked in position. The sign of the two moments is the same : 
i.e. if the moment at the rotated end is -\-M, then the induced 
couple at the locked end is +if/2 : if the moment at the rotated 
end is—M, then the induced couple at the locked end is — Mj^. 

(Note — ^For non-prismatio beams the carry-over factor is 
not 1/2 and reference must be made to other works.) 

201. Consideration of Equation (3). 

Let = WaB- 

As 5 ab is in radians, then E . is the moment reqmred to 

rotate the end A through unit angle, the end B remaining fixed. 
If A is kept fixed, and B is rotated through an angle -j- 

radians, then -fifsA = ^ • ^ba = (-^s)ba- 

Imagine a number of prismatic members keying into a ringed 
joint (A) and with their other ends locked in position. Let 
the joint rotate (without translation) tlirough an angle of -f- 6 
radians. The ends of the members at the joint wiU all rotate 
through this angle. The moments induced in the ends of the 
members at the joint will be 

“HAfAB “ (-^ ■ TIab/^ Ab)^5 
+ '^Aa = • ^IacI^ac)^> 

H-ITab = • 4/^b/^ad)^. and so on. 

Assuming that E is the same for all the members, 
then 

+ -M'ab ’ +^^AC ’ +-^AD = ^^AbI^AB • ^IaoI^AO • ‘^■^Ab/^AI) 

= IabI^AB • ^Acl^AC ’ -^Ab/^AB 

~ -^AB • ^AC ‘ -^AB 

OnO'half of the moments + + -^ac? + -^ab^ + • . • 

would be carried“Over to their respective locked ends and they 
will be of the same sign as the moments at the joint ends. 

JfBA = + -^ab/2; -^ca = + -^Ac/^j ©tc. 


i.e. 
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If the joint rotation 6 ab 

• -^AC '• -^AD ■ • • • 

= -HabI^b ■ -4Iac/^ao : -^abI^ab ■ ■ - 

and -a^BA = J^ab /2 ; J^ca = -^^^Ac/ 2 , etc. 

i.e. -ZI^BA = “ 2 /AB/iAB ; Moa = " 2 /ac/Jac> etc. 

In general M == iEIdll and this product is called the 

“Moment Stiffness Factor {Ms)F ^ u ak 

Consider the case of the prismatic beam or member 
where A is fixed and B is hinged, Tig. 210 (a). Let the fixed 
end J. be rotated (and without translation) by an external couple 
rtmnXan angle of + 0 ab radians. (There will be an induced 
Sn“ S end I radiai). The indeed — 

in the beam at A is + J^abI then considering Fig. 210 (a), 

I 21 

.B . /ab • ^ • ^AB = + -^AB • 2 • 3 ’ 


or + 


ZE.-i 


No moment is carried over to the hinged end. In geneial 

M = ^E .J . 6 and it is the “moment-stiffness factor (if,)” 

for a beam fixed at one end and hinged at the other ^ 

If A is hinged and B is rotated without translation thiough 

-f 0 gA i^adians, then 

_ I A "R « / n/r \ /Si 


4- Mj 


3B 


Suppose two prismatic members a4B_anfi AG f 

inin^ The end S is direction-fixed and the end G is hinged. 
Spit ilooSi in position, and rotating 4 (without te^sla^ 

y through an angle or+ » '"f ‘JrJXS 
moments in the members at 4 will be— (both members nave 

the same E) j 

ii/r f) 

At B the induced moment will be + -M b a — • 


+ 




IabI^ab 


^AB 

B^ab 


+ -Mao 3Jac/^ao 0-75Iac/?ao 
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where K in general = Ijl for a member fixed at both ends and 
E = ZljU for a member fixed at one end and hinged at the 
other. 

Therefore, if one end of each of several members is rotated 
through an angle Q while the other end is held fixed, the required 
moment in each member wiU be proportional to a constant 
K — Ijl, if the cross-section is uniform, and in any case to 
some constant K. If one end of each of several members is 
rotated through an angle 0, wMle the other end is fixed for part 
of the members and Ifinged for the rest, the required moment 
in those members which are fixed at the far end will be pro- 
portional to K = Ijl, and for the others to = 3//4Z, if the 
cross sections are uniform and E is the same for aU the members. 

Suppose, for example, that four prismatic members key into 
a rigid joint : two of them AB and AO are fixed and locked at 
B and 0, and two of them AD and AE are hinged at D and E. 
Let joint A be translated through an angle of -1- 0 radians 
(without translation) by a couple M. Then the induced 
moments in the members at A will be — 


-^AB 

where 


M . 


K 


AB 


■^AB "k -^AC “k -^AD “k -^AE 
•^AB = -^Ab/^AB ; -^AO = -^Ac/^AC 5 

E^ax>~ S-^ad/^^ad! -^ae 
K 


M . 


K 


AB 


sz 


( 7 ) 




M ~~ 

• SZ 




•^AE 


and both and are of the same sign; 

and both and Mj^q are of the same sign; 

^ 5 -^BA 


M. 

M 


CA 


DA ■ 

Note— In the slope-deflection method it is assumed that all 
the members in the rigid frames are fixed at both ends. In the 
developed equations K will be equal to Ijl for all the members, 
and for those ends which are hinged the moment here is equal 
to zero. In the moment-distribution method, for a one- 
hinged end member the other end being fixed, K is in general 
taken as it actually is, and the value of K for this member is 
then 3J/4Z. 

202. Consider, now, the direction-fixed ended beam AB 
given in Fig. 204:A and the bending-moment diagram in 



and they are both of the same sign, positive in this case 


If A is negative, then ‘ 

The product 6^7 . p . A is kn< 

factor (M/).” 

The end shearing forces A 
to A are as in the previous 
sidering the equilibrium of 
the end cuts, we have EM = 
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In this case, the shearing force >8 at -4 will act vertically upwards 
and at jB vertically downwards. 

If A is negative, then the two equal end moments are 
negative, and S will act vertically downwards at 4. and 
vertically upwards at 

The product A is known as the ‘‘shear-stiffness 

factor {Ss)'' 

Consider the case of a vertical member such as the column 
of a portal. Referring to Fig. 213, both ends of the prismatic 






^AB 
Flq. 213 


s ^ 


(c) 


vertical member 4R are direction-fixed, and R is translated 
relative to A through the distance + A but without any 
rotation of B. The shearing forced' will act from left to right 
horizontally at the top of the member and from right to left 
at the bottom. The induced moments at A and B will both be 
equal and of the same sign, positive. If A is negative, i.e. B 
displaced relative to A from right to left, then the two equal 
end moments would be negative, and S would act from right 
to left at the top of the member and from left to right at the 
bottom. If h is the length of the member, then for the case 
given in Fig. 213, 

Sh == == , . . ( 11 ) 


Also, 


and M 


M 


AB 


/s|, when 8 ■ 


12E . A 


( 12 ) 


AB 


M- 


BA 




(Jf/) and is positive . (13) 
If S is known in magnitude and direction, then the sign of 
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the two equal end couples will depend upon the direction of 8 : 
8 acting at the top of the member from left to right, the equal 
end couples are positive; 8 acting at the top of the column 
from right to left, the equal end couples are negative. 

Consider the portal as displaced in Pig. 209, and considering 
the two vertical members AB and CD, whose lengths are A 
and respectively. Let E be the same for both members and 
and IcD fh© respective moments of inertia. The upper 
ends B and O are displaced to the right by an amount + A, 
but without any rotation of B and O. 

I. 


Then M 


Also 


BA ■ 

-^^BA . 
^OD 

^AB 

^AB 


6E. 




M 


AB 


A, and M 


on 


6E . 


o_p 

V 


A 


M 


6/r 


DO "-^OD, 
-^AB 


/V 


12j^ 




12^7 


/ 


op 


A 


12/oj)/7q® 


(14) 


(15) 


Refeixing now to Pig. 211, in which the vertical members 
of the portal are hinged at A and D, and the joints B and C 
are displaced to the left by an amount of — A, but without any 
rotation of the joints. The members will rotate at the hinges. 
The lengths of AB and CD are respectively h and A^, and 
and /cD are the respective moments of inertia. E is the 

- A where 
o 


same for both members. In general, El A = M . ^ 
M is the induced moment at the fixed end. 


M, 


BA 


ZE . 


. A and Moo = - 3i7 . 


/cD 


. A 


and, in this case, they are both negative. 


•• M 


- BA , 
CD 




(16) 


The end shearing forces 8 will, in general, be equal to 


3P . ^ . A for if 
A® 


8h. 


8 




^CD 3-^0 dAi® 


AB 


. ( 17 ) 
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Here, the shearing forces will act from left to right at the tops 
of the columns. The ^^Sway-Moment Stiffness Factor 

J 

W' 


is liex’e equal to ZE . ^ * A, and the shear stiffness factor (Sq) 
is equal to 31? . p . A 

Thus for a beana A.B direction-fixed at B and Mnged at A, 


- ZE . 


.'A 

^AB“ 


and S 


BA 


ZE . 


^AB. 

r 3 
^AB 


. A 


(18) 

(19) 


If AB and CD are the vertical members of a portal which is 
fixed at A and hinged at D, and B and G are translated but 
without rotation a distance of + A, and letting AB = h 
and CD = 

JIba > A __ 6/^b//^^ 


Then 


M 


- AB 
CD 


■^CD 


3l?/ai)/V 


31 


cn 


./V 


IG 


AB 


K' 


(20) 


CD 


where, in general, Z' = J/F for a member fixed at both ends 
and K' == 0*5 1 jW for a member fixed at one end and hinged 
at the other. 

The ratio of the end shearing forces in the members is 
^AB 121 ?/^bA^ * A _ IabA^ _ 

rrn 

^ .CD, 


8 


CD 


2,EI, 


OD; 


/V 




(21) 


•where, in general, K" = Ifh^ for a member fixed at both ends 
and K" = 0-25 Ijh^ for a member fixed at one end and hinged 
at the other. 

Note. — If the ends of several members having’ the same E 
are moved laterally 'with respect to each other through the 
same distance A. whilst the fixed ends are restrained against 
rotations, the induced equal end moments at the fixed ends 
will be proportional to a parameter K' = J/l® for members fixed 
at both ends and to K' — J/21^ for members fixed at one end 
and hinged at the other. 

Again if the ends of several members ha-ving the same E 
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are moved laterally with respect to each other through the 
same distance A, whilst the fixed ends are restrained against 
rotation, the required lateral or shearing force for each member 
will be proportional to a parameter jST'' = for members 
fixed at both ends and to iT" = I/iF for members fixed at one 
end and hinged at the other. 

203. The student should carefully note the rotation and 
deflection conditions which have been discussed, and thoroughly 
familiarize himself with the necessary relations between the 
moments and forces and the rotations and deflections. 


StTMMABY : 



■ \ 

Beam with two 
ends fixed 

Beam with one 
end fixed and 
the other hinged 

Moment-stiffness factor (M») 

4:EIQll 

■smeii 

K 

III 

ZljU 

Carry-over factor (prismatic members) . 

, 1/2 

0 

Sway -moment stiffness factor 



K' 

ip 

1121 ^ 

Shear stiffness factor (S^) . . . 

i nsiAiP 

ZEIAjP 

K" 

' ijp 



204. The Slope-Deflection Method. A method which can be 
used in the analysis of any continuous frame subjected to 
bending moments is commonly referred to as the Slope- 
Deflection method. It was developed by Otto Mohr in Germany 
(1892), and also by G. A. Maney, University of Minnesota 
(1916). It is an algebraic method, generally requiring the 
solution of two or more simultaneous equations. 

One advantage of the method results from the selection of 
deflections (or translations) and rotation of joints as the 
redundants or unknowns, rather than unknown moments and 
shears, which can readily be expressed in terms of the deflections, 
hence the name slope-deflection. 

Consider the case of prismatic members. Let such a member 
be AB, Fig. 214 {a), of length Z^b> moment of inertia J^b> 
E = modulus of elasticity. Let be the couple at the 

end A of the member, and J^ba end B. Let the 

end A rotate through a + angle and the end B rotate 
through a -f angle 0 ba- Let the end B be displaced relative 
to A by an amount -f A so that the sway angle 6 = A/Z^b is 
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positive. The alternative moment diagrams are given in 
214 (6) and (c). 


(b) and (c) Alternative Moment Diags. 
Fig. 214 
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or 2;5Z(20 b^ + 0^3 + 3^) = . . (22) 

wliere K — Ijl 

Similarly, 2EK{W^^ + 63^ + = Jf ^3 . . (23) 

These are the fmidamental slope-deflection equations. 

Thus we see that consists of three moments — 

(а) 4EK0^s = Ws)ab — the moment induced in the beam at 
the end A by rotating this end through an angle of 0^3 radians, 
whilst keeping the end H fixed or locked. 

(б) 2EK6sa ~ — 1^-" - — ^the moment induced in the beam 

at the end A whilst fixed or looked and the end B is rotated 
through an angle 03 

(Note again, is one half of 4EKd-^^, which is the 

moment induced in the beam at the end B when rotated through 
an angle 03^, the end A being fixed. The sign of2EK0-Q^ is 
the same as that of 4^iL0BA.) 

(c) ^EK<j) — 6EKAjl — (If/)— the moment induced at the 
ends of the beam when one end is displaced relative to the other 
through an amount A, whilst the ends are not allowed to rotate. 

The amount of sway ^ is equal to -y. Similarly for the moment 
i^BA- , ^ 

If loads are appHed to the member, the total end moment 
will be equal to the moment for no end distortions (direction- 
fixed, or fixed beam moment), plus the moment caused by the 
end distortions: i.e. the beam is first restrained against end 
rotations and translation, when the end moments will be those 
for built-in beams, and afterwards allowed to be rotated and 
translated. Then the total moment at the end A of any member 
AB of constant cross section is, 

■^AB = .^BAB ~t~ ^EK(2d^^ -b 0Bi -f- 3^) . (24) 

and at the end B of the same member it is 

■^BA = -ZfefFBA + 2.EZ(0 ^b -f 20BA + H) . (26) 

where the first term represents the proper fixed beam moment, 
and the second term the moment added or released by the 
joint deformations. When using these general slope-deflection 
equations, it must be kept in mind that moments acting on 
the ends of the beam are positive if they are anti-clockwise 
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and negative if they are clockwise. For the usual cases 
will be positive and negative (see Fig. 215). 

For a beam fixed or jointed at A and hinged at B, the moment 
at B will be zero. Then writing down the two slope-deflection 
equations — 

== + 20BA + 3<^) + (±)^fba = 0 

— ^BK(4Sxb + 20b A + + (±)2-3^^fab 

B B 

,MfAB+ MpBA- ■ 

4' ■i- 






A A 

Fig. 215 

Subtracting the expression for from that for 21f^B 

2lf^B = 2EK{Wj^'q + 3^) + (±)2ilifFAB — (dz)-^FBA 

^-^FBA 


or + (±)^FAB - (±)- 


(26) 


the correct signs being given to the direction fixed moments. 
Assuming that the beam is not loaded, and 

(a) that there is no sway, then 

= ^EKdj^^ — see equation (5) 

(b) that A is direction fixed and that there is sway, then, 

Mj^-q = dEKcf) — see equation (18) 

Consider equation (25). It will be seen that the moment at 
the fixed end A is made up of — 

(a) the direction-fixed moment at A (if any), 

(b) the moment due to the rotation of the end A through an 
angle the end B being locked, 

(c) the carry-over moment from the end B, assuming that 
A is fixed when the end B is rotated : this carry-over moment 
is equal to one-half the moment at B due to rotation here for a 
beam of uniform section and is of the same sign as that at B, and 
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{d) the moment due to the displacement of B relative to A 
corresponding to the sway angle ^ = A/Z, the ends A and B 
remaining locked. • , 

These modifications of the direction-fixed moment due to 
the distortion of the member have been shown separately in 
the previous discussions. 

The slope-deflection equations are perfectly general and apply 
equally to an isolated beam and to any member of a framework 
acting as a beam. Since they state the final value of the end 
moments in any given case in terms of the known fixed-beam 



moments and the changes in slope and the relative displace- 
ments of the points of supports, the equations are commonly 
known as the slope-deflection equations. 

By far the most important application of the slope-deflection 
method is in the analysis of stresses in multiple statically 
indeterminate structures under any given load conditions where 
the slopes and deflections or displacements are taken as the 
unknowns for which a solution is sought. 

205. Joint Equations. Consider a continuous beam with rigid 
supports and a portal having two vertical members of different 
length and a horizontal beam, with no sway (see Fig. 216 (a) 
and (6). The length and moment of inertia symbols are given 
in the figures. 

Let the ends A and D of the beam be direction-fixed and also 
the column bases A and D of the portal, direction-fixed. 

Let the members of the frame be loaded in any manner and 
let there be no displacement of the supports at B and C ; and 
let the rotation of the beam at B and 0 be 0^ and Oq respectively . 
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l9^g and O^yQ will be equal to zero; also let 6 ba == ^bg == 
and they will be of the same sign. 

Similarly, 0CB === ^cn == ^o* 

Let the members of the portal be so loaded that there is only 
rotation of the joints B and 0 (i.e. there is no translation of the 
joints or sway of the members AB and CD). Also there will be 
no rotation of the axis of DC (neglecting the effect of axial 
strains in the column). 

When the bars are sufficiently rigid so that the compressive 
axial forces are small in comparison with Euler’s critical load, 
the influence of axial forces on bending can be neglected. The 
corresponding small shortening of the bars can be neglected 
and it can be assumed as a first approximatidn that the rigid 
joints only rotate by a certain angle due to bending of the bars. 
Any corrections necessary due to axial strains are usually small 
and can be disregarded in most practical calculations. 

®AB = ^Dc = ^BA = ®BC ~ ^B ^^id of the samc sign; 

^CB ®CD “ ®C* 

Now write down the slope-deflection equations for all the 
members giving the correct sign to the direction-fixing couples. 

Remember that 0^ z= z= Q. 

-^AB = 2EKi{6^) + (± ATjji^b) 

^BA + (di Afp ba) 

ATbc = 2EK^{2d^ + 0c) + (ib -^fbc) 

AfcB ~ 2Dif^(0B + 20c) + (i ATfob) 

JfcD = 2EK^{2dQ) + (d: Afpcp) 

MjyQ = 2EK2{0c) + (zb Afpcn) 

Now the end couples are a function of two unknowns 0 b and 
0c and of the known direction-fixing couples. We desire, there- 
fore, only two simultaneous equations in 0^ and 0cm order to 
find these values from which to calculate the six unknown if ’s. 
These can be obtained by considering the equilibrium of the 
joints after rotation. These joints will be in equilibrium. 

There are also shearing forces transmitted to the joints. The 
forces will be in equilibrium with the axial forces of the members 
and will not enter into the equations for calculating the angles 0. 
The moments acting on the joints are evidently equal and 
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opposite to the corresponding end moments of the bent members 
^^Theram rfthe moments acting on the joints is zero. Thus 

we can write down for 

MBA+^BO = 0,andfor 


joint 5“ 
joint 0 - 




These equations are known as the jmnt equaUons. 

Similarly if there are a number of members meeting in a 
rigid jointf then Sikf„ = 0, where n stands for near moment, 
1 p moment in member a^t the joint end. i r « « 

IfThe Wnt equations for B and O above a» solved for S, 
and 9o, ‘k™ ‘''® end-fetag couples ate knomi. In th 



Fig. 217 

ends^ ^ and D were hinged, then by the 
f e andT! However^ we can, by the equations developed 

d. .^d dn and f®' and d„ ftom 

%r£;rSd7’S beam, .potion. 

Wat the mi, given in Kg. 217. The support at U ts non- 
elastic or rigid and therefore no A occurs at B. 

0^ = 0 ; A = 0 ; 0c = 0 ; .Ki = IJh > -^2 = 

AB, BO are loaded in any manner ; then generally, 

M^c = 2.B2^2(20b) + -3^fbo> 

the correct signs being given to M^sa and il^FBC- 
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Joint equation fat B, 'EM = 0. 

2E^K^{2ds) + ^EJf^i2ds) + i^FBA 


M 


FBC 


On — — 


M- 


FBA 


+ 


FBC 


M 


BA 


4E^K^ + iE,K, 
X 

4E^Kj_+iE^K^ 

4cE^Ki 

4E^K^ + 4E^K, 


• “f~ -^FBA 


Divide top and bottom of first factor by 4EiKi, 


M- 


BA 


1 + 


E,K, 


+ 


X 


2-‘^2 


'■FBA 


1 n .m 


+ M: 


FBA 


and m == 

Ex -^1 


E^K-^ 

E. 

where n 

Similarly for ifsc* 

In solving this type of problem, we may deal with relative 
values of E and K : i.e. the ratios n and m will not alter, so 
that ilifsA will always have the same value. If the actual values 
are not used, but any relative values of E and K, then O-q 
obtained will not be the true Sb ^ relative 6^, which, when 
substituted in the if equation, will give the correct value 
of the if. In other words, 0 is a function of the K's and E's 
used. 

Similarly, if there are a large number of Jf’s and E's, then in 
this type of problem stated we can deal with the relative values 
of E and K, 

(See further notes in the -^Mechanical Solution of Statically 
Indeterminate Structures.”) 

207. In other types of problems, such as those of finding 
moments due to temperature changes, and those of finding 
moments due to a known displacement of a support or supports 
in continuous beams, and known displacements (linear and 
angular) of the members of a portal, the actual values for E 
and I, and therefore K, must be inserted in the slope-deflection 
equations. These are cases of non-elastic deformation. 

Let a portal consist of two vertical steel columns AB and 
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DC of lengths 100 in. and 150 in. respectively, and let their /’s 
be 200 in.-units and 250 in. -units respectively. Let the steel 
beam BG have a length of 120 in. and an I of 180 in.-urdts. 



Colinnn AB 

Beam BG 

Column GD 

Length (in.) . . 

100 

120 

150 

I (in.'*) . . . 

200 ■ 

180 

250 

K^Ijl , . .j 

2 

1-5 

6/3 

Relative K 

1 

0-75 

0-83 

Relatively . . 

■■■ 1 ■ ■ 

1 

1 


Therefore, we could use in the slope-deflection equations for 
this portal either, 



Column -4R 

Beam BO 

Column GD 

BK , ■ ' . ■ . 

2-0 

1-5 1 

1*66 

or EK , . .! 

1*0 

0'75 

0*83 


or other corresponding relative quantities. 

If, say, the beam of the portal was displaced left to right by 
a known amount A — 0-10 in., then = OTO/100, and 
= 0-10/150. Then, as these are correctly known, we should 
have to use for EK the actual values for the members. 

Let E = ZO X 10- Ib./in.® 



Column AB 

Beam BO 

Colunm GD 

EK (lb. -in. units) 

30 X 10® X 2 

30 X 10® X 1-5 

30 X 10® X 1-66 

= 60 X 10® 

= 45 X 10® 

= 60 X 10® 


208. The Previous Problem when Sway is Considered. (See 
Figs. 218 (a) and (b). With regard to the continuous beam, let 
the support B sink to B' below A by an amoimt of A ; let the 
support O fall to G' by the same amount A so that BG remains 
horizontal. Let the support D fall to JO', 2A below A, or A 
below G', so that — 4>o— is positive. 
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Therefore 


well as rotating, be translated to C\ where, if axial strain is 
neglected, == CG' = A. 


and both, for the case given, are positive (see big. . 

symbols). ^ 

Let the rotating at B be designated 6^ and at 6, 
The slope-deflection equations are — 

^AB = 2jBjK‘i(6b + ^^a) + (i -^fab) 
ikfBA === 2 jE?Jli(20b + 3^ a) + (i -^fba) 
M^c = 2JS/Z,(20b + 0c) + (± ^FBc) 
ilfcB = 2EK^{6-b + 20c) + (d: 

IfcD == 2EK^{2Bq + 3^c) + (i -^fcd) 
ilf DC = 2EK^Qq + 3(jic) + (i -^FDc) 



+ (- HaK) + ^BA + PQ^x - a) = 0 . (27) 

clockwise anti-clockwise 

/. P acting from left to right will be taken as acting in the 
positive direction. 

Considering column DO, and taking moments about O, 

•^DC ( — Sifi'z) "i" -AfoD ~ ^ 

" ' . clockwise ■ 
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T 

a 






‘’'•CD 




In the above equations we have 4 unknown deformations, 
^Bi ^C) 4' A ^iid cj>Q;, but 4c ^ known in terms of <f>A! so that we 
have to find Bq and 4a- We have only two joint equations, 
one for joint B and one for joint 0. We therefore require a 
third equation so that we can solve for the three unknowns 
02,^0 and 9^^. 

We can therefore consider the equilibrium of the columns^of 
the portal, or the 2 end spans 
of the continuous beam. As a 
result we develop an equation 
known as a “bent” equation if 
it is in terms of the end moments 
of the columns, or a “shear” 
equation if we consider the 
shearing forces at the tops of 
the columns, or at the ends of 
the beam spans. With reference 
to Fig. 218 (a) and (b), and Figs. 

219 (a) and (6). 

Let the column AB of the 

portal be acted upon by a horizontal force P acting left to right 
and at a distance from A equal to a. There are no horizontal 
forces acting on OP. At the column bases there will be a 
horizontal force acting at A in the right-to-left direction 
and at D, a horizontal force Pd also acting from right to 
left, such that if + Pd = P. 

Let the moment couples at A and B be in the 

portal, both positive. 

Let the moment couples at C and P be Afcn the 

portal, both positive. 

Both columns after distortion are in equilibrium. Then for 
column AB summing moments about top of column, i.e. 
about B — 0, 


Fig. 219 
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Bqn. (27) X ^2 = 

0 •. • ■• * ,*■■ 

Eqn. (28) X = (^dc + -^ od)^i - Hx>hih ^ 

adding (29) and (30) 

(if^B + ^baK + (-3^dc + -M'cd)^ - hUH^ + Hb) 

+ PhJi^-PaK = ^ 

But ^A + -^D — P 

.'. (-3^AB + ■^Ba)^2 + (-^DC + -^Cb)^1 == -^^^2 

and, dividing by ^ 2 » _ 

(■ZI^AB + -^ba) + + -3^’cn) = 

This is the “bent” equation for the given portal. Pa is called 
an overturning mcment. Pa is positive on the r^ht-hand side of 
the equation for P acting in the Ift-to-right direction. ^ Pa is 
negative on the right-hand side of the equation if P acts in 

the right-to-leffc direction. 

Dividing (31) by Aj, 

(JfAT>4-ifBA) , (-afpo + -^cn) _ p ±. \ (32) 

This is the “shear ” equation for the given portal. P^ is of the 
same sign as P. 

the equal and opposite 

M.H + M-Rk rr shearing forces acting at 

Now — ~ “ ” the ends A and B of the 

^ column 4P, 

the equal and opposite 
M-qg+ Mc-d rr shearing forces acting at 

and P - = say Pod = the ends 0 and D of the 

® column CD. 

If the fiving couples are positive, thenP^B acts in the direction 
left-to-right at P (top) and from right-to-left at A (bottorn) ot 
the colunm ^P ; and vice-versa if II^ab and JfnA are negative. 
(Remember that A and P are the cut ends of the colimn.) 

An example of moment and shear signs, and the bent and 
shear equations are given in Fig. 220. 


M BO -f- Mcv 



iMABl!:lBA+— £2j 


Bent |i2(+M;^B+Mba)+(+Mcd+Mdc> 


or member, then 

STftlt the top^cut end^lf the column or member, then the 

and the columns are all of the same length.. 

The bent equation is 

S column end moments — SPu 

On the right-hand side of this eqmtioii P is 

tom toft to right, and negatite aetmg tom right to left . an, 




THEORY OF STRUCTURES 

ve acting in a clockwise direction and negative when 
counter-clockwise direction. 

a,l consists of a number of bays and. the columns are 


column end moments 
, column lengths 

+ ^Ba) 


are the end-column 


Where -^b> ^ 

moments at A, B, 0, D, E, and F respectively. 
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In the right-liaiicl side of the equation (34) 

P-Mid Fnlh are positive acting left to right > 

P and Fallt- are negative acting right to left < 

The boi.it cciiiatiou .is 

iM,+ M„) + ';;iM„+ + M,) 


Fa+E^b.f + P^-F 


or (iWa + d- I. d- c) d- d- 

= fJ^^+ p,b + pj^ • ■ ■ 


f;- 


B 


A 


"fii 




T 

4 


±. 


A 


T< P-> 


A, 




Kig. 223 


Siiiularly for tho l^ortal Io.«ied as in Kg. 223, shear equation.. 

. ■ 71. r 1 . Tl/f 


M^+ Mb , Mod- Mg ^ P^-p (-F,j 

—jr— + - K ^ 


(36) 


= F^-P^ ■ • • 

and bent equation 

M^ + M^ + d- Mg) d- |(M,r d- Mb) , 

= hj_{Pi - P-i) = -Pi^i ~ 


or (itfA d- ^ ^ 


■■hiPi~P^) 


. (37; 


.4- (T,543t>) 
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Note— hold good even if there are hinges 
at the bases of the columns, there being, of course, no moments 
at the hinges. 

Worked examples introducing all these equations and their 
method of use are given at the end of this chapter. 

209. Interpretation of Equation (33), page 404 


S end couples/length 


The right-hand side of the equation is equal in magnitude to 
the shearing forces at the top cut of the members, treating the 
members as simply supported, but its sign is opposite to that 
of the simple beam shears. 

Therefore, the sum of the top shearing forces due to the end 
couples are equal to the sum of the simply-supported beam 
shears in magnitude but of the opposite sense of action: 
i.e. they act in the same direction as the sum or resultant of the 
external transverse horizontal forces : i.e. 

S end couples/length = — S simply-supported beam shearing 

forces at the top of the members = + 


If a vertical member of length h is loaded with a uniformly 
distributed load w per unit length over its whole length, then 

2 Ph wh 

— would be replaced by + "y if the load acted from left 

to right and equal to — ^ if the load acted from right to left. 

(See the illustrated problems, pages 473-6, for the case of a 
uniformly varjdng load on a loaded member.) 

Again if u = 6 = A, etc., then S end couples/length == SP, 

i.e. the sum of the top shearing forces due to the end couples in 
the case of vertical members is equal to the sum of the transverse 
forces acting in the frame at the joints into which the members 
tie and they are of the same sense of action. If the frame is a 
multi-stories frame, then SP includes all transverse loads 
acting at and above the joints into which the members tie. 

If a vertical member AB is transversely loaded by a load P 
at a distance a from the bottom (A) of the member and where 
ais < h, and if there are other loads etc., acting at the 

top joints and at other points above the joint at the top of the 
member, then the top shearing force at B due to the end couples 
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in the member must be that due to together with P^, Pg, 

etc. Or, for a number of vertical members, 

Pcf/ 

S end couples/length = -^ + Pi + P 2 , etc. 

(see equations (38) and (39), pages 408, 409). _ ^ . V 

For the horizontal members w^hich sway in a horizontal iramecl 

girder see illustrative problem. , • ^ n 

The total shear at the ends of a member is hnally 


Bent equation- 
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or 


or 


QEe^K^ - 6E6^{K^ + 2K^) 

12^2 
Ph 


M- 


BO 


2EK. 


Hh- 


^BA — 

.p| = 0 


4EK., 

m 

2 

H 


-Ph 


2 


P 

2 


and will act in the left-to-right direction at the column bases ; 
or shearing force at the top of the columns = P/2 and acts in 
the direction right to left. 

211. Similarly for a Multi-storeyed, Multi-bayed Frame.* 



Shear equations — ^Total shearing forces in the top of the 
columns in the ground floor 




+ 


^BA 


h 


+ Pt + S horizontal forces above the 
ground floor 


(38) 


+ P^+Px+P2+P3”1“P4+-^S 


* See also. Analysis of Rigid Frames by Amerikian (distributed by Supt, of 
Documents, Washington, D.O., 1942), in which are given the solutions for a 
large number of single and multiple storey frames of both rectangular and 
trapezoidal form. The formulae are derived by the use of the slope -deflection 
equations. 



THE SLOPE-DEFLECTION, ETC., METHODS 409 


+ S horizontal forces above this 
floor 


= + • ■ ( 39 ) 

Due notice must be paid to the sign of the forces. The bent 
equation can be easily built up. (See the worked examples.) 

If there are no horizontal forces acting in the frames, then 
the overturning moments are zero and obvicmsly the t^rns 
Pajh, etc., and the right-hand sides of the bent and shear 
equations are equal to zero. 

^^212 The method of slope-deflection is one of the most 
general and most powerful of the special methods developed 
for the analysis of continuous framed structures. It is most 
advantageous when appUedto structures where there are fewer 
joint rotations and movements than there are redundant fore s 

and^mo Consider ^ of length I wiA its axis 

horizontal and direction-fixed at the ends Let it be loaded 
transversely so that the end fixing moments are ifjAB ana 
— ilfFBi. when the ends are restramed against rotation and 

translation. 

(a) Let the axis of the beam rotate through an angle -b cf,. 
Keep 0 ab = ®ba = 9 j 

Then JTfab will be modified by a moment = +&Ej<f>j,B 

= M ® and A^fba will be modified by a moment 


410 


THEORY OF STRUCTURES 


Then the end moments at A and B will now bo further 
modified by the above amounts. 

Thus === -|- -M'fab + "h 

and J^ba = - il^FBA + ^mAB/l + 2EI0^^ll 

(c) Now let the end B be rotated through an angle + ^ba 

(with respect to the original horizontal position of AB), 
by a moment + 4EId^Jl == ( 1 /s)ba 5 ^ab remaining at 
its previous value: i.e. A is locked against rotation. 
Then a moment of + 2EIdj^Jl will be carried over to 
the end A, 

Then Jkf ab becomes 

= + il^FAB + Q^ab/I + + 2EId^Jl 

and il^BA 

= — ^fba d" “b 2 ^-^^ab/^ “b 

(d) These are the general slope-deflection equations. They 

can be modified correctly when the sense of the dis- 
tortions is known (negative or positive). 

Note. Fixed-end Moments can be calculated by the method 
given in Chapter IV. Values for different types of loading are 
tabulated in a number of references, e.g. Shepley, in Continuous- 
Beam Structures,^ who gives tables of classified types of loading, 
bending-moment diagrams, and tables of fixed-end moments. 

214. The Moment-Distribution Method or the Calculation of 
End Moments by Successive Approximations. We have seen 
that the deflection of axes and rotation of joints govern the 
distribution of moments, thrusts and shears in rigid frames. 
It is important always to visualize deflections and rotations in 
relation to the corresponding moments and shears. 

A distinctive American method of analysis of continuous 
frames, the method of ''Distributing Fixed End Moments,’' 
originated by Professor Hardy Cross, f will be used. This final 
form of the method of successive approximations was obtained 
in the paper by Professor Hardy Cross, published in Trans. 
A.C.E., Vol. 96, 1932. 

This is also a most general and most powerful method for the 

* Contirmous-Beam Structures, Sbepley. (Concrete Publications, Ltd.) 

t Method of Successive Approximations developed by 0. Mohr, 1906. 
Extension to frames due to K. R. Calisev, 1923. Its final form given by 
Professor Hardy Cross, 1932. 
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analysis of rigid frames. It is advantageous for the same type 
of structures as those for which the slope-deflection is most 
useful. As the number of unknown deflections and rotations 
increases, requiring more simultaneous equations for a solution 
by the slope-deflection method, the relative advantage of the 
moment distribution method will become greater. The method 
may be modified in manj^ ways and offers a number of short 
cuts in specific problems. Once the general principles of the 
method are understood, the student will have acquired a 
point of view which should enable him to arrive at a reasonable 
solution of any statically indeterminate problem involving a 
continuous type of structure, where the moments are the 
controlling factor in the design, without the necessity of any 
mathematical work except the simplest arithmetic. It is 
recommended, however, that certain work, especially when 
sway is concerned, is carried out in an orderly fashion on sheets 
which are kept numbered. 

In this chapter, the discussion will be concerned only with 
rectangular rigid frames whose members are prismatic (i.e. of 
the same cross-section throughout). The student should refer to 
other works for problems in connection with trapezoidal frames 
and frames whose members are of variable cross-section. 

Definitions: , , 

Fixed beam moments (¥. DM.) are the end moments due to 
loads on any member, which occur when the ends of the member 
are fully restrained against rotation and translation. 

Moment-stiffness factor {Mfj is defined as the moment required 
to rotate one end of the member through an angle 0 radians, 
when the other end of the member either is fully restrained 
against rotation, or has no restraint against rotation (e.g. a 
hinged end). 

For members of constant cross-section, 

Ms = ^tEWjl and is proportional to K—Jjl 

if the far end of the member is fixed, whilst Ms = ^Eldjl and is 
proportional to K = 3//4Z if the far end of the member is 
hinged, assuming all members in a frame or structure have the 
same E — otherwise M^ will be proportional to K = Eljl or 
K = ZEIjU. (See equation (7), page 386.) 

The swa/y-moment stiffness factor (If/) may be defined as the 
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moment produced at the ends of a member when one end is 
displaced laterally a distance A with respect to the other end 
and when both ends are restrained against rotation, or when 
one end only is restrained against rotation. For members of 
constant cross-section Jf/ = SEIAjP and is proportional to 
K' = Ijl^ if both ends are fully restrained against rotation, 
while If/ = 3.E/A/Z2 and is proportional to JT' = 1/2?^ if one 
end is fully restrained against rotation, and the other end is 
free to rotate. See equations (9), (13) on pages 387, 388. 

The shear-stiffness factor {8^) may be defined as the force 
required to displace one end of a member laterally a distance A 
with respect to the other end, when both ends are restrained 
against rotation, or when one end only is restrained against 
rotation. For members of constant cross-section, == 
and is proportional to jK'" == Ijl^ if both ends are fully restrained 
against rotation, and is proportional to iC"' = IjU^ if one end is 
fully restrained against rotation and the other end free to rotate. 
See equation (10) on page 387. 

Carry-over factor {G.O,Y.) is the ratio between the moment 
produced at the other (or far) end of a member when one (or 
near) end of the member is rotated through an angle Q radians, 
and the moment required to rotate the near end through the 
angle 6. For members of constant cross-section, the carry-over 
factor is plus one-half if the far end is fixed, and zero if the 
far end is hinged. 

Positive end moments are those which tend to rotate the end 
of a member in a counter clockwise direction (or the joint in a 
clockwise damction). Negative end moments are those which 
tend to rotate the end of a member in a clockwise direction (or 
the joint in a counter-clockwise direction). The signs are the 
same as those used in the slope-deflection equations. 

Also, as for other methods, it is only necessary to use relative 
values of E and / except when shears and moments are due to 
non-elastic effects such as changes in temperature, definite 
yielding of supports, shrinkage, etc. 

215. It has been seen, in the slope-deflection method, that 
an end moment at a member is equal to the fixed or direction- 
fixed bending moment modified by the moment due to the end 
rotation, the other end being locked, plus a moment due to the 
rotation of the other end of the member, when the end con- 
sidered is locked, and, if sway occurs, plus a moment due to 
the axial rotation of the member, the ends remaining locked. 
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I In the moment-distribiition method, it is assumed at first that 

j all joints and supports are fixed against rotation and translation. 

I Then the moments induced at the ends of the members are those 

' due to the loads on them and these are the fixed bending 

moments, These are then modi- 

fied in turn due to (a) the rotation of a joint at the end of a 
member, (6) the rotation of the joint at the other end of the mem- 
ber, and (c) the axial rotation or sway of the member, if any. 

Thus, if the rotation or translation of the joints is restrained, 
then apart from the transverse loads on the members, there 
are imposed locking couples at the joints and external forces 
restraining sway. Now to cause the joints to rotate, we apply 
to them releasing couples to get rid of the locking couples, but 
the sway restraints are kept on whilst the rotations take place. 
This corresponds to modifications (a) and (b) in the previous 
paragraph : when the members are allowed to sway (modifica- 
tion (c) ) there must be no furthei rotation of the joints : i.e. after 
the joints are once freed, then before a translation of a joint 
takes place, it must be re-locked in its freed or new position. 

216. The problem now is : how to find these modifications by 
tlie method of moment-distribution. The method is as follows — • 

(1) Calculate the proportional stiffness factor K for each 
member of the framework, K = Ijl for two fixed ends or 
K = 3//4Z for one end fixed and one end hinged and for 
uniform cross-section. 

(2) Calculate the carry-over factor for each member of the 
framework (equal to plus one-half if the cross-section is uniform). 

(3) Calculate the fixed beam moment at the end of each 
loaded member of the framework. There will now exist in 
general an unbalanced moment at each joipt. 

Allow one such joint to be released for rotation only, 
keeping all the other joints fixed. This joint will rotate until 
sufl&cient moment has been , added to or released from each 
member entering that joint, to balance the moments around 
^ the joint. The amount of moment added to or released from 

I each member will be proportional to K (stiffness factor) of 

I the member, and the total of these correction moments will 

1 equal the unbalanced moment at the joint. All corrections 

■ will have the same algebraic sign, which will be opposite to 

that of the original unbalanced moment. 

/. (4) Distribute the resulting unbalanced fixed beam 
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moment at each joint among the members entering the joint 
ill proportion to their stiffness factors, as a correction of 
opposite sign to that of the unbalanced moment. This step is 
'^Bal If’’ in the tables of the various problems. 

At the same time, if the various members are of constant 
cross-section, there will be produced at the other (or far) end 
of each member a correction moment (carry-over) moment of 
the same algebraic sign and one-half the magnitude of that 
produced at the rotated (or near) end. 

(5) Multiply the correction moments in stage (4) by the 
carry-over factor for the corresponding-member, and carry over 
this result as a* correction to the opposite end (denoted C.O. in 
the problem tables). As a result of these carry-over moments, 
there will again result at each joint an unbalanced moment, 
and therefore if there is no sway it is necessary to repeat 
steps (4) and (5) until the carry-over moments are sufficiently 
small to be neglected. If there is sway, after step (5) there must 
be added another step (6). 

(6) Consider a vertical framework supported at its base. 
For sway due, say, to wind or horizontal loads on the vertical 
members, after step (5) complete the total corrected moments 
in the columns (or members) whose axes have rotated. Then, 
e.g. for columns of equal length, compute the total column 
moments in each storey. Add a correction moment in each 
storey so as to make this total moment equal to the overturning 
moment on the storey, distributing this correction moment 
between the columns in proportion to their K' == IjP for two 
fixed ends or K' 1/21^ for one end hinged (or K' = I jl or 
1/21 as I is constant) and dividing the correction moment for 
each column equally between the top and bottom. This is 
denoted by BaL S in the tables of the problems. (See notes on 
the bent equations and equation (20). 

In cases where the column lengths are unequal, the 
shears must be computed (equal to the sum of the column 
end moments divided by the length), and this value corrected 
to equal the actual shear in the columns. (See notes on the 
shear equations.) 

The correction shear force will be divided between the various 
columns in proportion to their K" = IjP for two fixed ends 
(or K'" == I/iU for one end hinged) values, and will produce a 
total moment on each column equal to the shear on that column 
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multiplied by its length, this moment to be divided equally 
between the two ends/ As before, steps (4), (5) and (6) will be 
repeated until the corrections are small enough to be neglected. 
Note that when step (4) is repeated the corrections of both 
steps (5) and (6) must be balanced; similarly when step (6) 
is repeated. (See equation 21.) 

Several examples are given illustrating these methods and of 
the tabulation of the work. The signs of the side forces and the 
directions of action of the shears are the same as those given in 
the previous discussions for the slope-deflection equations. 

Note. In the tables used for the moment -distribution 
solutions, a line is drawn under the moments at a joint after 
every operation of balancing (Bal. M). 

Notes ok Step (6) : For a vertical framework supported at 
the bases and with sway occurring due to horizontal loads or 
unsymmetrica] vertical loading, etc., write down the general 
shear equation for each storey ; then for the vertical members 
of the ground floor. 

Referring to the frame given in Fig. 222, 

-^AB ’“b -^BA , -^CD “1" -^DC , -^EP H™ -^PE , 


After all distributions and carry-overs this equation must be 
satisfied (X = 0 if no horizontal forces acting). If there are 
more than, say, two vertical members (swaying), then it will 
be better to work with the above shear equation, the correct 
signs being used. 

After balancing the fixing moments due to the first joint 
rotations, and the first carry-over moments, moments will be 
induced at the ends of the columns. Let these be 

etc. These moments will include the fixed bending 
moments (if any), the moment as a result of balancing a joint 
and a carry-over moment (if any). Now find the value of the 
shears at the tops of the columns due to these moments. 

Then calculate — 

-^'ab+J^'ba , ^'cd+W'dc , . _ V/ 


Then in order to balance X after the first sway, shear at the 


: 
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tops of the columns must be introduced equal to X — Y. 
E’"ab) -^” cD> are known. 

Then Z— 7 is proportioned to each column according to 
their K" values. 

y 

Then to AB, ^ ^"ab • 

and note will be taken of the direction in which it acts . (42) 


and note will be taken of the direction in which it acts . (43) 

The direction of action of Z will be known therefore, and also 
from the signs of the if etc., the sense of action of 7 (finally). 
Therefore sense of action of Z — 7 will be known. 

Then the couples to be introduced in the columns for satis- 
fying the shear equation will be 

top and bottom of AB, i£ A and B are fixed (44) 


top and bottom of CD, if 0 and D are fixed (45) 

and similarly for other members. 

If a column is hinged at its base, then there will be a moment 
only at the top of the column, the oorrect jST" to be used for 
this case in relation to the Z''s for the 2 fixed-ended columns or 
members. Then, e.g. jS^^b ^ ^ab ~ if ^ is 
These couples are inserted in the tables in the first BaL 8 line. 
After the rebalancing of these and the carry-over couples at 
the joints, i.e. after the second balance, additional couples will 
be introduced into the columns, say 
Then using 

M\n -b , Jf'cD + ^ 


thus must be cancelled out by introducing, to the tops of 
the columns, shears in total value = — Xj ; as we have already 
dealt with any external effects represented by X, then 


andjsimilarly for the other columns, 


)v,'' 
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The additional couples to be applied to the columns mil then 
be found inserted in the tables for the 2nd Bal. S. These and 
the 2nd carry-overs are re-balanced and the work earned out 

^°I^there are only two vertical members we can easily use the 
bent equation. 


-M'aB + , Jfcp-f if DO 

K + ■ 


d 


^2 '"1 ^^2 

+ JlfB* + + V„o) = ■!>» + « ■ I = -2 ■ («?) 

Tf there are no horizontal external forces operating, 

E Se 1st Eal.M (Joint Bal.) and carry-over (0.0.) we 

find the column couples 

M\b and M'ba etc. 

Then llfa. + -»V+^(V'on+Jf'no) = e ■ • W 

Now to balance moments M\b equal to ^;'BA._etc.,jnust 
be added to the columns so that the bent equation Z V- 
and K'cd are known, so that 

M\b K'ab 


M" 


CD 


K 


OD 


.-. Jf-a, + M'aa -h + if, ' 

= Z-Q . • • • 

M" a T, can be found in magnitude and sign (see equation Z - Q), 
and coniquently Jf"cD- These couples are mserted m the 1st 
M.“ S thL have been re-balanoed with »iy carry-over 
moments that are introduced mto the column^ 

Find the bent equation total for these, say Z. 

Then M-ab + ^ 

= — Z-i_ . • • - • 

The moments M” thus found are placed in the table opposite 
Sm s^coTd Bal. iS. The whole work is then carried on to 

finality. 



lide-sway Correction for Portals, with Horizontal Loading Analysed 
nent-Distribution Method*^; W. T, Marshall. 
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From the tables for a particular end moment, we see that it 

is equal to 

a fixed bending moment (if any), ^ ^ 

a final moment due to rotation of the joint, 
a final moment due to carry-over from the other end joint 

rotation, and 

a final moment due to the sway of the member. 

217. Altemtfve !ot Stop (6)-* 
loading indicated in Fig. 226. The 




side sway, the fixed end moments 
due to the applied load calculated, 
and the distribution carried out 
until, the joints are balanced by 


Z steps (4) and (5), 

■ * The bent equation is 


M 


Mr 


ab “T -^“BA 

K 


+ —{Mao + -3fDc) — 


Fig. 226 


Calculate the sum M\ 


Now without side-sway, values of 
the column end moments have been 
found. Let them be if'AB ; 

DC* 


BA > 


where 




Any difference between If', and Pa is proportional to the 
moment introduced into the structure by holdmg it agamst 
side sway. 

Let M',-Pa = M\ 

Calculate A'(= IIP) for each of the columns. 

When sway takes place, the horizontal movements oi P and 
0 will be the same; then the moments introduced into the 
colurons will he proportional to their K' values, i.e. 


M 


AB 


■-M 


BA 




K' 


AB 


CD 


CD 


r 


CD 


DC 
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Assume any convenient value for if and. if b a and calculate 
the corresponding moments ifcp and if do- These moments 
are now distributed and the joints balanced as per steps (4) 
and (5). 

The sum 

if^BA + == M\ . . (53) 

The Bioinent due to side sway has already been found to be 
fh® balanced moments for the second distribution are 

M's 

therefore altered in the ratios these moments are 

added to those obtained from the original distribution (no sway 
distribution) to get the true moments. 

Therefore, e.g., 

M' 

Mx^ (true) - + . . (54) 

and similarly for the other moments. 

A number of worked examples are now given introducing the 
various results given in the long discussion in the previous 
paragraphs. 

218 . Note Again, the Procedure in the Moment-Distribution 
Method. 

{a) All Joints are locked against rotation, and all members 
are restrained from axial rotation or swaying. 

(6) Joints are unlocked in turn and moments distributed to 
the members at the joint ends and carried over to the opposite 
ends. The restraints against axial rotation of the members and 
consequently the translation of the Joints have remained on 
the structure. 

(c) The Joints are re-locked in their new positions before the 
sway restraints are removed. These sway restraints are now 
removed and the axes of members are allowed to rotate with 
resulting Joint translation, there being no rotation of the Joints. 
The resulting moments at the ends of the rotated members are 
now calculated. 

{d) As a result of these operations, locking moments and 
further sway restraints are introduced and consequently steps 
(6) and (c) are repeated until finally the locking moments and 
sway restraints are completely eliminated. 

Membeks with Vakiable I. The discussion of the methods 
has been based upon the assumption that the moment of 
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inertia remains constant throughout the length of each member'. 
Though seldom strictly true, the assumption gives results 
sufficiently exact for designing purposes for a large class of 
problems in continuous girders, building frames, secondary 
stresses in riveted structures, etc. There are many cases, 
however, in which the deviation from a constant I value is too 
great to ignore if the results are to be practically usable, and if 
using the slope-deflection method, modified slope-deflection 
equations are required. Similarly for the moment-distribution 
method, this must also be modified for members whose moment 
of inertia varies over all or part of the length. The fixed-end 
moments and the distribution and carry-over factors will differ 
markedly from the case of that for prismatic members. Tables, 
in other works of reference, have been prepared from which the 
modified values for these terms can be obtained, and when they 
are determined, the solution is carried out in the same way as 
for members with constant I (see references (2) and (4) ), 

heferences 

(1) See Chapter IX, page 219. 

(2) Continuous Frames of Reinforced Concrete^ Cross and Moi’gan. 

(3) Theory of Structures, Txmoshenl?:o and Young. (McGraw-Hill & Co.)^ 

(4) Fundamentals of Indeterminate Structures, F. L. Pluimner. (Pitman 

Publisliing Corporation.) 

(5) Relaxation Methods in Engineering Science, R. V. Southwell. (Oxford.) 

(6) Continuous Beam Structures, Shepley. (Concrete Publications, Ltd.) 

(7) “The Problem of Sway in Complicated Rigid Frames,” J. L. Matheson. 

Inst, of C.E. : Paper No. 6, April, 1945. 

(8) “The Sidesway Correction for Portals with Horizontal Loading, etc.” 

W. T. Marshall. Concrete and Constructional Engineering, Vois. 37 and 38, 

(9) “Frames subjected to Multiple Sway,” A. J. Francis, Concrete and Con- 

structional Engineering, Nov. and Dec,, 1949. 

219. Illustrative Examples. In these problems, when solving 
by the moment-distribution method, 

Bal. == Proportionate amount of unbalanced moment to be 
given to a particular beam. It is represented by 

1 1 . relative K 

A/2jK at the jomt, or the ratio ^ at 

the joint. ^ relative A 

C.O.F, = Carry-over factor. 

P.B.M. = Fixed bending moment. 

Bal. S = Balancing couples due to sway. 

Bal. M = Balancing joint moment. 
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Illustrative Problem 15, (See Chapter IV, p. 98.) 

Beam coiitiiiuous over two spans of length Z, and loaded with a uniformly 
distributed loa,d of to tons per unit length. Find the moment at the central 
support. (Fig. 227.) 

Assume El eoiistant for the two spans and that the ends are 
simply supported, and that the supports are rigid. 

4ir per Onlt length B unit length 


Fig. 227 

Solving by the Slope-deflection Method, K m the same for both 
beams. Considering span AjB, 

wP 

If^B = 0 = 2EK{2dj^^ + ®ba)+ 

M^^=2EK{d^^+2ds^)--^ 

Due to symmetry of the beam and the loading about a 


k^ertioal axis through the support B, 

^BA = ^BC = ^ 

2JIIba = 2^iC(20^B) 


2M^x — -^AB — 2JIba 


2wP 
~12 
2wl^ wP 

T2 T2 


M 


BA 


Note. In all slope-deflection equations K for all members is 
equal to I/l, whether they are fixed at both ends or fixed at 
one end and hinged at the other. In the latter case, the moment 
at the hinge is zero : but the right-hand side of the equation 
includes the fixed bending moment, treating the beam as fixed 
at both ends. 

Moment-Distribution Method — No Sway, (a) Assume that A 
and C are fixed initially : as they are Imged the final moments 
Jf^B -^CB be 1 at A and 0. 




TJSSOBf Of SfBOGfOEfB 


Member 


Or— (6) Initially A and (7 are hinged 
• Tif „ . „ = = 0 and M^s, 


Member 

AB 

BO OB 

K 

Kel. K 
Bal. 

C.O.F. 

i X 1 

■ ■■ '1^ 

i' Vo. -. ■ . 1 

J X 1 

‘ : • 

Multiple : F.B.M. 

C.O. 

SM 

- . -A 

0 

0 -- i 

+ 4 

0 - 

+ i ^ 


■\ 

Multiple wl^ F.B.M. 

Bal. M. 

+ 

— tV' 


0 


C.O.F. 

0 


“b -ii , 

o''';' 

HM 

0 

-4 

+ 4 

■■ 0 '■ 
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is unity. There is thus a Bal. M at the hinge and also a carry 
over from the hinge to the other end of the member. In the 
second solution above, the members have initially been treated 
as hinged at one end and fixed at the other. The K value is 

then = f X j (relatively f X 1): the P.B.M. at the hinge is 

zero and the correct F.B.M. is taken for a loaded beam hinged 
at one end and fixed at the other. There is obviously no 
balancing, in this case, at the hinge and no carrjfing over to the 
fixed end. 

Illiistraiiva Problem 16. (See Chapter IV, p. 100.) 

iTonperft iTonperft. 


El = 40,000 (ft.^-ton) units, and, as it is the same for both 
AB and BO, then K — Ijl is the same for both members. 

, . . . 0-1 , . 0-05 

IS positive = 9 bc IS negative = 


aU equal to 

t = 2EKi20, 
^ == 2EKi0j^ 
== 2EKi20, 
^ = 2EKi30: 
3 = 2EK{4cO 

i — 

3 = 2EK(3e 



THMom OP STBVGTURES 


Adding (i) and (ii), 

0-3 0-15 


Moment-Distribution Solution. (See Fig. 229.) 


unity for both members 


Assume 


Member 


No sway. F.B.M. 0 
Bal. 0 


Sway fixing moment 0 
* Bal. M. 0 


* Bal. -f 30 — 15 = 4* 15. Amount to BA 
Amount to BO = J X 15 and is negative. 


J X 15 and is negative 
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Note. Sway Moments. 

Moment IsTba dne to sway and no rotation of B is 
+ ZEIAjP == 3 X 40,000 X 0-1/202 = 30tons-ft. 
Moment M^c due to sway and no rotation of B is 
- ZEIAJP = - 3 X 40,000 X 0-05/202 _ 15 tons-ft. 

FinaUy J^ba = - 27-5 tons-ft. 

JfgQ = + 27-6 tons-ft. 

or a beam lunged at one end A and direction fixed at the end 
( and carrying a uniformly distributed load. 


In this example if fab 


3 tons per 


2 tons per ft 1 ton per 


Illustrative Problem 17. (See page 102.) See diagram Fig. 70 
and Fig'. 230. 

Slope-deflection Method : No Sway. 

EK for AB BG CD 


equals 4 

These are the relative values we 
equations ; the values of the 6’s < 
ing relative ones. 

Let the 0 terms be 0 a. ®b. 


! shall use in the slope-deflection 
obtained will be the correspond- 
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Considering beam — 

= 0 = =IEK^^{W^ + Qb) + ISO . • • (i) 

=25ZAB(eA+20B)-lSO . . ■ (ii) 

Considering beam BC — 

= 25ii:Bc(2eB + 0c) + . . • M 

=25AW0B + 20o)- l33i . . • 

Considering beam 05 — 

= 25JrcD(20c + 0 d) + 100 • • , • 

= 0 = 25Zcd{0o + 20d) - 100 • ■ • (^i) 

Now we have that— 

joint 5 equation; lfBA +'^BC = 0 . - • (vn) 

joint C equation: -Mob + -^cn = 0 . • • (viii) 

Considering equations (i) and (ii) and eliminating 0^ 

we find Jf BA = 3^-?i^AB(0B)- 225 . • • (i^) 

Similarly for equations (v) and (vi) 

= 35Zod(0c) + ISO • • • (^) 

Considering equations (vii), (viii), (ix) and (x), 
we find 0 b = + ^’l®’ 

Substituting in equations (ix) and (x), 

M-qj^ — — 175-08 tons-ft. 

and Mod = + 125-16 tons-ft. 

These agree well with the corresponding values found by thf 
three-moment method. 


THE SLOPE ^DEFLEGTION^ ETC., METHODS: \ : ' 


MomeMHyislrihiiUon Method : No Sivay, Assume E = same 
for all members === 1, and / = 1 for all members. 



AB 

BA 

BG 

CB 

CD 

DC 

K 

ReL K 
Bal, 

C.O.F. 

0 

i X ■=* 

6 

1' fi ■ 

0 

/w = i 

j. 

t = -A 

I X iV 

9 

ITT ~ S 

0 

0 

. F.B.M, 

0 

- 22-50 

■fl33-33 

-133-33 

-f 150 

0 

Bal. M. 

— 

+ 45-83 

+ 45-83 

6-66 

- 10 

- 

C.O. 


0 

- 3-33 

■f 22-91 

0 

_ 

Bal. M. 


+ 1-67 

+ 1-67 

- 9-16 

- 13-74 

- 

C.O. 


0 

- 4-58 

+ 0-84 

0 


Bal. M. 

— 

+ 2-29 

+ 2-29 

-- 0-34 

™ 0-51 


C.O. 

- 

0 

- 0-17 

+ 1-15 

0 

— ' 

Bal. M. 

— 

4- 0-09 

-f 0-09 

- 0-46 

- 0-69 


C.O. 


0 

- 0-23 

+ 0-05 

0 


Bal. M. 

1 ',- ■ 

+ 0-12 

-f 0-12 

-- 0-02 

- 0-03 

- 

C.O. 


0 '■ 

- 0-01 

+ 0-06 

■ . 0 , ■ 

■■■ — 

Bal. M. 

- 

0 

0 

- 0-03 

- 0-03 

- 

SK (tons-ft.) 

0 

175-00 

+ 175-03 - 

-125-00 

H- 125-00 

0 








Continuous beam results : 

Slope-deflection ; 
Moment-distribution : 


175-00 tons-ft. 125-00 tons-ft. 

(Slide rule working.) 

175-08 tons-ft. 125-16 tons-ft. 

175-00 tons-ft. 125-00 tons-ft. 


Illustrative Problem 18. (See page 107, Fig. 71 and Fig. 231.) 
Fixed ends at A and D, therefore no rotation of the beam ends 

— - — - — — - i ton- per — — — 


-100 ft ■ 


^ 4 - 


jooft 




Fig. 231 


at these points, and therefore no balancing moment is X’equired, 
i.e. Bal. = 0. 
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El is constant. 




Eljl = 

EKiotAB : 

BG : 

GD 




. El 

El . 

El 




^100 ■ 

100 ■ 

60 

Relative 


EK 

is therefore 3 

: 3 : £ 

i ■ 




Oa = ~ 

0 


Let 


^BA = 5 ^OB 

= OcD 

= eo 



AB — “ 

-M'fba = 10.000/12 tons-ft. ; 


M 


CB = 10,000/1 

,2 tons- 

ft.; 


~ M 

= 300 tons-ft. 




'■^AB ~ 

: 6(63) + 10,000/12 




^BA = 

.6(20b) - 10,000/12 




Jf B C ~ 

: 6(20b + ®c) ' 

4- 10,000/12 



-M DC “ 

= 10(0 c) - 300 





•^CD == 

= lO(20c) + 300 




ikfcB = 

= 6(20o + Ob) 

- 10,000/12 

Joint B < 

equation: M 

BA + -^BC = 

0 


Joint G < 

equation : M 

CB + -^OD — 

0 


Solving all 

the above equations for On and 0 ^,, 



Ob — ' 

— 4*37 and Oq 

= + , 

17-48 

It is found 

tliat — 






-^AB = 

+ 

807-11 

tOllvS-ft. 



i^DA == 

— Mbo ^ “ 

88r>-77 

tons-ft. 



lfcD = 

— JfoB ™ “ 

640-60 

tons-ft. 




. ■ 

125-20 

tons-ft. 
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Results (tons-tt.) 

Slope-deflecti^n^^^^ 807-11 885.77 649.60 126-20 

Moment distribution 807-07 885-80 649-72 

Continuous beam . 807-13 885-73 649 9 

Illmtrative Problem 33. (See page 206 and Kg- 232.) 

El is the same for all members, K = 111^ the same for 

all m^emb js. ^pp^^ite in sign, as no horizontal 

%^ld$'^fim mZT%he beam is 

vertical axis through the load pomt and is symmetrically loaded. 


Member | 

AB BA 

SG OB 

CD DC 

.ReL.irs, 

, Bal. 

C.O.F. 

3 

. 3 1 

^ 3 + 3 ~ 2 

i 

3 

1 3 3 _3 

2 3+33+5 8 

i 

5 

5 5 

8 3 + 5 

RB.M. 

BaLM. 

+ 833-33 -833-33 

0 0 

+ 833-33 -833-33 

0 +200-00 

+ 300-00 -300-00 
+ 333-33 0 

c.o. 

Bal. M. 

0 0 

0 - 50-00 

+ 100-00 0 

— 50-00 0 

0 +166-67 

0 0 

'■ C.O. 
Bal. M. 

- 25-00 0 1 

0 0 

0 - 25-00 

0 + 9-38 

0 0 

+ 15-62 0 

0.0. 

Bal.M. 

0 0 
0 - 2-35 

+ 4-69 0 

- 2-35 0 

0 + 7-81 

0 0 

0.0. 
Bal. M. 

- 1-18 0 
0 0 

0 -- M8 

0 +0*46 

0 0 

+ 0-73 0 

0.0. 

Bal.M. 

0 0 
0 - 0-13 

+ 0-23 0 

- 0-12 0 

0 -f 0-37 

0 0 

0.0. 
Bal. M. 

- 0-00 0 
0 0 

■ 0 - 0-06 

0 + 0-02 

0 0 

+ 0-04 0 

SM (tons-ft.) 

+ 807-07 -885-80 
(Mab) (^^ba) 

+ 885-80 -649-72 

+ 649-72 —125-15 
(Mod) 
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■ ■ = Ek(^— + 0 

= ■— 1’125 tons-ft. 

„ ■- 1-125 

iiA = = 0-075, and acts from left to right. 


Moment-Distribution Method : No Sway. 

Let K = Ijl be represented by unity for all the members. 



AB 

BA 

BO 

CB 

CD 

DC 

Cols, hinged 







at base. K 


I- X 1 


1 

1 X 1 


Rel. K 


3 


4 

3 


Bnh 

0 

■■ 

7 


f 

,3 

0 

C.O.F. 


0 


1 

0 



0 

0 

-f 1-875 

- 1-876 

0 

0 

Bal. M. 

0 

- 0-804 

- 1-072 

+ 1-072 

- 0-804 

0 

C.O. 

0 

0 

+ 0-636 

- 0-636 

0 

0 

Bal. M. 

0 

™ 0-230 

- 0-307 

+ 0-307 

-f 0-230 

0 

0.0. 

0 

0 

-f 0-164 

- 0-164 

' 0 

0 

Bal. M. 

0 

~ 0-066 

- 0-088 

+ 0-088 

+ 0-066 

0 

C . O . 

i 0 

0 

+ 0-044 

- 0-044 

0 

0 

Bal, M. 

0 

- 0-019 

- 0-025 

+ 0-026 

+ 0-019 

0 

0.0. 

0 

0 

+ 0-073 

- 0-013 

0 

0 

Bal. M. 

0 

-- 0-006 

~ 0-007 

-f 0-007 

+ 0-006 

0 

C . O . 

0 

0 

+ 0-004 

0-004 

0 

0 

Bal. M. 

0 

- 0-002 

- 0-002 

+ 0-002 

+ 0-002 

0 

SM (tons-ft.) 

0 

- 1-127 

4 - 1-125 

~ 1-126 

4 - 1-127 

0 



(^ba) 



(J^od) 



These results agree with the slopc'daflection method. 

= I X 1 for the columns because they are hinged at the 
bases. 
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Illustrative Problem 4:8. (See Figs. 233, 234 and 23o.) 

(//Z); J^aB • -^BO ' ~ 

= 1 ; 1 : 1 

K'i== m-, : K'aj,= 2 ^ 


E is the same for all members AB^h^-, CD = //, 


E I=200fi.omfs 


Bent equation 


Shear equation : - - ~ |o 

= 4-6 tons (equivalent to acting at B) 

Distribution of the, sway couples, assuming all joints locked 
after a balancing (Bal. M) and carry-over (0.0.)— 


Corresponding shears at the tops of the columns- 


FAB 
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Moment-Distribution Method, by Step ( 6 ): Sway ProhUm. 


Member 

AB BA 

BO OB 

OD DO 

Bel. JE 

Bal. 

C.G.!". 
Bel. K' 
Bel. K" 

1 

“ 3 1-f-l 

i 

1 

1 

■ ' 1 ■' 

1 1 1 

2' 2 1 + 1 

i 

0 

0 

1 

1 0 

2 

■ " 

2 

.4:' ■ ■ 

F.B.M. 
Bal. M. 

C.O. 
Bal. S. 
Bal. M. 

C.O. 
Bal. S. 
Bal. M. 

C.O. 
Bal. S. 
Bal. M. 

C.O. 
Bal. S. 
Bal. M. 

C.O. 
Bal. S. 
Bal. M. 

4 - 16'00 — 15*00 

0 -f 7*50 

0 0 

4-7-50 0 

0 0 

0 0 

+ 3-75 0 

+ 4-88 -f 4-88 

0 - 2-44 

0 ^ ^ + 3*75 

0 0 
_2*44: . -6*75 

0 0 

4- 9-75 4- 9-76 

- 6-75 0 

~ 1*22 0 
2*39 -+■ 2*39 

0 + 0*50 

— 3-38 - 1-22 

0 0 
4- 0-50 -1-78 

■ 0 , ■ : ~ 3*38' 

+ 4*78 + 4*78 

-1.78 0 

+ 0-25 0 

4-0-46 -f 0-46 

0 -t- 0-22. 

- 0-80 -h 0-25 

0 0 
-f 0-22 - 0-58 

0 - 0*89 

4- 0*92 + 0*92 

--- 0*58 0 

-f 0-11 0 

4- 0-14 -i- 0-14 

0 4-0-08 

- 0-29 4- 0-11 

0 0 
-H 0-08 -0-20 

0 - 0*29 

+ 0*28 + 0*28 

- 0*20 0 

4- 0*04 0 

• 4 - 0*05 4' 0*05 

0 + 0*03 

- 0-10 4- 0-04 

0 0 
4- 0-03 - 0-07 

0 - 0-10 

4- 0-10 4- 0-10 

- 0-07 0 

SM (tons-ft.) 

4- 25-85 - 1-19 

(M^b) (■M’ba) 

4- 1-23 - 6-45 

4- 6-45 4- 11-17 

(Kcd) (-M'dc) 


If ^2 + -^BA + 2(JfoD + -^Do) = + ^9-9 60-0 tons-£t. 


1st Bal. S. After the first balancing of the joint moments 
and the carry-over, there have been induced in the columns 
additional moments of -j- 7-5 and + 3-76 tons-ft., whose sum 

is 11-25 tons-ft. , , at, \ 

(The sum of the fixing moments on column AB — zero.) 

Now .^f sA + + -^Dc) 

= Pa = 12 X 5 = 60 tons-ft. 
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Therefore the sway of the frame has to introduce a further 
-f- 48-75 tons-ft. into the columns. (60 — 11-25 = 48-75.) 

Keeping the joints B and G locked, and swaying the frame, 
extra moments M' — IC'ba ^^id itf'cn = -^'nc be 

introduced into the columns. 


The joints are now out of balance again, so they must be 
re-balanced and the moments canied-over. Additional moments 
are thus introduced into the columns and these have to be 
cancelled out by a further swaying of the frame. 

"Ind Bal. S. Additional couples in AB are — 2-44 and — 1-22 
ft.-tons, and in GD are — 6-75 and — 3-38 tons-ft. 

Then the bent summation becomes — 23-91 tons-ft. 

Having already balanced the external moment of 60 tons-ft., 
this moment of — 23-91 tons-ft. must be cancelled out by a 
moment of -f 23-91 tons-ft. divided amongst the column ends 
by swaying. 

lOif'^B = 23-91 tons-ft. 

-^'ab = = + 2-39 tons-ft. and 

M'cj, = -M'dc = + 4-78 tons-ft. 

Balancing the column end couples for the column end shears 
(see Kg. 234) : after the 1st Bal. M' and O.O., we have in the 
columns (neglecting F.B.M.s), 

H additional at B — p-j- = 0-975^, and 
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These forces acting left to right and at the top introduce equal 
couples at B and of 

_|_ 0-975 X V = + 4-88 tons-ft. 

and at G and i) - + 3-90 X I = + 9-75 tons.-ft. 

Similarly for balancing of the other additional moments which 
S be introduced into the columns due to balancing the joints 
and carrying-over. 

Moment-Distribution Method when Using the Alternative Step (6) ; 


1st Distribution— No Sway Allowed. 


Member 

AB BA 

BO OB 

CD DO 

K's 

Bal. 

C.O.F. 

0 i 

: A ■ 

‘ f * 

* » ” 

F.B.M. 
Bal. M. 

C.O. 
Bal. M. 

C.O. 
Bal. M. 

C.O. 
Bal. M. 

C.O. 

Bal. M. 

C.O. 
Bal. M. 

+ 15-00 — 16-00 

0 

0 0 

-f- 7-50 0 

0 0 

0 0 

-f3-75 0 

0 0 

Q j|-, 3*75 

0 ~-l*88 

0 0 

-1-88 0 

0 0 

0 -f 0-47 

- 0-94 0 

-f 0-47 0 

0 -0*94: 

0 0'/ 

-f 0-24 0 

0 '0 

o o 

l-f 

o o 

iL ^ 

0 0 
- 0-12 0 

0 0 

0 -f 0-03 

- 0-06 0 

0-03 0 

0 - 0-06 

0 0 

-(-0-02 0 

0 0 

0 -f 0-02 

0 - 0-01 

0 0 
- 0-01 0 

SAf (tons-ft.) 

-1- 19-01 - 7-00 

[Mis) 

-j- 7*00 "f* 2*00 

-2-01 -1-00 

(Mod) (-a^Do) 


ifAB + -Mba + 2(ifcD + ^Do) = + 6-00 tons-ft. 

Pa ^ 60-0 tons-ft., 60-0 - 6-00 = + 54 tons-ft., 

introduced by sway. 

Tor sway all joints locked, M' q-q — 2ilf ^bj 
or let M'ab = + 10 tons-ft. and IT'od — + 20 tons-ft. 
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%nd Distribution of the Proportionate Sway Moments, 


S column moments = + -^ba + 2(lfoB + -^dc) 

== + 67-95 tons-ft. 

But 2 column moments are to equal + 54-00 tons-ft., 
/. the end column moments obtained must be reduced in 

, . , + 54-00 

the ratio oi = 0-795 

+ 67*9d 

is then = + 8-66 X 0-795 = + 6-88 tons-ft. 

J^ba is then == + 7-33 X 0-795 == + 5-82 tons-ft. 

JfeTcD is then == + 10-66 X 0-795 = + 8-48 tons-ft. 

is then = -f 15*32 X 0-795 = + 12*15 tons-ft. 

The final table is — 

j ■ BA i BG . ’ ' ' OB VcD 


No -sway 

Moment -f 19*01 
Sway 

Moment -1- 6*88 
Final Values 

(tons-ft) “f 25*89 


. Membei* 

AB 

BA 

BG 


GB 

\gd 

DO 

■ 'iC ' 

1 



1 


\ 

1 

. Bal. 

0 

i 

i 


i 

i 

0 

■ ^C.O'.F. 

i 



i 



i 

Sway F.B.M. ■ 

-h 10-00 

+ 10*00 

0 


0 

' 4 20*00 

+ 20-00 

Bal. M. 

0 

- 5*00 

; - 5*00 


~ 10*00 

, 10*00 

0 

C.O. 

- 2'50 

0- 

~ 5*00 


- 2*50 

0 

- 5*00 

Bal. M. 

0 

+ 2-50 

+ 2-50 


4 1-25 

4 1*25 

0 

C.O. 

-f- 1*25 

0 

4 0*63 


4 1-25 

0 

4- 0*63 

Bal. M. 

0 

- 0*32 

- 0*32 


- 0*63 1 

- 0*63 

0 

0.0. 

~ 0*16 

0 

- 0-32 


- 0*16 

0 

- 0*32 

Bal. M. 

0 

+ 0*16 

4- 0-16 


4 0*08 

4 0*08 

0 

0.0. 

4- 0*08 

0 

+ 0-04 


+ 0-08 

0 

4 0*04 

Bal. M. 

0 

- 0-02 

; - 0 02 


- 0-04 

~ 0*04 

0 

C.O. 

- 0*07 

0 

' - 0*02 


- 0*01 

0 

~ 0*02 

Bal. M. 

0 

+ 0*01 

i 4 0*01 


0 

0 

0 

SM (tons-ft.) 

+ 8-66 

+ 7-33 

- 7*34 



+ 10-66 

+ 16-32 


(ATba) 



- 10*67 j 


(il^Dc) 
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Slope-Deflection Method. 

A , A 

^AB — ®D0 == 0; i^aB = = 20; 9T)0 = 9d = 'g 

Sway is left to right, IO^a = S^id or <j)^ = 2^a 
are positive. 

^Zab : EK^c ■ EKo-o -1:1:1 
il^AB = 2(03 + 3^ J + 15-00 
ifBA = 2(20B+ 3 ^a)- 15-00 
-^Bc = 2(26 b -j- 6(fl 
Joint equation: JfjBA + -^bc = 0 

80b + 20c + Ha- 15-00 = 0 
ifcB = 2(0 b + 20o) 
ifcD = 2(200+ 60 a) 

Joint equation: MIq-^ + Afcx) 6 

20b + 80c + 12 ^a = 0 

Bent equation: J^ab + -^ba + 2(lfcD + -^dc) — + 60 

120c + 60^4 a = + 60 
or 0B + 20c + 10^4 a = + 10 

Joint B equation : 40 b + 0c + Ha — + '^‘5 

Joint C equation : 0 b + + Ha — 0 

0B = + 1-52; 00 = - 2-36; <j>j^ = 1-32 
Thus M^-q = 25-96 tons-ft. ; JTba = — I'OO tons-ft. 

Mct) — + 6-40 tons-ft. ; ifnc == + 11-12 tons-ft. 

Note on the Moment-Distribution Method Alternative Step (6) for 
Shearing Forces on the Top and Bottom Cut Ends of the 
Members AB and DC. 

(a) Shears due to the end couples. The only transverse force 
is the force of 12 tons acting from left to right on AB and at 
5 ft. from A. 

Pa 12 X 5 „ ^ 

^6 tons 

at -^AB + ^^BA , + -^DC A lox 
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+ 25-89 + (— I-IS) ' 6-47 +11-15 
®''* 10 + 6 

= 2-478 (~>) at A + 3-52 (-^) at (7 

== 5-998 tons, nearly equal to 6-00 tons, and both shearing 
forces act from left to right which is the direction of Pajh, 

The forces of 2*478 tons and 3*52 tons are the shears due to 
•the end couples. 

(6) The total shears in the members at 5, O and D. 

At the shear must be equal to the simple beam shear of 
6 tons acting from right to left plus the end couple shear of 
2-478 tons also acting from right to left, to give a total of 
8*478 tons acting from right to left. At 5, the shear must be 
equal to the simple beam shear of 6 tons acting from right to 
left together with the end couple shear of 2*478 tons acting from 
left to right, giving a resultant of 3*522 tons acting from right 
to left. 

The total end shears of 8*478 tons and 3*522 tons are equal 
to 12 tons and act from right to left, thereby balancing the 
I external force of 12 tons which acts from left to right. 

At C and D, as there is no external force on OD, the end 
shears are simply those due to the end couples, i.e. 3*52 tons 
acting left to right at D, and 3*52 tons acting left to right at C. 

Note. The sum of the actual shears at B and C must equal 
zero ; and it can be seen that this is so. 

The sum of the actual shears at A and D are equal to 12 tons 
acting from right to left and thus balancing the external force 
of 12 tons. The bending moment, shearing force (column), and 
displacement diagrams are given in Fig. 235. 

Illustrative Problem 49. (See Example 2, pp. 217 and 220, and 
Fig. 236.) 

Referring to Fig. 236, 

■^AB • -^Bo • -^^cn 

= 1*5 : 1*0 (nearly) : 1*0 
E == unity (say) for all members. 


I 


This is a sway problem : Let the frame sway to the right so 
that B and G both move horizontally to the right by an 
amount A. 
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liCt ^BO ^CB — ^ CD ^0 

jj 9 ^ab == <^ <f>x^o = 

„ A = 8^-12^1, = 

From the Blope-deflection equations for J^ab = 0 and J^ba 
it can be shown that 

ifefBA = I(30 b + 3<)^) 

and similarly J!^cd = + 2 ^) 

■^Bc ^ 2(2l^]g -j- 0 q) '-f- 45 and -M^ob = %{2dQ H“ 0jq) 4o 



' . ,■ Fia. '236 ■ ■■' 

Joint equations give A H” ^bo = • • • (i) 

ikfcB + ^CD =0 . . . (ii) 

or j.* -^BA t -^OB ^ /‘-N 

Shear equation : 1 — =0 . . . (m) 

or bent equation : -3 ^b a + I -^c d = ^ 

Substituting in, and solving, equations (i), (ii) and (iii), 

P 0B = - 0c == + 7-83; <l> = +5*25 (nearly) 

I ‘ JUbc = — - 3 Jba = + 22-08 tonsJn. = + 1-84 tons-ft. 

;; ‘ = — Mqj) = — 33-12 tons-in. == — 2-76 tons-ft. 

H Sbt A — 1*84/8 == — 0-23 tons and acts from left to right. 
; at 5 = 2-76/12 == 0-23 tons and acts from right to left, 

; Moment-Distribution Method: A Sway Problem Introducing 

Step (6). Effective JiTab Q^nd -STqb, as the columns are hinged 


at A and D, 

are | x 1-5 and | X 1-0 
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.*, for this method, and no fixing couples at J. and D, 

4.5 '3 

* -^^BO :• -®^CD = 1 ^ = 9 : 8 : 6 


Member 

AB 



BA 

BO 

GB 

1 GD 

K 



9 


8 


0 

BaL 

0 




_8 

■f 

,.3. 

G.o.;p. 



0 


i 


0 

Bel. K' 



9 


0 


4 

K" 


1 

375 

0 


1 ^ 



X ' 



0 X - 


A5 


2 

Eel. K" 



27 


0 


8 

P.B.M. 

0 



■ 0 

+ 45-00 

- 45*00 

0 

Bal. M. 

0 



- 23-85 

- 21*15 

4 24*75 

4 20*25 

C.O. 

0 



0 

4 12*38 

- 10*58 

0 

Bal. S. 

0 



+ 8-00 

0 

0 i 

4 3*33 

Bal. M. 

0 



-10*80 

- 9*60 

4 4*14 

4 3*11 

C.O. 

r'o 



0 

4 2*07 

- 4*80 

0 

Bal. S. 

0 



+ 6*72 

0 

0 

. 4 2*98 

Bal. M. 

0 ■ , 



- 4*66 

- 4*13 

4 1-04 

4 0*78 

C.O. 

0 



0 

4 0*52 

. -'2*07 i 

0 

Bal. S. 

1 0. " : 



+ 3*12 

0 

0 

4 1-44 

Bal. M. 

i ^ 



- 1*93 

-1*71 

4 0*36 

4 0*27 

C.O. 

0 



0 

4 0-18 

- 0*86 

0 

Bal. S. 

0 



4* 1-36 

0 

0 

4 0*60 

Bal. M. 

1 0 



- 0-81 

- 0*73 

4 0*15 

4 0*11 

C.O. 

lo 



0 

4 0-08 

- 0*37 

0 

Bal. S. 

Q 



4 0*56 

0 

0 

4 0*24 

Bal. M. 

0 



- 0*34 

- 0*30 

4 0*07 

4 0*06 

C.O. 

0 



0 

4 0*04 

- 0*15 

0 

Bal. S. 

0 



4 0*24 

0 

0 

4 0*10 

Bal. M. 

0 



-0*15 1 

- 0*13 

4 0*03 

4 0*02 

C.O, 

0 



0." 

4 0*02 

-0-07 

0 

Bal. S. 

0 



4 0*15 

0 

0 

0 

Bal. M. 

0 



- 0*08 

- 0*07 

-f 0-04 

4 0*03 

'EM (tons-in.) 

0 



- 22*47 ■ 

4 22*47 

- 33*32 

4 33*32 

(tons^ft.) 

0 



- 1*87 

4 1*37 

- 2*77 

4 2*77 




{MbD 



(Mod) 


Bent equation : -Mba + K-^cd) == 9 
^ 1*87 + 1*85 = 0 (very nearly) 
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After 1st balance, 

■‘^AB + i{Mox>) = - 23-85 + 13-5 = - 10-35 
i^AB + m'cr>) = + 10-35 
== 2-25ilf'cD 
2-9lJ!f'cD == + 10-35 
Jf'cn = + 3-54 
M\n = + 8-00 

and so onwards ; or work from shear equations and shearing 
forces and couples. 

Moment-Distribution Introducing the Alternative Step (6). 

(a) Distribution restraining frame against sway. 


Member 

AB 

BA 

BG 

GB 

GD 

DG 

-ReLK 


9 


8 

6 


Bal. 

_ : 

. tr 

A 



- 

ao.F. 


0 


i 

0 


F.B.M. 

0 

0 

4- 45*00 

- 45-00 

0 

0 

Bal. M. 

0 

- 23-85 

- 2M5 

+ 24-76 

+ 20*25 

0 

C.O. 

0 

0 

+ 12*38 

- 10*58 

0 

0 

Bal. M. 

0 

- 6-54 

- 5*84 

4* 6*04 

■ -f 4*54 

0 

C.O. 

0 

0 

+ 3*02 

- 2*92 

0 

0 

Bal. M. 

0 

- 1-60 

1*42 

4 1*68 

, 4* 1*24 

0 

C.O. , 

0 

0 

-f 0*84 

- 0-72 

0 

0 

.Bal. M. 1 

0 

-- 0-45 

~ 0*39 

+ 0-40 

4 0*32 

0 

C.O. 

0 

0 i 

- 0*20 

- 0*20 

0 

0 

Bal. M. ' 

0 

-- 0*11 

0*09 

4 0*12 

+ 0-.08 

0 

C.O. 

0 

‘ 0 

+ 0*06 

~ 0*05 

0 

0 

Bal. M. 

0 

- 0-03 ! 

-- 0*03 

4 0*03 

4 0*02 

0 

SM 

0 

- 32*58 1 



+ 26-46 

0 


(b) Keeping joints B and C fixed and BO unloaded. Let the 
frame sway; then the moments induced at the top of the 
columns AB and CD will be in the ratios of their K' values. 
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Therefore, assuming a value of Z'sab + 90 tons-in. ; then 
^scD = + 4:0 tons-in. Plus sign, because sway assumed from 
left to right (positively). 

These moments are now distributed in the usual way. 


Member 

AB 

BA 

BG 

CB 

CD 

DC 

■ K 


9 

■ ■ ■■ 8 


\ ■ 6 


Bal. 

0 

A 

A 

f 

1 ,s 

! T 

0 

. C.O.F. 


0 

i 

\ ■ ■■ 


\ ■ 0 


Sway M. 

0 

4- 90*00 

! 0 

0 

4- 40*00 

0 

Bai. M. 

0 

-- 42*30 

- 47*70 

- 22*29 

- 17*10 

0 

0.0. 

0 

0 

- 11*45 

~ 23*85 

1 0 

0 

Bal. M. 

0 

+ 6*74 

+ 4*73 

-1- 13-64 

4- 10*21 

0 

0.0. 

0 

. 0 

4- 6*82 

4" 2*82 

0 

0 

Bal. M. 

0 

- 3*60 

- 3*20 

- 1*60 

- 1*22 

0 

0.0. 

0 

0 

- 0-80 

~ 1*60 

0 

0 

Bal. M. 

0 

-t- 0-45 

-1- 0-35 

4- 0*92 

4- 0*68 

0 

0.0. 

0 

0 

4- 0*44 

4- 0*38 

0 

0 

Bal. M. 

0 

- 0*25 

- 0*19 

- 0*10 

- 0*08 

0 

SM 

+ 51*04 


1 4- 32*49 


OU -^BA I -^CD rt 

Shear equation : -I — = 0 

or bent equation : SJ^ba + ^ 

In the first distribution (no sway) 

+ 2i{fcD == - 97-74 + 52-90 = - 44-84 units, 
to allow for sway, a moment of -|- 44-84 units must be 
impressed on the columns so that SJ^ba + 2ilfoD = 9. 

Now from the Second Distribution of the Sway Moments 
(-1- 90 and -f 40 units), SJ^ba + 2ikfcD = + 153-12 — 64-98 
— -f- 218-10 units, i.e. + 218-10 units due to sway will produce 
at the tops of the columns, after distribution, a moment 
61-04 units at A and -f- 32-49 units at C. 

-h 44-84 units will produce after distribution : 


+ 57-04 X 44-84 
218-10 

-f 32-49 X 44-84 


units at J. = + 10-48 units 
um'ts at D = -)- 6-68 units 


and 


Q.l A 


444 ■ THEOR 7 OF 8TR UGTURE8 

Therefore, allowing for side sway, 

_ 32-58 -4- 10-48 = — 22-10 tons-in. 

= — 1-84 tons-ffc. 

Mnn = -f 26-45-4- 6-68 = + 33-13 tons-in. 

= -4- 2-76 tons-ft. 

Check; SifsA + SJfcn = - 66-30 -1- 66-26 = - 0-041b.-in. 

(nearly equal to zero.) 

j^A = — -S^D == = 0-23 tons ^check: = 0-23.^ 

The displacement and moment diagrams are given in Mg. 237 . 
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Problem (c), page 21 worked by the moment distribution method (see 
Fig. 238). 

Let E for all members be equal to unity. 

„ I^~ 1^ — 100 ft. units. 

„ ^ = z =, 10 ft. 

„ P = 1000 lb., then Ph = 10,000 Ib.-ft. 

Bent equation : -4- Itfcn = — ~ 10,000 . (i) 

In this problem, due to sway, as AB and DO are identical, then 

-^BA ~ -^CD 

21fBA = ~ 10,000 units or Hba = “ 6000 units. 
When distributing these moments, let 1000 units be the 
moment unit and we shall then distribute the multiples. 


SWPE^DEFLECTim.ET^^^ 

There are no end-fixing couples due to transverse loading. 

Bal. M (step 4) indicates the balancing of the moments at 
a joint. 

- Note (stepjy), 1st Operation. From the bent equation it was 
found that -Mba = -^^od = — 5 x 1000 units. So we place 

— 5 X 1000 units at the upper column ends. This is indicated 
by Bal. S. 

Now the joints B and G are out of balance. It is therefore 
necessary to distribute at B the unbalanced couple of 
+ f X 5 X 1000 units to BA when joint B is now rotated, 
and + f X 5 X 1000 units goes to BG. 

Then joint B is balanced: for — 5000 == + 2100 + 2900. 

Similarly for joint 0. 9 r 

When B is rotated and G kept B ^ ^ ^ C 

fixed, then ^ of the new moment ^ X I 2 

at BC must be transferred to 
end G of BG, i.e. 1450 units 

are carried-over to (7. Similarly « 

the effect at B for the rotation ^ ^ 

of (7. There is no carry-over 
of jBJ. from jB to J. as A is 
hinged. Due to balancing of 

the moments at B and G, we -X-h>A -hP-'L 

have introduced new couples 

equal to + 2-1 X 1000 units at Fig. 238 

the tops of the columns 5 J. and 

GD. As we have already balanced for sway, we must multiply 
these additions by equal and opposite corresponding sway 
moments or couples. Therefore we must, in this particular 
problem, add ■— 2*1 X 1000 units to BA Brad BG (2nd step 6) 
and (2nd Bal. S). 

The joints jB and G are again thrown out of balance and 
these new additions of — 2*10 X 1000 units together with 
+ 1-45 X 1000 units at B in BG due to carry-over must be 
re-balanced. 

(— 2*10 + 1-45)1000 == — 0-65(1000) 

— 0-65 has been distributed as + 0*28 to BA and + 0*37 to BG. 
A line has been drawn under these figures to show that the 
joint has again been balanced. All the stages are repeated and 
the work completed after balancing the joints for the fourth 
time. 


Fig. 238 




446 


THEORY OF STRUCTURES 


In this method of sway analysis, one should always complete 
the work after a balance of the joint moments (BaL M) or 
after a (Bal. S). 


Member 

AB 

BA 

BG 

CB 

GD 

DC 

K 

Rel. K 
Bal. 

Equivalent K' 
Rel. K' 
C.O.F. 

0 

X X 

4 

'i 

w 

4 

4 

7 

0 

0 

i 

1 X w 
3 

f 

i X 18S 

1 

0 

0 

F.B.M. ! 

0 

0 

0 

0 : 

0 ‘ 

0 

Bal. S. 

0 

- 5-00 

0 

0 

- 5-00 

0 

Bal. M. 

0 

+ 2-10 

- i - 2*90 

+ 2*90 

+ 2*10 

0 

C.O. 

0 

0 

+ 1*45 

: + 1 - 45 '/ 

0 

0 

Bal. S. 

0 

- 2-10 

0 

0 

- 2*10 

0 

Bal. M. 

0 

+ 0-28 

+ 0*37 

; + 0*37 

+ 0*28 

0 

C.O. 

0 

0 

+ 0-19 

+ 0-19 

I' 0 ■ 

0 

Bal. S. 

0 

- 0-28 

0 

0 

- 0-28 

0 

Bal. M. 

0 

+ 0-04 1 

+ 0'05 

+ 0-05 

+ 0-04 

0 

C.O. 

0 

0 

+ 0*03 

+ 0-03 

0 

0 

Bal. S. 

0 

- 0*04 

0 

0 

- 0-04 

0 

Bal. M. 

0 

0 

+ 0*01 

+ 0*01 

0 

0 

'EM 

0 

- 6-00 

+ 6-00 

+ 5*00 

- 5-00 

0 



{Mj>A 



(^od) 



The couples at the joints are aU therefore in magnitude 

10,000 

= 5000 units = — ^ — = 5000, 
which confirms the values for the solutions given by the slope- 
deflection method that 

Illustrative Problem 51. 

Rectangular Bent ABG (Fig. 239). It is direction-fixed at A and C and 
jointed at B. There are no transverse loads on the members, but the bent is 
subjected to a change of temperature. 

Let E for AB, BC = 30 x 10® lb. per sq. in. 

For simplicity, let == /bc = 200 in.^, and let 

— Ibc ~ 1^0 

-^AB ~ -^BO ~ 200^100 = 2, 
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Let the coefficient of thermal expansion be 0-000006 per 
degree Fahrenheit, and let there be a rise in temperature &om 
58“ F. to 88°F. 

AB and BG will both expand by an amount 
100 X 0-000006 X 30 = 0-0018 in. 

Due to this expansion AB will sway to the left and BC 


Moment 

Dia^. 


upwards, i.e. ^5 in a counter-clockwise movement, and BC 

in a clockwise movement. 

, ■ 0-0018 , , 

A = negative. 


<f>Ba = and wiU be positive. 

The small increases in the lengths of the members are neglected 


Slope-deflection Solution. 

= 2EK{e^+B<f>A) 
= 2EK{20r, 3 ^^) 

JfBO = 2FiC(20B + Hb) 
d^oB — ^BK{6^ -f- 3 ^b) 
Joint equation B : + J^bo = ^ 


0-0018 

100 
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Mmwni-Diitrilmtim Method. Keeping the en^ direction-fixed, 
“dnced moments due to the dmplooement A ate, 

M\„ = “"'“J 1 , ,, 

jK'j;. = M’cb = + 


Member 

AB 

BA I 

BG 

Sway F.B.M. 
Bal. M. 

- 6480 

0 

- 6480 

0 

+ 6480 

0 

SM 

- 6480 

- 6480 

+ 6480 


OB 


+ 6480 
0 


+ 6480 


Note. In these examples, the 

to moment-distribution method, 

L""! “will simply rotate and the frame is fixed against 
translation. 

Exebcises. (a) For the frame in illustrative problem 51, 

let Zab = Zbc == 

I\B — 200in.^; Ibc = lOOin.* 

I ^ab =iZBC = 30X 10Mb. per sq. in. 

Then F^ab = ~ 

0-0018 

: — + 


0-0018 , , 


Slope-deflection equations : 

= 2 X JSJ X 2(05- 


100 

: + 18 X 10-® 


0-0018\ 
• 3 X — — - ' 


100 



Exercise (6). Sketch the bending moment and distortion diagrams for 
tiie rectangular bent ABG, if it is hinged at A and C7. 

Iab == 100 in. ; == 200 in.^ : 

Zbo =60in. ; 

■®AB = -®BO = 30 X 10® lb. per sq. in. : and 

the rise in temperature is from 58° F. to 88° F. 
03 = 0-0000137; = - 0-0000108; 9^30 == + 0-00003 

Mr,. = — 4426 Ib.-in. ; ifso == + ^^25 Ib.-in. 
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Joint equation JS: if 3^ + M^q — 0 60b = -j- 3 x - 

03 = + 0-000009 
= + 9 X 10-® 

Mui = 2 X 30 X 10 « X 2 (9 X 10 -'- 54-0 X 10 -«) = - 5400 Ib.-in. 

Mba = 2 X 30 X 10 “ X 2 (180 X 10 -»- 54-0 X 10 -“) = - 4320 Ib.-in. 

Mao = 2 X 30 X 10 « X 1 ( 18-0 x 10 -“ + 54-0 X 10 -») = -f 4320 Ib.-in. 

Kob = 2 X 30 X 10 “ X 1 (9 X 10 -* -h 64-0 x 10 -«) = + 3780 Ib.-in. 


Moment-Distribution Method. 


I\Ieinber 

AB 


BA 

BG 


OB 

K 


2 



1 


Bal. 

C.O.F. 

0 

i 

f 

i 

i 

0 

Sway F.B.M. 

-- 6480 


- 6480 

■f 3240 


-4- 3240 

Bal. M. 

0 


+ 2160 

■f 1080 


0 

C.O. 

+ 1080 


0 

0 


+ 540 

Bal. M. 

0 


0 

0 


0 

DM , 

— 5400 


- 4320 

“b 4320 


-f 3780 


These values for the moments agree with those obtained by the 
slope-deflection method. 


The sway F.B.M. 


6480 and is negative. 


3240 and is positive. 
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Illustrative Problem 52. , a r' 

Rectangular bent ABO (Fig. 240), direction fixed at A and . 

Let ~ ^Bc ~ 

„ Iab = -^BC = 200 m.* 

„ = -^BC = 30 X 10« lb. per sq.m. 

Let A be displaced vertically to A' by an amount of 0 05 m. 
ruBor, = 0-05/100 radians, and is negative. 


Moment 

Diag. 


There will be no sway of AB, and neglecting any shortening 
of 50, 


Joint equation 




THE SLOPE -DEFLECT ION, ETC., METHODS 451 


Mmnent-Distribution Solution. Sway BO, but keep B fixed 
against rotation. Then the sway-fixing couples 
M^^c. = ^WGB = - AjP = 0-06/1000 = 6 X 10'® 

QEIAjD _ 6 X 30 X 10® X 200 X 5 X lO'® 

= ~ 180,000 Ib.-in. 

There will be no further sway, therefore the table is as follows. 


Member 

AB BA 

BC BO 

K 

Bal. 

2 

0 i 

i 

2 

* 

Sway F.B.M. 
Bal. M. 

0.0. 
Bal. M. 

0 0 

0 -f 0-9 X 10= 

- 1-8 X 10= - 1-8 X 10= 

4- 0-9 X 10= 0 

+ 0-45 X 10= 0 

0 0 

0 -1- 0-46 X 10= 

0 0 

SM (Ib.-in.) 

-f- 45,000 -f 90,000 

(ilfAs) (-^ba) 

- 90,000 - 135,000 

(Mbc) (-^cb) 


If the support A was displaced horizontally to the left, say. 



by the same amoxmt A = 0-005 in., then it can easily be shown 
that for tins case 

if^B = + 135,000 Ib.-in. 
ifBA=+ 90,000 Ib.-in. 

= — 90,000 Ib.-in. 

Mob = — 46,000 Ib.-in. 

Illustrative Problem 53 

Bectangular Bent ABO {see Fig. 241). The dimensions and properties of 
the members are as given in the previous problem. 

Let the end A of AB be rotated through an angle of + 0ab 
= -f 0^ = -t- 0-05/100 radians = 500 X lO"® radians. 
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There will only occur a rotation of joint B. 

^AB == ^BC = ^ - 2; >ba = 0BO = <?b; E ^ 30 X 10«lb. 

ifsA— 

J^BA + -^BC = ^ •*• ®A + ~ b 

— 125 X 10-® radians 

M^ji = 4 X 30 X 10« X 10~« (1000 - 125) = + 105,000 ib.-in. 

= 4 X 30 X 10® X lO-e (500 250) = + 30,000 Ib.-in. 

= 4 X 30.x 10« X 10'-«(”-250) = 30,000 Ib.-in. 

Mcb = 4 X 30 X 10» X 10-8 (- 125) =; - 15,000 Ib.-in. 

The Solution by ike Moment-Distribution Method. Keeping B 
fixed against rotation initially, then F.B.M.s in AB will be : 

^FAB == + ^EK6^ = + 4 X 30 X 10® X 2 X 500 X 10”® 

= + 120,000 lb.“in. 

■^FBA ^ == ^ ^ 60,000 Ib.-in. 


Member 

AB 

BA 

BG 


CB 

K 

2 



'2 


Bal. 

C.O.F. 

0 

4 

4 

4 

4 

0 

F.B.M. i 

+ 1-2 X 105 

+ 0-6 X 10® 

0 


0 

Bal. M. 

0 

- 0-3 X 10® 

- 0-3 X 10® 


0 

C.O. 

- 0-15 X 105 

0 

0 



0-15 X 10® 

Bal. M. 

0 

0 

0 


0 

XM (Ib.-in.) 

-f 105,000 

+ 30,000 

- 30,000 


~ 15,000 


If A was displaced vertically downwards and horizontally 
by the amounts given in the problems, and rotated through 
the given angle all simultaneously, then the moments at 
the supports and the joints would be the sum of those found 
by considering the deformations singly. 

For exercises the student is recommended to vary the lengths 
and /’s, and the types of supports, and deform similarly as 
given in the worked problems. 
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Illmlmtiva Problem 54. 

Rectangular bent ABO (.b'ig. 242), with hinges at A and G and rigidly 
jointed at B. The lengtlxs of the members, their JS’s and J’s are the same 
as in the two preceding problems. 

Now rotate tlio end A of the member AB through an angle 
== 0-05/100 radians. 

= 500x10-6 „ 

This, in oflect, makes the hinged end A, a fixed end, because 
in order to induce this rotation of + 0^, an effective couple 


IS'’'* 




Fig.. 242 ■ 

must be apjffied to the member = i^AB- The hinge C will, of 
course, remain a hinge and there will be no moment at C. 

+ Ob) 

JfBA = 2EK{0^ + 2eB) 

JUbo == 25?N(20b + Oc) 

Ob 

if OB = 2ii?A'(0B + 20c) = 0 Oc = - "2 
-^Ij5A "t -^Bc ~ Oa + + Oc = 0 

Ob = tOa* 

if^B = 4 X 30 X 106 X 10-6(1000- 1000/7) 


-^BA 
M^q '• 
^ CB 


+ 102,857 Ib.-in. 

4 X 30 X 106 X 10-6(500 - 2000/7) 

= + 25,714 Ib.-in. 

4 X 30 X 106 X 10-6(- 1500/7) 


0 


't: r 


!'i ill 


Mi 


25,714 Ib.-in. 
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Moment-Distribution Solution : No Sway. 


= + 102,800 Ib.-in. : JfsA = 25,700 Ib.-in. : 

M^c = — 26,700 Ib.-in. 

Illustrative Problem 55. 

Consider a simple portal J.-SCJD (Fig. 243), with direction-fixed bases A 
and D, and rigidly jointed at B and G\ 


jj -^A.B — “ -^BO — CD 

,, E for all members 
Z’s for all members = 2, 


Let the fixed base A be displaced vertically downwards and 
to the left by amounts A == 0*05 in., and let the base A be 
rotated positively through an angle 0^^ = 0^ = -f 0*05/100 
= 500 X 10"® radians. 


Member 

AB 


BA 

BG 

GB 

K 


2 



1-5 (pinned at C) 

Bal. 

0 


T 

sv 

7 

0 

O.O.F. 





0 

F.B.M. (Ib.-in.) 

1 4- 1*2 X 105 

-f 0-6 X 105 

: 0 


Bal. M. 

0 

— 

0*343 X 105 

0-257 X 

105 0 

C.O. 

^ 0-172 X 

10® 

0 

0 

0 

Bal. M. 

0 


0 

0 

0 

'ZM (Ib.-in.) 

j -f 102,800 


4- 25,700 

- 25,700 

0 
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Due to these deformations, G will move to the left to C 
through an amount A, aird B to B' to the left through a 
horizontal movement of A^. Vertical displacement of B will 
be 0-05 in. = the vertical displacement of .4. 

Horizontally B' will be relative to A by an amount of 
( 0-05 - Ai) in., assuming Ai< 0-05 in., the horizontal dis- 
placement of \ nc\c\ 

The sway angle of DG will be <^dc = 9 d = — 

_ _ 10,000 A X 10-® radians. The sway angle of AB will be 
_|_( 0 .O 5 — Ai)/100, and will be positive, i.e. A'B' with respect 

to the vertical through A'. 

Let it be = -f" (500 10,000 Aj^) X 10 . 

BG rotates to position B'G' through a sway angle 

sic'B' =<l>c = - 0-05/100 

_ _ (500 X 10-®) and is negative. 

0 = 0 ; 0A radians. 

if ab = ^EK{2d^ + 0B + Hx) 

= 2EK{d^ 4 - 20 b + Ha) 

= 2^/Z(20 b + 0 c + He) 

Mob = 2EK{6^ -f- 20c + He) 

Mob = 2^Z(20o + Hb) 

M-qo — ‘2‘EK{Qq -b Hi>) 

Joint equation B : I^ba + -^bc = ^ 

Joint equation G : J^bc + -^ci> — ® 

Bentequation; + JUbo = « (noerfernal 

horizontal forces acting). 

Solving the above equations, 

6 ^ = 500 X 10"®; 0B = + 130-0 X 10 ®; 

798-0 X 10"®; Ai = + 10-0607 X 10“®, 

and then the values of the moments are found to be— 

4- 120 X 809 = 4- 97,080 Ib.-in. 

= 4- 120 X 439 = 52,680 Ib.-in. 

My,o = - 120 X 448 = - 53,760 Ib.-in. 

Mob = 4- 120 X 226 = 4- 27,120 Ib.-in. 

Mob = - 120 X 225 = - 27,000 Ib.-in. 

Muo = — l‘^0 X (—1023) = 4- 122,760 ib.-in. 
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TU Scklion. Imagine the portal 

■ JI. ■ ■ n ''■'■■' ■ '. :G ■ ■■ 




sSc 




Fig. 244 


= 0-06 in. Then B mo^ ZZTof^'^iX^^B^'>^i C. 

0-05/100 radians, keeping B and C fixed and witn no 
translation. 

Case (b), Fig. 244 (b); ev ii, • / a n op;i 

JT„o = IHfo. = - 

Case (6), Fig. 244 W; , . _ „.„.m 


• ^ + 90,000 Ib.-in. (A = 0-05/2) 

■ 90,000 Ib.-in 
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Case (<i)j Fig. 244 (d!); 

(see problem 53). 

-^'i^FBA ~ + 50,000 lb. -in. (see problem 53). 

Case (c) and f Total == + 210,000 lb. -in 

case id) together ( ,, -^fba = + 150,000 lb. -in. 

Bent equation : + -^^ba + -^cb + ' ^dc = 5.' 

For balancing sway couples, 

~ ± where ± Z is the sum of the couples on 
the ends of the columns after 
a balancing and a carry-over. 

If'^B will be the distributed Bal. S. couple for each end A, B, 
C and I), as ICab = TCqxv 
M oments in Multiples of 10^'’ lb. -in. 

Member AB BA BG CB GD DC 


K 2 

Bal. 0 i 

O.O.F. i 

K' 1 

F.B.M. + 2-10 + 1-50 

Bal.M. 0 -1- 0-15 

C.O. -h 0-08 0 

Bal. S. - 1*02 ~ 1-02 

Bal.M. 0 +0-17 

C.O. + 0*09 0 

Bal. S. ~ 0-24 - 0-24 

Bal. M. 0 0 

C.O. 0 0 

Bal. S, -- 0-03 - 0*03 

EM(lb.-hi.) +98,000 +53,000 

(•^ab) (-^ba) 


1*80 
+ 0-15 

+ 0-68 
0 

+ 0*17 

+ 0*24 
0 
0 

+ 0-04 
0 


- 1-80 - 0-90 

+ 1-35 + 1*35 

+ 0-08 0 
0 - 1-02 
+ 0*47 + 0-47 

+ 0-09 0 

0 - 0-24 
+ 0*08 + 0*08 


~ 0*90 
0 

+ 0*08 
- 1*02 
0 

+ 0*24 
- 0*24 
0 


-52,000 +27,000 


-29,000 +123, 
(Mod) (Mdc) 


Exeecise. 

Consider the same portal ABGD as in the previous problem 55. Find the 
moments at A, B, G, and D due to a uniform rise in temperature of 30"^ F. 
Coefficient of thermal expansion ™ 0*000000 per °F. 

All the members have the same properties and E as before. See Fig. 245 
(p. 458) for hints. 


Ans : M xn = — M 
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Exercise. 

Referring to the frame in Fig. 233, Illustrative Problem 48, determine the 
moments at A, B, C, and D due to a xmiform rise in temperature of 30° F. 
of the whole frame, a ~ 0*000006 per °F. : ^7 = 30 x 10® lb. per sq, in. 
This is a sway problem. 

AB will extend vertically upwards by twice the amount of 
DO : therefore there will be a positive rotation of BQ, BC will 
also expand and therefore subject the whole frame to bending. 

Using the slope-deflection method, let B move to the left 
by an amount d so that there is a negative rotation of ABi 
then as d will be less than the thermal expansion A of BC, 
0 will move to the right by an amount A — cZ, and there will 
be a positive rotation of CD. There will be two joint equations 
and one bent (or shear) equation to be developed and solved 
for the joint rotations and d. The end moments can then be 
calculated from the appropriate slope-deflection equation. 

Solution by the Moment-distribution Method. Imagine that 
AB is restrained against rotation, so that BO will extend to the 
right by the thermal expansion A. BG will rotate positively. 
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BO will sway positively as mdicated in the previous paragraph. 
Imagine joints B and C have been restrained against rotation, 
whilst the members have extended. Calculate the end-fixing 
couples iifii-BC ^ -^^vcn = using the formula 

Mp. ~ giving E and ^ their correct values. As indicated 

in the examples, balance these moments at their respective 
joints, carry over Bal. S, and continue as in the illustrated 
examples. The moments are found to be, approximately, 

= — 28,000 Ib.-in. ; Jf ba = — 24,000 Ib.-in. ; 

JfpB = + ^.000 Ib.-in. ; If do = + 22,000 Ib.-in. 

These values satisfy the shear equation, 

Af ^B “1" A I C D ~l~ -Afpc 

“120 60 

This method of analysis can be applied also to investigate 
the effect that the elongations of the members of a frame due to 
axial forces may have on the bending of a frame. The analyses 
used have been based on the assumption that axial deformations 
of structural members can be neglected. If we wish to take 
these into account, we treat the previous results as an approxi- 
mation, and apply them to calculate the axial forces and axial 
deformations in 'all members of the structure. The cross- 
sectional areas of the members must be known. The changes 
in length obtained in this way can be used in exactly the same 
manner as we have just used the thermal changes in length, 
and we can calculate the additional moments at the joints due 
to axial deformations. These moments are usually negligible 
in frame structures. 

Illustrative Problem 56. (See Figs. 246 and 247.) 

The analysis of a two-storied, single bay frame ABODEF , supported at the 
fixed bases A and F. Horizontal loads of 1000 lb., acting from loft to right 
are applied at the joints B and G, 

Let the lengths of all the members be 100 in., and their Is 
equal to 100 in.* 

All Ils = 1 ; Let E for all members = 1. 

A^AB - ’• -^BO ’ -^ED = 1 i 1 • 1 ■ b 

The frame will swing or sway in a clockwise direction. 

Then — + ^a 

^BO = ^ED = + 
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There will be no sway of the horizontal members. 


() 


BA 


0 


GB 


= 0B15 
= 0C5D 


BO ■ 


0B 

:0c 


A. the me.be. have 

~ mJ,-, MbA = - 

M^b similarly for the top 

storey. 


iooolb.->r 


1000 lb.— >■ 




rum 


Fig. 246 


Solution by ike Slofe-Defleetion 
Method. 

.^AB = 2(0b + 

= 2(20b + Ha) 

= JfBE= 2(30 b) 

Mjic = 2 ( 20 b 4 -^ 0 + Hb) 
= 2 ( 0 b + 200 + Hb) 
= JfcD = 2 ( 300 ). 


0 

: 0 


Joint equation (B) : il^BA + -^be + -^bc 
J oint equation (0) : JfcB + 

Bent equation, lower storey: 

Bent equation, upper storey: 

2(J(foB + ^Bc) = + 1000X 100lb--in- 

We thus have 4 equations for solving 4 unknowns, 0 b ; 0c 
<f>A and 


Solving 


= - 19,900 


.i^non 
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Displacement- 

Dia^. 


Moment 

DiaJ. 


Shearing Force 


Substitution of these values in the necessary equations gives 
= + 60,100 Ib.-in. 

-M'ba = + 

= - 59,700 
M^o = + 20,100 
= + 30,000 
Mor> = - 30,000 

Bent equation, lower storey, gives 2(100,200) 

= 200,400 Ib.-in, ==: 20 


y.M a at joint B = + 500 
Ib.-in. (nearly equal to 
zero). 
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Bent equation, upper storey, gives 2(60,100) 

— 100,200 lb. -in. — 100,000 lb. -in. reqd. 

Solution by Moment-Distribution Method. 

K for all members = 1. 

K' for all vertical members proportional to 1. 

The sway fixing moments ; 

n™ if theae lower members AB and BF are swayed witbont 
4^^t&e joinm ^ then « — 

““sSysTOytolae membersBC and without ro«^^ 

S.I,* ■ • C D and E the 4 end column moments induced 

?trrmuSpKSc? ^11 b" uCU etc. 


-Member 


BA BE 


EB EE 


Bal. 0 
C.O.F. 

K' 

Swav ^.B-mT -1- 5-00 
" Bal. M. 0 

C.O. - 1-25 
Bal. S. -f" 1*88 
Bal. M. 0 

C.O. - 0-48 
Bal. S. -t- 0-72 
Bal. M. 0 


Bal.'s. -b 0-27 
Bal. M. 0 

C.O. - 0-07 


(with ISC i) 

i i 


-f 5-00 0 

— 2-50 - 2-50 

- 1-25 
- 1 - 1-88 0 


0 - 0-48 

-I- 0-72 0 

_ 0-38 - 0-36 

'V -0-18 

-b 0-27 0 


Bat's! +0-10 -bO-10 0 
Bal. M. 0 - 0-05 - 


(with ED 1) 

i i 


0 + 5-00 

, 2*50 — 2*50 

• 1*25 0 

0 + 1-88 

- 0*96 - 0*96 

- 0*48 0 

0 -f 0-72 


- 0*18 0 

0 + 0-27 

- 0*14 - 0*14 

- 0*07 0 

0 4 - 0*10 


4- 5-00 
0 


- 0*48 
4- 0*72 

0 

^ 0*18 
4- 0*27 
0 

- 0*07 
4 - 0*10 

0 


-59.900 +39,600 -bS9,900 
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Bent equation, lower storey, + 59,900 + 39,600 + 39,600 
+ 59,900 = 199,000 200,000 Ib.-in. 


Mombol* 


Bent equation, Tipper storey : 

2(20,300 + 30,400) = 101,400 Ib.-in. 100,000 Ib.-m. 
Joint equation (B) : + 39,600 + 20,300 - 59,900 = 0 
Joint equation (G) : + 30,400 30,600 -jOO- 

The moment, shearing force, and displacement diagrams are 
given in Fig. 247. - 

Shearing Forces in the Members. 

(a) AB and EF. At A and F, both = 1000 lb. acting right 
to left, and their sum balances the external forces of 10001b. 

and 1000 lb. acting left to right. 

At B and E, the shearing forces must be 1000 lb. in each 
member acting from left to right : he. their sum is equal to the 

2 external loads and of the same sign. 

(b) BG and ED. At B and E the shearing forces are both 
= 500 lb. acting right to left and they balance the 1000 lb. 
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At G and D, both shearing forces are equal to 500 lb. each 
acting from left to right, and equal to the extei'nal force of 
1000 lb. at G and of the same sign. 



Fig. 248 
12 lb. p6r in. 


E‘ , 

Fia. 249 

From the actual calculated moments the above shearing 
force values are very nearly equal to those given above. 

Illustrative Problem (Figs. 248, 249, 250, 251.) 

A framed bridge span or open webbed girder, consisting of two rectangular 
frames simply-supported at the ends. Let the frame be ABODEF, consisting 
of the 2 continuous beams ABG and DBF and the 3 vertical members FA, 
EB and DC. The whole structure is monolithic. It is supported at F and D. 
AH the members have the same length of 100 in., and the same E and J. 


So let 2EK = 1 for all members in the slope-deflection equations. The 
upper members AB, BO are loaded with a uniform load of 12 lb. per in., and 
there is a point load of 2000 lb. at the joint B. 





TEE SLOPE^DEFLECTION, ETC, 


METHODS 


Moment 

Units 


^ 48134 - 


850 Ib.CbothI) 


Shearing Force Diagrams 
for AB,BC and FE, ED Members 

Fig. 250 


2000 


34,800 


34.800 


2200 850 

Joint F 


Joint E 

In LB. units 
; in IN.-LB, units. 

Fiq. 251 
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The reactions at jP and D will both be 2200 lb., as the beam 
is symmetrical about the vertical member BE, and, as it is 
symmetrically loaded about this member, then under the 
loading there will be no moments JTbe or J beam will 
deform as shown; members AB and BC swaying to AB\ 
GB\ and the members and DE to FE' and DE\ 

There will be no sway of the members AF and CD. 

After distortion, and due to symmetry and symmetry of 
loading, 

®BA ^ = 0 ; and 0 EE ~ ®fe ^ ^ 

The frame ABEF sways to the position AB'E'F (Fig. 248), 
where the angles at 5/ or E' are zero. Therefore imagine that 
the frame rotates positively about E'B\ There is no change 
in the lengths -4F and 5^, therefore 

Let 0 aB ^ ^AF “ ^a5 ^FA “ ^FE ~ ®F‘ 

Slope-Deflection Solution. 

^AB = 20 ^ + 3 ^^ + 10 , 000 ; = 0 ^ + 3 ^ - 10,000 

Jf^F = ^^A ~i“ ^F 3 -^FA ^ ~1" ^A 

= 20e -f- 3^; -^^ef = 0^ “h 3<;i 

Joint equation {A) : J^ab + af = ^ 

Joint equation {F ) : ATea + -^fe = ^ 

Bent equation: J^ba + ^ab + + -^bf 

=: (+ 2200 X 100) + (--" 1200 X 50) 
= + 160,000 Ib.-in. 

Solving the resulting 3 simultaneous equations for (^, 0^ and 
0B, we find ^ = 19,778; 0^ = >- 14,534 and 0 b = 11,200. 

The moments are then : 

Jf^B = + 40,260 lb. -in. A^ba == + 34,800 lb. -in. 

■^af == — 40,260 lb. -in. ^ + 48,134 Ib.-in. 

= — 36,934 Ib.-in. == + 36,934 Ib.-in. 

Note. The joint equations are satisfied. 

The bent equation: -f 40,260 + 34,800 + + 36,934 + 48,134 
= 160,128 160,000 Ib.-in. 


Moment-Distribution Method. 
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Member 

FE 

BF 

EB 

BE 

ED 

BE 

K 


1 


1 

1 




(with U’O i) 

(with i BC, 2f.4) (with h EF, E 

B) 

Bal. 

1 i (with FA) i 

4 

■ ■ . 1 . 

3 

1 (with D(J) 1 

C.O.F. 


i 


i 

1 


K' or K" 


1 


0 

1 


F.B.M. 

■ 

0 

0 

* 0 

0 

0 

0 

Bal. M. 

0 

0 

0 

0 

0 

0 

C.O. 

0 

0 

0 

0 

0 

0 

Bal. S. 

+ 41,875 +41,875 

0 

0 

-41,875 - 

-41,875 

Bal. M. 

- 19,188 

0 

0 

0 

0 

f 19,188 

C.O. 

0 

- 9594 

0 

0 

+ 9594 

0 

Bal. S. 

+ 15,047 

+ 15,047 

0 

0 

-15,047 - 

-15,047 

Bal. M. 

-^2789 

0 

0 

0 

0 

+ 2789 

C.O. 

0 

- 1395 i 

0 

0 

+ 1395 

0 

Bal. S. 

+ 2069 

+ 2069 

0 

0 

- 2069 

- 2069 

Bal. M. , 

- 353 

0 

0 

0 

0 

+ 353 

C.O. 

■ 0 

- 177 

0 

0 

+ 177 

0 

Bal. S. 

+ 259 

+ 259 

0 

0 

- 259 

- 259 

Bal. M. 

~ 45 

0 

0 

0 

0 

+ 45 

C.O. 

0 

- 23 

0 

0 

+ 23 

0 

Bal. S. 

+ 33 

+ 33 

0 

0 

- 33 

- 33 

Bal. M. 

6 

0 

0 

■ ' ^ 1 

0 

+ 6 

ZM Ib.-in. 

+ 36,902 

+48,094 

0 

0 1 

-48,094 

-36,902 


Bent equation: ifsA + ^ab + 

= + 40,235 + 34,760 + 36,902 + 48,094 

= + 159,991 160,000 lb.~in. 

After the 1st balance and carry-over, the sum of the moments 
at the ends AB and FE 

= — 7500 + Silifs from the bent equation, = + 160,000 

/. In the 1st balance S (Bal S), = + 167,500 Ib.-in. 

and M '^|3 = + 41,875 Ib.-in. 

joints A, B, F, E are kept fixed and AB, FE swayed 
equally; then the moments induced at the ends A, B, F and 
E will all be equal to 
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After the 2nd balance and carry-over, additional moments at 
the ends of the horizontal members AB and FE are — 


for AB, - 20,938 and -- 10,469 
and for FE, ■— 19,188 and 9,547 

The total of these moments == ■— 60,189 

AB = + 60,189 
/. = + 15,047 Ib.-in. 

The Shearing Forces in the Alembers AB and FE. 

Shear equation: to find the shears for the end couples 

+ -^^BA r + -^^EP i ii i 1 ^ n r 

— should be equal to the sum of 


2200 lb. acting vertically upwards at F and 
acting vertically downwards at A. 

The sum is 1600 lb. acting vertically upwards. 


600 lb. 


-"-y “ ™ 750-6 lb, acting upwards at the cut end of the 

member AB at A ; because both couples are counter-clockwise 


' — 850-6 lb. acting upwards at the cut end of the 

member FE at E, because both couples are counter-clockwise 
ones. Their sum is 1601-2 lb. acting vertically upwards and 
thus the shear equation is satisfied. 

Total Shearing Force at the Gut Ends ABFE of the Members 
AB and FE. 

AB. The total shearing force at A will be 750-6 lb. (upwards) 
1 1200 

plus •■;y wl = - — = 600 lb., the simple beam shear also acting 

upwards. The total is therefore 1350-6 lb. (upwards). 

The total shearing force at B is 750-6 lb. acting downwards 
due to the end couples plus the simple beam shear of 600 lb. 
acting upwards. The sum is 150-6 lb, acting downwards. 

FE. There are no transverse forces acting on FE, therefore 
the shear at F will be 850-6 lb. acting upwards, and at E is 
850-6 lb. acting downwards, both due to the end couples. 

Now 150-6 lb. downwards at B plus 850-6 lb. downwards at 
E == 1001-2 lb. acting downwards. This balances the external 

i6~(T.543o) 40 pp. 
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forces acting on the which are 2200 1b. upward 

at F and 12001b. downwards on AB, giving a resultant of 
1000 lb. acting upward. 

The sum of the total shear at A and F must obviously be 
equal to and of the same sense as the reaction at F. 

At A, the shear is 1350*6 lb. upwards, and at the shear is 
850-6 lb. upwards. Their sum is equal to 2201*2 lb. acting 




upwards and equal in magnitude and sense of action to the 
reaction of 2200 lb. at F, 

It can be shown that the direct force in AF and CD is 1350 lb. 
(compression) and in BE it is 2000 lb. — 2 X 150 lb. = 1700 lb. 
(compression). 

The diagrams of the forces acting on the joints A (and C), 
F (and D), B and E are given in Fig. 251. 

Illustrative Problem 58. 

A vertical column AG, direction-fixed at A and G, with an eccentric load P 
applied at an arm d from B, such that AB ~ a; BC ~ 5. Calculate the 
moments at A, B, and C (Fig. 252). 

Referring to Fig. 252, let B sway to the left ; 


then 


= (j>^ and is + 

and 


= <f>-Q and is — 

Also 


II 

1 



< 

1 

II 


^A 

o 

II 

o 

II 


Moment at B due to P is Pd^ and is negative. 
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Slope-Dejfecfion Equations. 

-^AH — ~ 2^L^^(20jj -f- 30 

Mm< — 2 /ij 5 ^ 20 |, -Mgd ~ 27 v ~ 

Joint equation ( 5 ) ; Jf + (— Pd) = 0 

0, 5(4/7.^ + 4 A[j) + — + ( — Pd) = 0 . (i) 

There is no horizontal force at B. 

. T „J. -^AB + -^BA -tr 


-^^BC + -^Cl 


ab + J7ba 

M 

Bc + ^cn 

= 0 


a 


b 


rn (K^ 


, fK>. 

A'b 

a 

boJ-j- - 

+ 

1 1 :> 
_ 

• b 


■■■ “ 4 ^ •;-;=» ■ (“) 

I\ Jfv 

/. if = 0 , then <j> ^^ ~ 0 , and there is no sway ; 

Ajij b I BQ b" 


With no sway, 4:03^3^^+ 1^ = + Pd 


Then 


- 2A’', 


■■• ®» = + 5 ^ ■ (sit;) 

a Pd b Pd a 

Then Mj,^ = - LA b . ^ . = + ^ ■ 

^ba - + P^-ah 

T,r Pd ^ , T, , ^ 

JfBC~ 4 AB.^.^q;^-q — + Pd.— p-^ 

, Pd b 

Mcb - + T • r +6 

For other cases take specific values of a, b, d, P, /bc and 
solve the two equations (i) and (ii). 


^ JLW U 

JfBo = 


■- + Pd. 
+ Pd. 
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Taking the general case, where swaying occurs, find what 
horizontal force P, applied at B, would prevent sway. 

If swaying is prevented, B will come directly under A and 
directly over (7. 


Then M 


AB 


, and Me 


m 


BC- 


Joint equation: JTba + -^bc + (~ ~ 


Shear equation : 


Jf^B + M 


BA 


M 


BC 


Me 


F. 


2K> 


20b; .^bc 


Pd 1 
A 


2K^.2d, 

+ Fd 


6 


M 


BA 


F 


4- Pd. 


+ Pd 


K. 


{K^ + KbY 


(Z^ + Zb) 

-^AB — 


Kr 


Me 


+: 

+ 


M 


BA . 


‘BC 


3Pd K^ 3 Pd /tB 

r-Wa+i^) 


. 2 a • (Za + A'b) 2 
Knowing the direction of sway, the direction of F will he known. 
2, Pd {bK^-aK^ 


F 


2' ab: (K^^ Kj. 


If 

K -- 
Fa - ^ • 

Kb, 


then 

r, 3 

F = - 

Pd 

{aK^ ^*Ab) 

2 

' ab ' 

'.''(ciZb '4 6Ab) ^ 


0, 


which confirms the result previously obtained that sway does 
not occur when K^jK-^ a/b. 


No sioay. 


Lety^ 

■'BC 


i.e. 


62 

Cl = 6/2 


^A B 

^BC 


I 

2’ 


if. 


BA 


M 


pc 


+ Pd. 
■4 Pd. 


6/2 


6/2 + 6 
6 

6/2 4 6 


4 Pd . 


Pdr,- 


1 


Then 
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Illustmtim Problem 59. (See Fig. 264.) 

A rectangular portal GABD is hinged at the supports 0 and D. 

GA — DB — (columns) 

AB ~ I (beam) 

Tlie columns a moment of inertia and the beam that of /. OA and 
DB are loaded with a, uniformly vary mg load from q per unit length at C and 
D, to zero at /I and B, E is the same for all member and assume = 1. 


in lbl45^-f 


Disptacement 
Dia^. pl 


Fig. 254' 

, , ■ ■ ■ . .. . ■ ■ ■ ■ 

The fixed bending moments at G and A are equal to + — 

oh^ ' ■ ■ . ■ " ' ■' 

and — respectively. As the portal is symmetrioaHy loaded, 
oU 

we should consider only the moments at G and A, with the 
proviso that Gba = Gb “ “ ^ab = “ ^a* ^ca = ^c- 
There will be no sway due to symmetry of loading. 


It can be shown that 


qh^ 1 qh^ 

2Ko{1-^Ba) “ “ I”' 20 

0 = 2Ac(20o + Sa) + ^ 

2Ap(20^ + 0p) = 2^3(64) 
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Joint A equation: If ab + 
7 

Solving for 0^5^ ; 


THEORY OF STRUCTURES: 

0 

' . q¥ 


1 


Then 31 


AB 


It can also be shown that 0^ 


120 \2/fB + 

7mqh^ ■ ' a ,.rr 

"« = + 60{2W T ‘3j- “ 

_ / SKc+SK b 

120 \Kc + ‘^^c, 

Solution by Moment-Distribution Method. 

Let h — 100 in., I^c = Jab = 100 in.^, I = 100 in. and 
/AB = >Win.* (for on C^) 

when q = 10 lb. per in, 

- == 4- 1458 lb. -in. (Slope-deflection Method). 




Member 

. VA 


■ AC 

AB 

, '- BA 

BD 

, 

DB 

K 

Rel. K 


A Y JI O..O. 
4 100 

3 


,n<i 

1 A 

2 


i X 

3 

0 0 

O'Vi 

Bal. 

C.O. 

0 

() 

,y, 

h 


0 

0 

F.B.M. 

0 


5833 

0 

0 

-I- 5833 

, o'- " 

Bal. M. 

0 

+ 3499 

4: 2334. 

- 2334 

- 3499 

0 

C.O. 

0 


0 

- 1167 

+ 1167 

0 

' ■' ,0 

Bal. M. 

0 

4- 

700 

4~ 4b7 

467 

-1- 7(.H) 

0 

C.O. 

0 


0 

■ 234 

+ 234 

0 

0 

Bal. M. 

0 

4- 

140 

4- 94 

,■■94 

; - 140 

0 

C.O. 

0 


0 

47.- 

+■ ■ 47 

1' 0 ■ 

■', 0"' 

, Bal. M. 

0 

4- 

28 

4- 1.9 

- 19 


0 

C.O. 

0 


0 

>- 10 

+ - -lo 

O' ' ' 

0 

'Bal-M.'. 

0 

-f- 

6 

> 4 ' 

4;. 

r> 

0 

C.O. ; 

O', 



■ .■ 9 


0' 

0 

Bal. M. 

1 0 : 


1 

4 1 ■ 


- 1 

0 

'ZM 

(Ib.-in.) 

\'o 

— 1459 

+ 14,5!) 

,1459 , 

.4-1459 



Bent equation : --- 1459^^+^^ 1459 = 0. 

It can be shown that the horizontal reaction at the hinge C 
is 318*74 lb. (acting right to left), and at I) it is 318*74 lb. 
(acting left to right). 
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The shearing force at the top of column GA is 181*26 lb., 
acting right to left, and at .5, top of column DB it is also 

181*26 lb., acting left to right. For CA ^ = 500 (->) = 31 8*74 
+ 181*26 = 500 lb. ^ 

The total shear at the cut end C of the member CA is ecjual 
1459 

to lb. acting from left to right due to the end couple, 

plus ™ ^ simple beam shear acting from right to left. 

/. Total shear at C is 14*59 lb. (-->) + 333.33 lb. (<—) 

= 318*74 lb. acting riglit to left. This is also the reaction 
at the hinge ( 7 . 

The reaction at the hinge D must be also 318*74 lb., but 
acting left to right. 

The shear at the top A of the member CA is = 14*59 lb. 

acting from right to left plus the simple beam shear - . ^ 

acting from right to left. The total shear here is therefore 
181*26 lb. acting from right to left. The total shear at B for 
member BD must be 181*26 lb., but acting from left to right. 

The diagrams of moment, shearing force, and displacement 
are given in Fig, 254. 


Illustrative Problem 60. (See Fig. 255, page 476.) 

gh^ 

hinged) = — - 5833 lb. -in. = — * 

Bent equation : 




qh li qh^ 
— X g = --- 


+ 16,667 Ib.-in. 


From the joint equations for A and B and the bent equation, 
and using the slope-defiection equations for M -Mba 
and M-ii n, it can be shown that 

Og = — 3507; 0A = — 2049; and the sway angle for 
GA and i)£ = + 6528. 

Therefore, 

— — 7605 Ib.-in. ; M = + 7606 Ib.-in. ; 

= - 9063 Ib.-in. ; J^bd = + ^^063 lb-in., 
if AC + -^Bj) = 16,668 Ib.-in. = 2 = 16,667 Ib.-in. 





fll}' 


470 theory OF STBVGTUME8 

The horizontal reaction at 0 due to the couple of ^ at p due to 

at ^ is 76 Ooto " fto- f f 
the couple of — 9060 lb. in. „f.+4riP' at the tops of the 

to left. The corresponding ^tjaeir sum is equal 

columns act in the direction lef ^ ^ ^ ^ ^ 

to 166-6 lb. The proportionate shear clue to 


500lb. 



a, 'iooin.a ^ 
I • 50!n. 

'ft»IOOtna 
iOOin^ I'lOOin, 
1= iOOin. 


L-iiic- -e£J>D 

a C =409-33 lb. =90-6lb. 
-lOlb. 




“ p”° ™ l““Sg &om rV to loft, 
giving a total of 409-33 lb. acting in the right to left ^irectiom 
^ Th^ the sum of the horizontal reactions at 6 and V is equal 
to 500 lb. acting from right to left, and ® 

dead load of 500 lb. on CA which acts from left 
The moment, column shearing force, c P 

diagrams are given in Tig. 255. 



Bent equation: + 7602 + 0060 — +1 ^j662 16,667, 
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Mo7n£MH)istribiiIio7h 


Member. . 

1 GA 


AC 

AB 

BA 

BD 

... 

- 


3 




2 


3 


Bal. 

0 





f 

5 


0 

C,0..' ■■ 


0 




i 


0 


B»el. K\ 






■ 




„ Bel K"S 


1 




0 


1 


, F.B.M. 

0 



5833 

0 


0 

0 


0 

Bal. M. 


+ 3499 

+ 2334 

0 

0 


0 

C.O. 

0 


0 

0 


+ 1167 

0 


0 

Bal. S. 

0 

+ 9500 

0 


0 


9500 

0 

Bal. M. 

0 

■ — 

5700 

~ 

3800 

- 4267 

— 

6400 

0 

C.O. 

0 


0 

— 

2134 

- 1900 

0 


0 

Bal. S. 

0 

+ 6050 

0 


0 

+ 

6050 

0 

Bal. M. 

0 

— 

2350 

— 

1566 

- 1660 


2490 

0 

C.O. 

0 


0 



830 

- 783 

0 


0 

Bal, S. 

0 

+ 2420 

0 



_L 

2420 

0 

Bal. M. 

0 

__ 

954 

— 

636 

- 655 

— 

982 

0 

C.O. 

0 


0 



328 

- 318 

0 


0 

Bal. S. 


+ 

968 

0 


, 0 

+ 

968 

0 

Bal. M. 

0 


384 

— 

256 

- 260 


390 

0 

C.O. 

0 


0 



130 

128 -' 

0 


0 

Bal. 8. 

0 


387 

0 


0 

+ 

387 

0 

Bal. M. 

0 


154 


103 

- 104 


155 

0 

C.O. 

0 


0 

■ »■>. 

52. 

52 

0 


0 

Bal. S. 

0 

.... .-f 

155 

0 


0 

+ 

154 

0 

Bal. M, 

0 


62 

— 

41 

- 41 

— 

61 

0 

C.O. 

0 


0 

' __ 

21 

- 21 

0 


0 

Bal. S, 1 

0 


62 

0 


0 

+ 

62 

0 

. Bal. M.' . 

0 

r ■ ' 


24 


17 

-- 17 

1 

24 

0 

C.O. 

0 


0 


9 

- 0 

0 


0 

Bal. 8. 

0 

.+ 

24 

0 


0 

. + 

24 

0 

Bal. M. 

0 


9 


6 

~ 6 


9 

0 

C.O. 

0 


0 



3 

-- 3 

0 


0 

Bal, 8. 

0 


9 

0 


0 

+ 

9 

0 

Bal. M. 

0 

, , 

4 


2 

— ' 2 ' 


4 

0 

C.O. 

0 


0 



1 

- 1 

0 


0 

Bal. S. 

0 

. + 

4 

0 


0 

+ 

4 

0 

Bal. M. 

0 


2 


1 

1 

— 

2 

0 

SM (Ib.-in.) 

0 

+ 7602 

— 

7602 

-- 9060 

+ 9060 

0 



(AfAc) 




(Mud) 



478 


THEORY OF STRUCTURES : : \ 

The examples given have been in connection with simple 
continuous frames having horizontal and vertical prismatic 
members. For the cases in which sway occurred, the relative 
movement of the panel points could be determined by geometry, 
and where there were only one or two degrees of sway freedom. 
For more complex frames, frames with non-prismatic members, 
with sloping members, and with a number of degrees of sway 
freedom, the student is referred to other works, a few of which 
are listed in the references given on page 420. 

The Calculation of the Axial Forces in Members of a Frame. 
In the determination of the axial forces in the members of a 
frame, the shearing forces acting at the ends of the members 
must be considered. These can be determined by the method 
given in para. 52, page 95, and summarized in equation (26), 
page 95. It wdll be noticed that the shearing force will consist 
in part of that due to the lateral loading and in part that due to 
the end couples. The forces equal and opposite to these shearing 
forces represent the shear action of the bent members of a 
frame on its joints. Considering these actions as external 
forces applied at the joints, we can calculate the axial forces in 
all members, and, if a frame has been restrained against lateral 
movement, the forces restraining this movement. 

In a structure such as that given in Problem 9, Fig. 264, 
page 481, a force will act on the joint at A due to the member 
AD: this will act in the members CA smci AE, GA being ex- 
tended and AE compressed. This is a statically indeterminate 
problem. The magnitudes of the forces depend on the cross- 
sectional areas of the members and their lengths. In the prob- 
lem, the bars are of the same length, and if we assume the cross 
sections are equal, we conclude that the load at the joint A 
is equally divided between the two bars. We shall have a 
tensile force in CA of the same magnitude as the compressive 
force in AE. The horizontal bars and AD can be treated 
similarly. 

The axial forces in the bars can be calculated without any 
diflSculty, provided that the end moments are known. It has 
been left as an exercise for the student to determine the axial 
forces in the members of the frames, which have been analysed 
in the Illustrative Problems. 
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EXAMPLES 

.1 to 12. Construct the shear and moment diagrams for each of the structures 
shown in Figs. 256 to 267 for the loads and end conditions given. In problems 
5 and 6 (Figs, 260 and 261), the frames are made of slabs making up culvert 
sections and a 1 ft. strip of the culvert is considered. 

IS. (See Fig. 260.) The culvert is just filled Avith water weighing 62-5 lb. 
per cubic foot. Again, considering a strip of 1 ft., calculate the moments at 
tbe ends of the slabs due to the w"ater load only. 

: 14.. (See Fig. 265.) 

{a) Remove the horizontal load, and re-analyse the frame when BC is 
loaded uniformly at the rate of 10 lb. per in. 

(6) Re-analyse the structure when a load P of 2400 lb. acts from left to 
right at the mid -span of AB. There are no other loads on the structure. 

(c) If B ~= 30 X 10^ lb. per sq. in., find the horizontal movement of BC 
in Problems 10 and 14 (6). 

15. Re-analyse the structure in Fig. 266, if P is displaced horizontally to 
the right by 1-0 in., no rotation of the support taking place. P — 30 X 10^^ lb. 
per scj. in. 

16. Re-analyse the structure in Fig. 256 (6) if only is loaded uniformly 
at the rate of 100 lb. per in. 
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1000 lb. 




I“AB,AD, AE, = 120 in, units 
I” AC =90 in. units 
Fio. 204 




I -beam « 150 in. units 


Fig. 263 



I“AB,CD,=200in.-units 
I -BC* iOO in. -units 
Fig. 265 



E,K. -- Constant 
All Members 
Fig. 207 


Fig. 260 
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Tttp ■RFriPROCVL Theobem akd the Mechanical 

Sol™ or STATiOiU-r bowmATr Stroctums 
Based ok this Theorem 

oic, The Eeciproeal Theorem. This theorem comprises two 
Sf of stress of an elastic system. Suppose any 
diffeien , . , , , either solid or a framework— statically 

fhp reactive forces do no work when applied to the 

bo'S^ . ) wh.n the point, of support are taed 

tataoe tor then no movement of the points w.U occur and 
(h\ lhen the body is supported on fnctionless bearings for here, 
u mosim a ri^^ any moTement is at right angles to 

SSve forces h?Jught into play. For an elastic body, the 
relation between load and displacement is linear 

In the first state of stress imagine a single foice P „ applied 
4 - n nn the bodv and in the second state a single force 

P 3£d «t ” iinU on ile body. The cU.pIa«n,ent. of the 
Sime S application in the direction, of the appbed forces am 
P d,u, and P„ - Sao ® state, and P^ .^ih a-^d Pi ■ ^a6 m 

the second state, where 

= displacement at a due to unit load at a in the direction of P„ 

, 55 Pb 


Oba 

^bh 

^ab 


b 

a 


a 

b 

b 


The reciprocal theorem states: the work done by the forces 
in the first state on the corresponding displacements of the 
second state is equal to the work done 

second state on the corresponding displacements of the fiis 
state. This means for the simple case taken : 


P^.{Piy^)=^Pf.-{Pa-^. 


ha) 


• * 

To prove this' tteoreni, let us consider the strain energy of 
the bodv when the forces P„ and P^ are acting together, an 
use the fact that the amount of strain energy does not depend 
upon the order in which the forces are apphed but only upon 
the final values of the forces. 
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In tlie first manner of loading, assume that the force is 
applied first and later the force P^. The strain energy stored 
during the application of P^ is fP^, . {P^ . ^aa)* 

Apply now the force P^ at b keeping the force P^ on at a. 
The work done by P^ is |Pj, , (P5 It will be noted that 

during the application of P^, the point of application of the 
previously applied load P^^ has been displaced by an anioiint 
P^ , Sab- Then Pa does work equal to P^ . (P& . <3^6). This is 
not divided by 2 because the force Pa remains constant during 
the time in which the point of, application ‘a' undergoes the 
displacement P^ . Hence the total strain energy stored 

in the body due to the two operations in the first manner of 
loading is 

P = iP, . (Pa . + iP, . (P, . 6,,) + Pa . (P, . (2) 

In the second manner of loading, apply first the force P^ and 
later the force P^. Then, repeating the same reasoning as for 
the first manner of loading, we obtain 

U, = iPb . (P5 . dbb) + iPa . (Pa- Saa) + A • {Pa • 4.) (3) 

U must be equal to U^, therefore equating equations (2) and (3). 

i.e. dab ~ ^ba • • * • (“l^) 

or, the deflection of 'a' in the direction of P„ wdien unit load 
acts at b in the direction of P^ is the same as the deflection at 
‘b' when unit load is applied at 'a' in the direction of P^,. 
This is MaxwelFs Law (1864). 

If Pa=^P,^ P, then P2 , Sab == P ^ . d,a 

or (Sab) = (Sba) . . . . (5) 

and a verification of this conclusion for a particular case is 
given in the Illustrative Problem 9, page 63. 

Equation (1) is a simple form of Betti’s Law (1872) which 
extends Maxwell’s Law. This theorem can be proved for any 
number of forces, and also for couples, and for forces and 
couples. 

As an example, consider the bending of a simply-supported 
prismatic beam of length L In the first state, it is bent by a 
load Pc applied at the middle \ and in the second state by a 
bending couple applied at one end ‘d\ Unit load in the 
direction of P^ produces the slope 0^^ == PJl^EI at ‘d,’ and a 
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unit couple applied at ‘d’ in the direction of if,; produces the 
deflection FllQEI at ‘c.’ Equation (1) gives 

M t 




mEi) 


Ma{Fc ■ 


( 6 ) 


or P,(deflection at c due to Ma) = i^a(slope at d due to P J 

This example shows that a reciprocal relationship exists between 
a rotation and a deflection; such a relationship may exist 
between rotations, but care must be taken in selecting t e 
correct relationship. (A rotation must be accompanied by a 
moment.) The application of Betti’s Equation will help. 

Considering equation (1), 
let Pj . and Pa . 

Then Betti’s equation will read 

PJjiah) ~ Pb(yi>a) ‘ ' 

Again, considering equation (6), 

Fc^dc ' ^ ^dc 


(7) 




let 

p 

• i6Pi 



and 

■ IQEI 


AfiJ • ^cd 


Ucd 


Then equation (6) will read 

P;. = M A 




If, in equation (7), P„ — Pft = P, 
then - yob — Vba 

and if, in equation (8), Pc is of the same magnitude as M^, 
then - in magnitude. 


These are particular cases of the reciprocal theorem when 
considering the total displacements or rotations, for equal 

values of the forces and couples greater than unity. 

Now, let Pa and be a force and a couple in the first state 
applied at a and d, and let Pj, and M,. be a force and a couple 
in the second state applied at b and c. Let y^aa) ^nd iciad) b® 
the total displacement at b in the direction of Pc and the total 
rotation at c due to P„ and acting together in the first 
state. Let and i<i(sc) be the displacement at a and the 
rotation at d in the direction of P^ and Ma due to the load P ^ 
and the couple Ifc acting together in the second state. 
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Tliea it can be shown that 


^ a • |/a{5c) “f" • ’^c(ad) * (^) 

TliuSj continuing, if a number of forces and couples represented 
by Pa Jfa act together at representative points a in the 
first state, and a number of forces and couples represented hj: 

and act at representative points 6 in the second state, 
then the general form of Betti’s equation is 


SPo . yai + = SP^ - Via + SJfs • ha ■ - (10) 

where yai) iaj^ are the displacements and rotations at the 
points a in the first state due to the forces and couples in the 
second state, and and are the displacements and rotations 
at the points b in the second state. The displacements and 
rotations are in the directions of the respective forces and 
couples. 


Exeeoises. 

(1) Show that the slope of a beam at A caused by a moment applied at B 
is equal to the slope at B when the same moment is applied at A. 

(2) Show that the slope of a beam at A caused by a load at B is not equal 
to the slope at JB when the same load is applied at ^4. 

(3) Show that the deflection of a beam at *4 caused by a moment at B is 
not equal to the deflection at B when the moment is applied at A* 


Illustrative Problem 61. 

A beam ab of uniform section is built-in at a and it is supported on a rigid 
prop at &. 6 is at the same elevation as at a. This system is once statically 
indeterminate. Let be the external redundant. Draw the influence line 
for the prop reaction when a load P crosses the span of length 1. Neglect 
displacements due to shear. (See Fig. 268.) 


In Fig. 268 (a) is given the actual state of loading ; in 
Fig. 268 (6) is given a second state of loading (imaginary), 
P having been taken off and R^ replaced by unit load. No work 
is done by the reactions at the support a. Considering the 
second stage of stress, it can be shown that the equation of the 
deflected cantilever is 

y — ^ 1 / 


bbb Vmax 


neglecting any displacement due to shear. 

Therefore the work done by the forces of the first state of 
i6a— (T.5430) 
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strewa on tlio displacements of the second state ol stresa la 


or F . 


nW (i 




The work dune by the forces of the second state of stress on the 


MV 


7 r 

1st. Stage 

— 'i -4^ 

« . 

2 nd. Stage 
■" "biunit imaginary) 


'rifjuaaegTine 2 nd.Stage 

fS..=-<r‘^lOca‘‘i.'ir^^b (Imaginary) 

Wft, (0 t forMa 

couple 


displacement of the fli'st state of stress is zero. Thus, using 



Betti’s equation 


and this is the equation of the inil 
deflected beam hne in Fig. 268 (6) is 

Illustrative Problem 62 

Coiisideriiig the previous prob: 
construct the influence line of the 
Neglect (lisplacenaent due to shear, 
is a unit couple applied at a v.-'^ ^ 
hinge at 6. 

Thfl equation of the displaced beam line can be shown to be 


(See Mg. 268 (c).) 

m, let Mai 6e the external^ redundant, 
Lxing couple Mui i^t it (see Fig. 268 (c) ). 
In the second state of stress, the lotuling 
and deflecting the beam as shown, imagining a 
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Using tlio i-oei])roca] theorem and reasoning as before, 
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I 


Ml 


P . 


■nP 


M,a, = P . I ■ |(2 - 3 n + n^) . • • ( 12) 

in botli cases due regard being paid to the sense of the reactions. 

• Tlie deflected l^eain line in Fig. 208 (c) is the influence line 
of ilf . The e.xain])lcs considered have been for the deterinina- 
tinii of e.xternal rednndants. Considering the first part of tlie 
r)r(')bloni : 


let n 


9, 


then Rf, 


Then M 


ah 


Ml- 


H 

9- 
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From the equation of for ^ 

.1 ■■ 

^ ah ~ ' 2 
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2b 


2-4 
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16 


:PI 


niusfmfivp. Problem 63. (See Fig. 268 (a) and {b).) 

})eTicling. J5J is constant. {r..4 is constant. 

Considering Fig. 268 (h) for the second state of stress for 
let',5,,„ and dt be the displacements due to ^^b^fb^g^that 
respectively. It was shown in Chapter V, pages 1-0 128, t ^ 
thebpproximate deflection due to shear at a section in a canti- 
lever is equal to ^ times the area of the shearing force diagram 

between the origin (support) and the section, where m is the 
shear coefficient of the section, A is the_ cross-sectional aiea, 
and G is the elastic modulus of the material in shear. 

Thus for the case of loading considered, a cantilever with 

unit load at the free end. 


^ rhH 


m 

aS 


X 1 nl and <5 


hhs 
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Then the total deflection- at t due to shear and bending is 

#^7 3 

P ml 
and at 6 it is ^ + 3 ^, 


Therefore, by the reciprocal theorem, 


» ( 4. — p 


6P/ V 


+ 


m . wZ 
1[^ 


Let X 


m- 


- — where ib is the centroidal radius of gyration ; 
O' U 


then it can be showm that 

Rj, __ n^{S - w) + &Xn 
P ~ 2(i + 3X) ' 

From this relation, it can further be shown that 
Mqj _ n{ n— 1) {n— 2) 

PI ~ '^2(1 + 3X) 




Note. It can be shown for a prismatic beam AB, direction- 
fixed at both ends, if allowance is made for displacement due 
to shear, that the end-fixing moments if fab and if fba. when 
a load P is at a distance of nl from the support A, are 

if FAB = -P^abWI — 6X)}/(1 -f 12X) . (16) 

ifpBA = 7 ’(ab{«(1 — 


whereX 


m . 


X Fab 
0'1\^' 


It can however be shown, for rectangular sections, if Ijd 
is > 20, where I is the length of a fixed-ended beam and d is 
the depth of the section, that the effect of the shearing force 
strain on the end-fixing couples is negligible compared with 
that due to flexure. 

The effect of shearing forces on the angles of rotation at the 
ends of beams is discussed by Timoshenko and Young,* and 
their effects on the fixed-end moments by Professor Mise, and 
k. Amirikian in his book Analysis of Rigid Fram,es. 


* Timoshenko ami Young: Tlieory of Strmtures. (McGraw-Hill Book Co.) 
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Illustrative Problem M. (Fig. 269.) 

A contimious beam. AGB is simply-supported at A and B and continuoiim 
over an intermediate rigid support at G, All supports are at the same elevation* 
A load P can travel over the span GB (see Fig. 269 {a ) ). El is constant. 
Neglect displacements due to shear. 

This structure is once statically indeterminate. Construct the influence 
lines (a) of the reactions and Pj, of the supports G and B, and (6) the 
bending moment Mq at (7. See Figs. 269 (6), (c), and (d). 

Influence Line of (see Fig. 269 (a) and (6) ). Remove P 
and replace the support G by unit force acting upwards carrying 


Stress 

Second State 
B (imaginary) 
forRc 




)b Second State 
(imaginary) 
j for Rb 


Second State 
... (Imaginary) 

forMr 


a displacement d,, at C and at r. Then by the reasoning of 
the previous problem 

R, . 6.. — P . d„ = 0 


Hence the displaced beam line in the Fig. 269 (6) is the influence 
line of i?o. 

Influence Lime of R„ (see Fig. 269 (a) and (c) ). By previous 
reasoning, 


the displaced beam line in Fig. (c) is the influence line of J?b- 
Note the sense of action of R-^ changes sign when the load P 
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leaves the span AC and enters tlie span CB. In tins part of 
the problem. and Bq have been external redimdants. 

Influence Line qf M,. A}i example ofl the deiermmahon oj an 
internal redundant. (See Fig. 269 (a) and (d).) Ihe hrst state 
of stress is the actual state. There is a bending moment d/,. 
at the .support C acting in both spans AC -AndCB. loi the 
second state of stress remove the load P and cut tlm beam to 
the left and right of C, and replace M, by two equal and opposite 
unit couples, one acting on the span AC and the other on t m 
span CB. This case is now .statically determinate and we ha\ e 
two beams di.splaced similarly as in the illu.strative pTO'deni 6- 
p. 486. The deflected beam lines are as indicated in JMg. 
269 (d), and they are the influence lines for M,. 

In the first state of stress M, does no external work as there 
is no cut and there is no displacement of P. 

Using the reciprocal theorem and Betti’s equation. 

MflO',, + - P . = 0 


M, 


P-Fr- 


But 0'„ + = 1 


If, 


(h Ah) 

?,E1 

P . Zd„ 

1 .• ih + 


.El 


• M, is proportional to and the deflected beam lines in 
the second state (Fig. 269 (d) ) are the influence line for If,. 
Taking P as origin, if P when on s]3an AC is distant nfli 

from C, ~ + ^i^) 

Taking C as origin, if P when on span CB is distant ■w.jL 
&EI. 


from 0, 6, 


■J2-Zn^ + n^^) 


Exercise on the Continhotts Beam Problem (Fig. 269). 

If l, = h— 100 ft. and P is 4 tons, (o) calculate tlie value and sense of 
action of when P is at the middle of the firet sjian, and (b) calculate the 
value of iff, when P is at the middle of the first span, 

,4».v. («)3/8ton; (6) S7-.5 tonis-ft. 
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'■..PROBLEMS' 

1. A beam AB is direction-lixed at both ends: show by the reciprocal 
theorem that = PI , n{l ~ n)^, where P is a transverse load at a distance 
nZ from A. is a constant. Sketch the influence line of 

2. Referring to Fig. 117, Illustrative Problem 28, page 183, show by the 
reciprocal theorem that if a load of 50 tons is applied at the joint then the 
deflection at A is the same as that at Aj when the 50 tons was applied at A 

ITse the formula ^ — 

3. A beam A t' B is contimious over a rigid support C and simply -supported at 
A and B. AC = CB — 21, El is constant. Show by the reciprocal theorem 
that when a load P is at a distant I from A the reaction at 0 is equal to 
U/16P. Sketch the influence line of Bp. 

220. An example showing the use of the reciprocal theorem 
for the analysis of a structure in which there are two (external) 
redundants to be found. 
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Pig. 271 

Consider a beam CabD simply-supported at the ends G and D, 
and continuous over two intermediate rigid supports at a and b 
(Fig. 270). 

Let a load P be at any position r; this system is twice 
statically indeterminate. Let the two redundant quantities be 
the support reactions and X„ acting at a and b respectively. 

The principal statically determinate system is the simply- 
supported beam CD. Remove the load P and the two unknowns 
Xa and X-^. 

(1) Apply at ‘a' a load X^ — unity to the simply-supported 
beam GD and we get the displacement diagram given in 
Fig. 271. 


2 F . u . I 

A.E ' 
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The displacements are— 

at a, = displacement at a dne to unit load at a ; 
at r, dru == displacement at r dne to unit load at a ; 
at 6, (Sjtj = displacement at b due to unit load at a. 

By Maxwell’s reciprocal theorem — 

bur == displacement at u due to unit load at r ; 

brb = = displacement at b due to unit load at r ; 

bba = = displacement at a due to unit load at k 



4 ^ ± 

Fig. 272 


(2) Similarly consider the simply-supported beam CD with 
Xf, = unity acting at 6, and we get the displacement diagram 
'Fig. 272. 

The displacements are — 

at b, = displacement at b due to unit load at b ; 
at r, <5^2, == displacement at r due to unit load at b ; 
at a, 6^^ =^ displacement at a due to unit load at 6. 

Also bru = and <5^5 = 



To solve for and consider the simply-supported beam 
CD with the load P acting on it at r. 

Then the displacement at a will be P . b^^ which, by Maxwell’s 
reciprocal theorem, is equal to P . 

Now place on the beam at a% the displacement position of 
u, the reaction Xa (vertically upwards). Now the total dis- 
placement upwards due to X^ will be X^ . b^a- 
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Now place on the beam at 6 the reaction acting verticall^^ 
upwards; then the displacement at a due to will be 
X5 . (3^5 or X5 . If there is no displacement of the support 
at, a, then., 

= Xjj . + Xft . (3^5 




X..5. 


. (17) 


Similarly we find 


P . drjj = X^ . <3(j5 + X 5 . 


Considering the equations (17) and (18) and solving for X^ 
and X^,'- , 

Pra~ ‘ ^ha 

P rh ^ 

Noting that 


we find X. = 


^rh ^ra 


and X,, 


Interpretations of Equation (19). Considering the denominator 
of equation (19), 

Saa is reduced by X 

Oj^if 

i.e. the displacement at a due to unit load at 6 (= <5^^,) multiplied 
by the ratio 

6 ^ a displacement at b due to unit load at a 
61 ,^ displacement at b due to unit load at b 

Considering the numerator of equation (19), 

dra the displacement at r due to unit load at a is reduced by 


^ y — 

(y yjf, A, c j 
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i.e. the displacement at r due to unit load at b multiplied by 
displacem ent at b due to unit load at a 
displacement at b due to unit load at 6 
If the load P is at r = 6, then 




^bb 

also becomes = (5^,0 

and the numerator of equation (19) is equal to zero. 

Therefore, if all the ordinates of the displacement diagram 
Unit load 

i ' ■ " L'-y ■' n ■ 


C 

).8ba- 

‘Shb 








CFGHD is the Sodiag. CJGKD is the Sbdiag reduced 

^ba/^bb 
Fig-. 274 : 

for the principal sysstem (the simply-supported beam OD) with 

^b(t 

unit load at 6 are reduced in the ratio of x" and the new 

diagram superimposed on the displacement diagram for the 
simply-supported beam CD with unit load at a, then we get 
the above displacement diagram, Fig. 274, which is the 
diagram for the beam with only the support a and there- 
fore the unknown Xa removed from the system. 

Equation (20) is interpreted similarly. 

The Previous Discussion by the Reciprocal Theorem Method. 
Fig. 270 shows the actual load conditions of the beam; con- 
sider it as the first state of stress. A second, and imaginary 
second, state of stress is shown in Fig: 274, The external load 
and one redundant have been removed. The support at b 
has been kept on : the reaction here does no work. A unit load 
is applied at a, causing a displacement of Aa^ at a, and a 
displacement at r. Then by previous reasoning and using 
Betti's equation, 

A««-P. A„ = 0 

^aa. : ■ 


Similarly for Xj 
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The second, pr imaginary, state of stress is for the condition 
of unit load applied at 6 after removing the support at 4? and 
the load P and retaining the support at a, A displacement of 
A&& at b occurs and at 6. Then 


Aj, . ^ , P . A^5 — 0 



Ay& 

A&& 


The influence lines for and X^ are therefore the respective 
displaced beam lines : for X^ when the support at a is removed 
and that at 6 retained, and for X^ when the support at h is 
removed and the support at a retained. 

In the mechanical solution to be discussed later, it is the 
shaded diagram which is obtained. There is no displacement 
at b for unit load at r, that is the support at 6 remains on the 
structure and the only one removed is that at a. Here a known 
displacement A^t^ is caused at a, and the corresponding dis- 
placements A, are measured at points r. 

Then X;=P . ^ / . . . (21) 


Similarly for There is no displacement of the beam at a, 
that is, the support remains on the structure. At b, a known 
displacement A56 placed on the beam and the corresponding 
displacements at points r equal to A^.^ are measured. 

Then . . . . (22) 


In Fig. 274 the ordinates of the shaded diagram are those of 
the influence line of X^ to scale. In practice they would be 
plotted on a horizontal base. 

If there was a third redundant Xg, then would be obtained 

from the equation 

X, = PX^ . . . . (23) 

■ . ^CC . 


If is a couple, then represents an angular movement 
in radian measure: see later discussion on p. 497. 

This is the mechanical solution; the method of attack is as 
follows : keep all the redundants on the structure, except the 
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unknown which is required. Release this one, and at the place 
at which it acts cause a known displacement of, say, then 
by some means measure the displacement at the point of 
application of the load P at the position r. Then the unknown 

required (sa}- ) P . 

^aa 

Vary the position r, then 4 ra vary and then we are able 
to plot the corresponding value of against the position f , so 

that w^e are able to obtain an 
influence line for 

X r -r proceeding to a 

discussion of the mechanical 
p ^ solution of statically indetermi- 
nate structures based on the 
reciprocal theorem, consider the 
fi I Ik solution of a simple portal 

ABCD (Fig. 275) fixed at the 
bases A and D. Let the lengths of 
the columns be h and the length 

A D ,, of the beam 1: let the moment 

of inertia of the two columns 
be I and that of the beam /j. 

Va Let a load P be applied at r 

Fig. 275 distant nl from J5. The frame is 

three times statically indetermi- 
nate : let the three redundants be the components of reaction 
at the base A. These are the vertical force the horizontal 
force and the couple 

The student should prove the following relations by the 
slope-deflection method. Assuming that E for all members is 
the same and neglecting axial and shearing force effects : 


n{l — n) 


1 l-2n 

2(2 + gi) 2(1 + 6gi) 


. (24) 


n{l — 7i ) . 


1(2 + gi) * 


-^=(1^7.)[L + 
where g == Jijl and i == /j//. 


9^(l — 2n) 

(TTe^) 


. (25) 


. ( 26 ) 
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If the members have different values of E, 
columns and for the beam, and letting EJE 
equations become 


Exebcise. 

Develop expressions for the sway angle ^ of the colniniis, the rotations 
On and On of the joints B and C respectively in the problem, and draw the 
influence lines of Bq, 0^, MJPli and V j^jP for the case when g = 1 

and i ^ If and e = 1. 

Let if A correspond to Xq, to Xjj, and Fa to -^a- 
By the reciprocal theorem, we have 


Then 
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The displacement ratio 


Centre of 
Rotation-^, 



Fig. 276 


■■-'A/''- 

. Qj* can .replace the,. moiiient 

. ' ... '^cc. , 

ratio in equation (30)y assuming again that shear and axial 
force displacements are negligible. 

Conclusion. We have now seen that a force or moment ratio 
is equal to a displacement ratio which is equal to a dimensionless 

expression incorporating the 
position of the load, the proper^ 
ties of the material,.' the lengths,, 
and moments of inertia of the 
' members'.\ , 

222.: The 'Mechanical Solution ' 
of Statically Indeterminate 
Structures Based on the Recip- 
rocal Theorem. It has been 
shown that the deflection curve 
for any continuous structure 
due to a unit load or couple replacing any redundant is to some 
scale the influence line of the redundant. This fact makes pos- 
sible the mechanical analysis of redundant structures by the use 
of models. Methods of analysis based on this principle have been 
developed. Various methods range from crude paper models 
or timber splines to others which make use of precise instruments 
to create and measure deflections of accurately constructed 
models of celluloid or other uniform material. 

When a mathematical theory is used, ideal conditions are 
assumed. Loads are assumed to act at points : materials are 
assumed to be perfectly elastic ; centre line dimensions are used 
neglecting the thickness of members ; the effects of brackets, 
fillets, gusset plates, etc.; are neglected. With a model, one 
deals with a fabricated structure ; loads not point loads : no 
material is perfectly elastic, all members have thickness : and 
dimensions are subject to human errors. The accuracy of the 
results obtained from the use of a model will entirely depend on 
how accurately the model represents its full scale structure or 
prototype. The same is true of mathematical theories. The 
object of any mathematical analysis is to learn as much as 
possible about the probable distribution of stresses in an 
imperfect fabricated structure. 

It has also been shown that considering two points on the 
deflection curve of a continuous structure for unit load applied 
at one point, that the ratio of displacements of these points is 




m 
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equal to a force ratio at these points and that this force ratio 
by means of a mathematical analysis is equal to a dimensionlevss 
expression or quantity incorporating the position of the load, 
the j)roperties of the material, the lengths and properties 
(moments of inertia, radius of gjn^ation) of the members. In 
fact, there have been developed a number of dimensionless 
equations, which are derived equations of similitude. Thus we 
can have any number of systems, having the same displacement 
ratio, the same force ratio for the same dimensionless structural 
quantity ; i.e. having the same geometrical form of displacement 
curve. 

Let us consider the dimensionless equations for the simple 
portal with the column bases fixed. Considering the cases 
where E is the same for all members and neglecting axial and 
shearing force effects, it will be seen that the force and moment 
ratios depend upon n, and the ratios g and i, where g = hjl 
and i = Iijl ; h and I represent the centre line lengths of their 
respective members. This is a case of designing a model to 
check the analytical analysis and to design the model with 
respect to assumptions made in the theoretical analysis. Now 
for the two systems : we shall have the same force or moment 
ratio when n is the same in the two systems, g is the same and 
i is the same. Thus when we make a reduced scale model of 
the prototype, the corresponding g ratios will all be the same : 
i.e. all centre line dimensions will be set out to the same scale. 
To fix the i ratios : as shear does not play a part, we can build 
the model with all members having rectangular sections — 
although in the prototype the sections of the corresponding 
members will usually be of other sections, J, channel, angle, etc., 
and these sections can all be of the same breadth b. Thus when 
considering ''planar’’ structures we can fabricate our model 
out of a sheet of uniform material and of uniform thickness. 
Then if and I are the moments of inertia of the two members 
in the prototype and are the corresponding moments 

of inertia in the modeh then 

bd,\/l2_ 

Im I bdJin 

where d^yy, and d are the depths of the rectangles equal to 
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The model is therefore a distorted structure when compared 
with the protot}^. 

We can now briefly describe Professor Beggs’ method of the 
mechanical analysis of statically indeterminate structures* The 
line diagram of the model is geometrically similar to that of the 
prototype, and the depths of the rectangular sections of the 
model are proportional to the cube root of the moments of 
inertia. The breadths of the sections in the model are constant. 
Celluloid is chiefly used in the construction of the model, and; 
as celluloid which has been kept in stock for some months is 
less subject to shrinking than new celluloid, it is recommended 
that celluloid be seasoned. The model is cut out of the sheet of 
celluloid. Professor Beggs’ apparatus consists of a number of 
gauges which, in the case of an external redundant, are fixed 
one part to a drawing board and one part to the model at the 
section at which it is required to determine the redundant. 
The gauge consists of tw^o parallel steel bars, with pairs of 
opposing V-notches, held together by springs to allow a small 
relative motion between the bars. Very precise gauge plugs of 
accurately specified sizes (tolerance plus or minus 0*0002 in.) 
are provided for introduction between the bars, for the purpose 
of determining amounts of thrust, shear, and rotative displace- 
ments. The thrust and shear displacements employed in 
practice equal about 0*050 in. It is necessary to use small 
deflections with the aid of elastic models because the ratio of 
deflection is theoretically and practically correct only when the 
model is deformed a small microscopically measurable distance 
from its geometric shape. In an external redundant determina- 
tion, the so-called -'fixed bar of the gauge is secured to a 
drawing board. By means of a clamping plate, the model is 
attached to the movable bar of the gauge if the support is 
assumed fixed, or by a needle point if the support is assumed 
hinged. The model is supported at intervals on one-eighth-inch 
steel balls. In the unstrained jDosition of the model, two 
" normal’’ gauge plugs remain in the two pairs of opposing 
V-notches of the gauge, A filar micrometer microscope is set 
up over the corresponding' assumed position of the load in the 
prototype, and the scale of the microscope is set in the direction 
of the applied load. The different sets of plugs are calibrated in 
units of the micrometer head. Suppose the vertical thrust (or 
pull) component of an external reaction at the support is 
required. The normal plugs are removed from the gauge and 
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pair of smaller thrust " plugs inserted, so causing a vertical 
displacement of the support. The moving cross-wire of the 
micrometer is now brought tangential to a reference mark on 
the model at the assumed load point and an initial readiiig of 
the micrometer taken. The small thrust plugs are now removed 
and larger thrust plugs are inserted in the gauge. The reference 
mark will move across the field of view, and again the moving 
cross-hair is brought tangential to the reference mark. A 
second reading is taken. The difference between the two 
micrometer readings represents the displacement in the direction 
of the applied load. The required component of the reaction 
now equals the applied load multiplied by the ratio of two 
known displacements, namely, the measured one A at point r 

and the gauge displacement Then ~ P . (Note. 

^aa 

There has been no rotation or horizontar displacement of the 
support.) To find the horizontal component of the reaction, the 
movable bar is caused to move parallel to the fixed bar by a 
pair of '‘shear" plugs, the displacements of the point of the 
applied being measured as before. Let Aj,^, be the gauge move- 

inent and A^^ be the tangent movement. Then X^, = P . -r— . 

In this case no vertical or rotative movement of the support 
has been allowed. To determine the rotative, or moment, 
component of the reaction, the support is rotated through a 
very small angle determined by the rotative movement of the 
movable bar with reference to the fixed bar. The inovable bar 
is caused to rotate by a pair of 'moment’ plugs: one plug is 
slightly larger than the other. These are inserted in the V- 
notches and a reading of the micrometer at the load point 
taken. The plugs are reversed and another micrometer reading 
taken. The gauges are so arranged then, that the centre of 
rotation remains fixed and there is no ' vertical’ or ' horizontar 
movement of the bars. The gauges and plugs have been cali- 
brated so that the movement at unit distance abc( Acc) along 
the bar from the centre of rotation is known. Now let one 
inch of the model correspond to A feet of the prototype. 
Let A,,c be the displacement of the reference point in the 
direction of the applied load P lb. (of the prototype). 

Let Xc be the moment component of the redundant reaction 
for the prototype in lb. -ft. units; then it can be shown that 
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X, = P (lb.) . • N (ft.), where A,,/l inch 

corresponds to radians, and 1 inch of model corresponds 

to iV^ feet of tiie prototype. 

It is only in connection with moment determinations that 
the scale ratio of the model and prototj^e is taken account of. 
This has been noted in the theoretical analysis, fora moment 
ratio contains a length dimension of the structure. 

Thus the operations can be repeated for a number of points 
corresponding to different n A^alues and thus the influence line 
for the unknown can be obtained. 

Signs. The microscopes employed in measuring deflections 
are optically inverting, so that the image in the microscope 
moves in an opposite direction from the observed load point. 
Accordingly, the following general rule for determining the 
sense of any reaction or stress is formulated. If the image of 
the load point in the microscope moves in the direction of the 
assumed load, the reaction component acts in the same direction 
as the corresponding gauge displacement of the support : if the 
load point appears to move in the opposite direction to the 
assumed load, the reaction component acts in the opposite 
direction as the corresponding gauge displacement of the 
support. When carrying out experiments, notes are made of 
the sense and direction of these displacements. 

Care must be taken in operating the gauges and in the 
positioning of the microscope scale. Temperature may affect 
the readings and if a large number of microscopes are used, then 
the temperature of the room in which the experiment takes 
place should remain constant. Using only a single microscope 
and performing the gauge operations for every target point, the 
author has found that temperature changes are not of serious 
consequence. 

For internal redundant determinations, a member is cut in 
two ; the cut ends are fixed to the gauge bars and these are 
mounted on a frictionless bearing consisting of two glass plates 
in between which are steel balls. The operations are carried out 
as described for external redundants. 

A detail drawing of the deformeter apparatus is shown in 
Fig. 277, p. 501. For axial force and shearing force strain 
effects on the moment distribution to be minimized as much as 
possible, the ratio should, say, be greater than 20 for any 
member in the model. The effect of the size of the connections 
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will then also be made as small as possible. Further w^ork, 
however, is required in the matter of the design of distorted 
models for the probable time stress determination of their 
prototypes. There is a second consideration in the design of 
models, the design of a model to give the time stress analysis 
of its prototype. This can be obtained by having a model wdiich 
is an exact replica of the prototype as regards material, sections, 
connections, etc., but the further problem arises, is it feasible 
to experiment on such a model? Further research work is 
required in this connection. 

Summary. To design a planar rigid frame model of uniform 
thickness on the basis that the moment distribution will be 
due to flexure only, the sections of the members can be rect- 
angular, and the depths of pairs of members to have the ratio 

~ where I and are the moments of inertia of the 

corresponding members in the prototype. The ratio of the 
length of a model member (centre line length) to the depth of its 
rectangular section should be greater than 20. If the prototype 
members liave the same value of E, then the model can be cut 
out of a sheet of isotropic material, such as celluloid. 

Experimental analysis of the portal for which the equations for 
F^, and M ^ are given in paragraph 221, by means of Beggs' 
Deformeter Apparatus. The theoretical results have been 
obtained from equations (27), (28), and (29) : i.e. for members 
having the same centre line dimensions and the same section, 
and the ratio c = 1. 

The following table gives the experimental and theoretical 
results for a plane celluloid frame (fixed base portal) having 


n 

(lb.) 

Ha' 

(lb.) 

1 (Ib.-in.) 


Experi- 

I Theore- . 

Experi- 

I Tiieore- 

! Experi- 

i Theore- 


mentally 

i ticallv 

1 

mentally i 

' tically 

1 mentally 

j tically 

0 

1*00 

1 1-00 

0 

1 0 ■ 

i-. 0 

1 ^ 

0-1 

0-92 

0-91 

0‘05 

0-05 

! 0-02 

I 0-10 

0'2 

0-84 

0*82 

0-10 

0-08 

: 0-16 

! 0-20 

0-3 

0-73 

0-71 

O'll 

0-11 

0-27 

0-29 

0*4 

0‘63 

0'61 

0133 

0-12 

1 0-33 

0-37 

0*5 

0-51 

0*50 i 

0-131 

0-13 

1 0-37 

0-42 

0*6 

0*42 

0-30 

0-130 

0-12 

1 0-38 

0-43 

0-7 

0-30 

0*29 

0-12 

0-11 , 

0-35 

0-41 

0-8 

0-18 

0-19 

0-07 

0-08 1 

' 0-26 

0-34 

0*9 

0-08 

0-09 

0-04 

0-05 j 

0-13 

0-20 



■ THE REOimOCAL THEOREM, ETC. ■' v ; ' 505 

Ji, = i == 10 in. ; sections 0-08 in, thick by 0*6 in. deep. The 
beam length BO was divided into inches, so that values of 7i 
varied from 0 by 0*1 to TO. P assumed = 1 lb., always 
acts upwards : from left to right and in an anti- 

clockwise direction. The model has been treated as a full-scale 
structure. 

The difference between the experimental and theoretical 
values, especially for is probably mainly due to the fact 
that in the celluloid frame the joints B and C have size, whilst 
in the theoretical analysis they are points at B and G, Shear 
and axial force strains have, also, slightly affected the moment- 
distribution for the l/d mtioB are equal to 10/0*6 == 16-66. 

In the experimental frame the beam length between the 
columns is 9-40 in. ; the centre line length is 10*0 in., thus we 
introduce another linear ratio 9*40/10*0 = 0*94. The corres- 
ponding ratio for the columns is 9*70/10*0 = 0*97. These ratios 
are unity in the theoretical analysis and it will be left to 
experiment to determine the precise effects of these ratios. 

The results of F^, and can be plotted against n, to 
give influence lines for these quantities. 

A complete analysis of a multi-storey structure is given in 
the Structural Engineer, October 1930, in a paper by the author 
and Mr. H. V. Lawton (see References). 

A second type of device is the Continostat-Gottschalk. A 
model frame can be built up of steel-splines of about | in. in 
width and of variable thickness. On a straight edge are 
mounted knife edge supports for the splines. These supports 
can move along the straight edge about right angles to it. The 
displacements are large and the displaced elastic lines of the 
splines give the influence line required. The necessary displace- 
ments can be scaled off. No microscopes are required and this 
apparatus is therefore cheaper than the Beggs’ Deformeter 
apparatus. There are other methods of analysis of structures 
by means of models, and a description and a large number of 
references are given in The Fundamentals of Indeterminate 
Structures, by F. L. Plummer (Pitman Publishing Corporation). 
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ANSWERS TO EXAMPLES 


CHAPTER 1 


1. Shear force 


Moments 

2. Reactions at supports, and 1-JJ tons. 

Aloments at supports -f 10 ton -ft. 

+ 6 ton-ft. 

At central 2-ton load pt. -f *5 ton-£t. 

4. Support reaction 8*13 tons ; at pier + shear 11-87 tons. 

Pier reaction 21-87 tons ; at pier - shear 10-00 tons 

Moment 10' from left support — 33-75 ton-ft. 

5. 12-5 ton-ft. ; *5 ton-ft/ 

6. Reaction — Left support, 25 tons. 

Right support, 35 tons. 

7. Moments at pier -f 50 ton-ft. 

+ 112*5 ton-ft. 

- 59 ton-ft. at 10 tons load point. 

8. Max. : 42,900 lb. -ft. at 11*7 ft. below surface. 

9. Produce 10 tons to N.A. and then resolve vertically and horizontally 
Moment at fixed point = vertical component X arm along N.A» 

fixed point. 

10. Reaction at A, -33 tons ; max. moment at pier = 7*2 ton-ft. 

Reaction at 12 ft. pt. 3-17 tons. 


CHAPTER II 

1. Load on a, c. ton. Load on 6, J ton, 

2. 3-472 ton-in. 10-4 tons/sq. in. 

3. 37-5 sq. in. 

4. ~ 4-05 tons/sq. in. ; = 1-15 tons/sq. in. 

5. 10,3001b. sq in. tension. 25,0001b. sq. in. compression. 

6. 1000 ft. 144,0001b. -in. 

7. 6-75 tons/sq. in. 

8. 8 tons ; f ton per foot run. 

10. 1200 Ib./sq. in. at right support due to max. positive moment 

in. at left support due to max. negative moment. 

11. 440 m.4 

12. ; cZ = 5-1 in. 

13. •0I26m.« 
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CHAPTER III 


Central deflection^ 2 m. 


1. '316 irn 

2. Max. moment = 1,832 Ib.-ft. 

3. h — 5*5 in. — (neglecting beam deflection). 

= 5-1 in. — (allowing beam deflection). 

4. *30 in. 

o. E = 12,000 tons/sq. in. (nearly). 

7. ff = T25 tons/sq. in. y — .jV in. 

9 . 0 . 

10. y, = '39 in.; yrnax ^ *396 in. at 13-2 ft. from right-hand support. 

11. = ~ 45-1 ton-ft. at 10-8 ft. from 5 ewt. end. 
yp=‘63in. Slope, *000058. 

12. -07 tons/foot run. y = *375 in. 

13. E = 1,125,000 Ib./sq. in. = 3750 Ib./sq. in. 

14. y = *062 in. 

15. 7 tons/sq. in. 

16. (n) *152 tona/foot ; {b) *17 in. ; (c) *19 tons/foot ; 

(d) = •157 m. (e) — *115 in. {E = 13,000 tons/sq. in.) 

17. y, - *181 ft.; yjs = 1/25 == ft. 


CHAPTER IV 

1. = 60 tons; = 200 tons; i?(. = 90 tons. 

J/fjj = 400 ton-ft.; / centre support 4*82 tons/sq. in. 

2. = 9*0 tons; = 29*3 tons; R^. = 20-25 tons; Rjy = 1-45 tons. 

3. Max. stress = 3*52 tons/sq. in. Moments. Ends 42,000 lb. -in. 


Centre 30,000 


4. {a) Myj = Me == + 


wl^ 

I 2 


wP' 
^24 ■ 


Max. neg. 

6. I = 173 in.* 

7. 7?^ (left support) 

Jfo 

8- 14*2 tons. 

9. Tension in tie 5*32 tons. 
= -f 25 ton-ft. 


( 6 ) = 

Max. neg. 


11*95 tons; 
22*62 tons; 


wli^ 

= “"Y2g" 
i?r> 


i?T) 


29*11 tons; 
: 31*32 tons. 


Resultant reaction at A = 8*2 tons; 


1. C 


2*39 

A 


CHAPTER V 

y = *00368 in. (varying q method). 


Max. shear = *97 ton/sq. in. (nearly). 
2. Max. shear stress = *148 ton/sq. in. 

E = 6000 tons/sq. in. N = 2500 ton/sq. in. 
ijs = ‘00144 in. 2^6 = *108 in. 


for ellipse = as for circle.^ 


7. 


ANSWERS TO EXAMPLES 

•129/-071 = 1-82 tons/sq. in. 
j/j (concentrated load) “ "J' ) ~ -0166 in. 
{liniiorm load) .. = “• 

LID = Q. 

CHAPTEB VI 
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fa — — : f = 21 tons/sq. in. ) 

V“ 7500’ ■' ' ^ / 


r ^ 

Bankine, 396 tons ; 


I™,-« = 108 in.‘ ; E 
mm 


13,000 tons/ 
sq* in. 


Euler, 1530 tons. 


3. a; 


(2)2 -f column. 


8D 


T . =: 89*1 in.' 


Max. /j = 7-07 tons/sq. in. /< 
4-77 tons sq. in. 


28 tons. 

6*53 tons/sq. in. 


Max. compressive stress = -59 ton/sq. in. 
Min. compressive stress = *12 ton/sq. m. 


12 . a 


Factor of safety, 4. 88*8 tons. 

Factor of safety, 4. 12*9 tons. 

Max. stress, 3*18 tons/sq. in. 

1 

1800 

215*4 tons 


Min. zero. 

81*4 tons, Bankine. 


E = 10,500 tons/sq. in. ^^^eo tons, Euler (factor of safety = 4) 
Cast-iron, 250*1 tons. 


Eullr* 20 ft. ,* *434 ton. (6) 36 in. by Bankine ; 12*6 tons. 

„ ^ Jl^ ; E = 13,000 tons/sq. in. 
® 7500' 


16. 

16. 

17. 

18. 
19. 


21 tons/sq. in. 

External diameter = 4*54 in. f = *454in. 

f = 6*78 tons/sq. in. = 4 in.), 
iS-Z tons. 

271 tons (Bankine : fc = 21/4 tons/sq, m.; a — 1/7500). 
3.7in.byBmddne; 2.55m. approx, by Euler (obtained from formulae 


20 . 

21 . 


: 4 in. ; 115 tons. 


22 


i ill. uy 4. 

by trial and error method), 

5*5 tons. 

'1 ■ 

Bankine, a — Vc ' 

Euler. E «= 13,000 tons/sq. in. 471*0 tons 

I ' ■ 

Hinged ends ; a ~ 


P^\ 

' mi) 


i7— {T.5430) 


Bankine, 26*4 tons. 
Euler, 36*68 tons. 
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CHAPTER VII 

2. 2*67 tons (compression) in 

3. *91 ton- (comp.) in EP ; 1*16 tons in PQ (comp.). 

4. af = 67-5 tons (tensile) ; ce = 25-0 tons (compression). 

be =5 74'0 tons (compress.) ; e/ = 16*25 tons (tensile). 

5. DJ, EL, 10 tons compression ; KA, 6 tons tension. 

6. 1*02 tons, DJ compression ; *11 ton, ATA compression. 

7. Load in PL, 3 tons compression ,* Load in NM, *05 ton compression, 

8 Wind load only, 1*125 tons in (compression) 

•176 tons in NM (tension). 

9. CP — 29 tons (comp. ). 

EC — 6‘5 tons { ,, ). 

DE — 33‘5tons( „ ). 

10. 2*89 tons comp, in OE. 

IL Member, Member, Member, 


3. y == ’405 IT in. (TF is in tons). 

5. y at 6T. load point = 1*41 in. 
y at lOT. load point — *76 in. 

6. Centre joint, top boom : = *04 in. approx. {l/A = 40 all members). 

Lower joints: y = *033 in. approx. {IjA =: 40 all members). 

7. y = 171 in, 

8. *88 in. imder load ; *695' ~ 6' from left support. 

9. *212 in. ; y^ ^ *12610, 

10. H.D, of B to right = 0-2654 in.; ot O to right = 0*138 in. 


1*2 

1*0 ton (C.) 

4*7 

l*5tons(C.) 7*10 

1*0 ton (0.) 

2*3 

0 

4*5 

0*6 ton (C.) 10*8 

0-7 ton (T.) 

1*4 

2 ton3(C.) 

6*6 

0*5 ton (T.) 8*11 

0-7 ton (C.) 

4-2 

0*7 ton (T.) 

6*9 

0*7 ton (C.) 9*11 

1*0 ton (C.) 

2*6 

0*7 ton (C.) 

6*7 

0*7 ton (T.) IMO 

0*5 ton (T. ) 

3*6 

0 

6*9 

0*6 ton (0.) 


4-5 

0*5 ton (C.) 

7.8 

0*5 ton (C.) 


6*6 

0*5 ton (T.) 

8*9 

0*5 ton (T.) 




ANSWERS TO EXAMPLES 


h Fixing couples, beam and columns. 


Max. neg. for beam 


2. Fixing couples -f 1*87 tpn/ft. end of 8-ft. column. 

“f” 2*81 ,, ,, 12 ft. ,, 

Max. neg. moment beam, 7*5 — 2*34 = 5*16 ton/ft. 

H = 0*228 tons. 

3. CO 11*8 tons by Lt. Wk. (comp.) 11*8 tons by super-position. 

HD 11*8 tons „ (tens.) 11*8 tons „ „ 

4. (Same frame as in Ko. 1.) 

Beam fixing couples 
Col. base fixing couples h 


Beam couples + {wjTuJ 
(Frame of No, 2.) 

Fixing couples; col. bases. Short, — 1*5 ton/ft. ; beam, 3*0 ton/ft. 

„ „ it Long, -2*25 „ ,, 4:*5 ,, 

5 GA by Lt. Wk. - 3*11 tons (compression). CA by supn. - 3*55 tons. 
* CE it -3*47 „ ( it ) CE „ “3*85 „ 

be „ ~ 4- 4*0 (tension) BF „ ==+3*65ti 

FD „ =4 4*23 ( „ ) FD „ =4 3*85 

6. 4 27*75 ton/ft. 

7. Mb, 4 21*84 ton/ft. Mq « 19*70 ton/ft. (4). 

8. == Wnl(l-n)\ = WnH(l-n). 


CHAPTER X 

3ed Bay. 4th Bay. 

Tons. Tons. 

. 145*4 (Comp.) 155*4 (C.) 

■. 114*6 (Tension) 145*4 (T.) 

. 45*4 (C.) 26*0 (C.) 

, 26*0 (C.) 12*5 (C.) 

. 64*2 (T.) 37-65 (T.) 

4th and 5th Bays (counterbrace), 

. 121 tons’! 


Top member. 
Bottom member 
Lt. vertical . 
Right vertical 
Diagonal 


[No counterbracings] 


(2) Comp. 5*65 tons. 
Tensile 90*5 „ 


(1) 160 tons 


6. Height frame == 20 ft. 
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7. 40 ft. vertical 
60 ft. „ 
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8. Top member 
Bottom member . 


Tons, 

60-8 (0.) 
27*9 (G.) I 
7*8 (T.) \ 

Tons, 

92*5 (C.) 
81*0 (T.) 


Top member . 
Diagonal . 
Bottom member 

Diagonal . . 


Tons. 

. 180 (C.) 

, 65 (C.) 

, 144 (T.) 

Tons. 

30*9 (Tensile). 

7*7 (Compress,). 


9. Centre ->15 tons leading + 10-5, - 9-5 tons. 

Ends X\l :: :: + is tons,- left.-23ton.s. 


-15 „ 

10. 571*5 ft.-tons. 
Loads only 

12. Top member , 
Diagonal 
Bottom member 


4- 23 

4- 39*17 tons ; 42*1 tons. 

(10 tons at B) (14 tons at B^) 


Tons. 

114-2 (compression). 
62-1 (tensile). 

86-4 (tensile). 


13. AC - 23*3 tons (compression). AB - 18f tons (tensile). 


CHAPTER XI 

15 tons. (2) 25*8 tons and 17*5 tons. 

Max, neg. at load point 240 ton-ft. 

Max. pos., 75 ft. from left support = 13o ton-ft. 


Shear, 3*39 tons. 

75 ton-ft. (max. neg.) 


Thrust, 3-07 tons. 

3*7 ton-ft. (max. + ). 


B,M. 50 ft. from the abutment ; - HO ton-ft., load at section 

4- 72 ton-ft. , load at crown, 
Load at Section Point. Load at Grown 

thrust at left abut. V8-34’ + 6-67* = 10-65 tons ; 13-6 tons. 

„ right,, V8-34* + 3-33'' = 9 „ ; 13-6 „ 

5. 3-6 tons ; 2-9 tons j 2-1 tons ; 1-83 tons ; 2-1 tons ; 2-9 tons ; 3-6 tons. 

6. 4*4 sq. in. 

36-3 ton-ft. at 28-1 ft. from each support ; 66 tons. 


8. Max. -f and- shears each support. 

Jmdii . . . . 

Centre , . . • 

9. Horizontal thrust, 60 tons. 

Max. B.M. 4- 125 at 16 ft. from left support, 

4- 450 at 15 ft, „ right 
-150 at 45 ft. left 

Max. B.M. at 28 ft. from left support = 228 ton-ft. 

at 92 ft. „ , 228 ton-ft. 

= 26*15 tons. 


. 6,0001b. 
, 2,250 „ 


ANSWERS TO EXAMPLES 
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11 , 


Hq, max. 29-1 tons. 


Max. positive moment = + 141 ton-t‘t.^ 10 tons at centre. 

Max. negative moment— - 159 ton-ffe., 12 tons at 50 ft. section. 
Resultant thrust, 12 tons at 50 ft. ; 31 tons. 

12. Max. negative moment at 45 ft. =s= 400 ton-ft. 

Max. positive moment at 30 ft. from right support = 520 ton -ft. 

Normal thrust at 30 ft. from right support =s 128 tons. 

Max. stress in rib, 7*7 tons sq. in. (compress .) ; 4‘27 tons (comp.) (Min.). 

13. Max. negative moment, 204 ton-ft. at section 25' and 95' Vtwo loads on 

>■ smaller part 

Max. positive moment 14*2 „ „ 30' and 90') of beam 

Max. shear negative and positive 1'85 tons, when both loads on the beam 
and one is at the ends. 

14 ™ » Vertical pressure = 3*12 tons. 

15. H — I'SOib. when unit load at C; 53,8001b. 


CHAPTER XII 

5-7 tons/sq. in. (tension). 19® 20'. 

== 4-76 tons/sq. m. Pt == 2‘76 tons/sq. in. 

i? 36.2 tons/sq. in. tensile, 

^min »» tensile. 

Angle 31® 43' and 121® 43' with 3 tons plane. 

See Para. 166, equations 37, 40. 

= 2*61 tons/sq. in. Pt = 0*87 tons/sq. in. 

See Question 4. 

^min = “ tons/sq. in. (comp.). 


^max = + 6 tons/sq. in. (tens.). 

13® 15' and 103® 15' to vertical. 


10. (a) 2-5 tons at 28® to normal. 


Px 

Py 


: 3*82 tons or *78 tons i 
: -78 „ or 3-82 „ ) 


8 . 

9. 

10 . 

11 , 

12 . 


CHAPTER XIII 

0*6 ft. S^ax ^»200 Ib./sq. ft. (Rankine). 

5-15 „ 4,200 „ (wedge) or (friction). 

3*6 ft. from back of wall. 

Base 6 ft. 

See text. 
h =10*0 lb. 


Normal stress at dry face. 

10,000 Ib./sq. ft. ; 

Shear (dry face), 5,000 Ib./sq. ft. 

Resultant thrust = 52*5 tons. 

Normal stress (dry face), 3*7 tons/sq. ft. 

4,800 lb. 

32 Ib./sq. ft. 

Depth, 3*12 ft, 

5 ft. 

Rankine, 6,000 lb. 


Watep face. 

(C.) 6,3001b. sq. ft, 
(water face) zero. 


water face, zero. 


breadth, 4*8 ft. 


Eric., 6,0801b. 
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13. Dry face, 1-5 tons/sq. ft. water face, zero. 

^ Normal stress, vertical surfaces. 

Water face, 1*17 tons/sq. ft. 

(c) S- 55 tons/sq. ft. (comp.) to 

•89 ton/sq. ft. (tension). 

(d) 4 tons/sq. ft. to zero at 6 ft. from 
dry, face. \ 


(Dry face, nil ; 

14. (o) li tons/sq. ft. (const.). 
(6) 21 tons/sq. ft. to zero 


CHAPTER XIV 

I. Width, 7-8 in. Efiective depth, 23-4 in. (overall, say, 25-0 in.). 

Area steel (tension only), 1 sq. in. sa}^ 5, J m. bars. 

i in. dia. stirrups ; 6-m. pitch near abutments. . , , . x, 

2 (a) 1-2 X 10-* in. per inch length. (6) 2-7 in. lb. per inch length.. 

4. 8 and 9 ft. 1-43 sq. in. (area of bar = -715 sq. m.). 

9 and 10 ft. 1-69 „ ( » ..=’790 >> 1- 

5. Weight of cubic feet concrete, 1601b. W = 

6. 168 lb. /sq. ft. per foot run 

7. 465 in.‘ (n = -Sed). 606 in.* if m = 15 . . , , , , , 

8 t = 7700 lb /sq. in. c = 526 Ib./sq. in. (neglecting weight of beam). 

(m =15, d = 7 m.). 

9. 416 lb /ft. run ; / === 5*95 tons/sq. in. 

10. Short column, 107*5 tons. 

II. a; = id; M = 98*66d*; A, = 0*0075d. 

12. {a) 12 in,; (6) 1,872,000 Ib.-in. 

13. = 750 Ih. per sq. in. ; /, = 18,000 lb. per sq. in 
andd = 20*6 in. 

14. ==: 10,000 lb. per sq. in. 

15. /, == 13,5001b. per sq. in 
sq. in. 

16. Load = 19,875 lb. 

17. 20 in. X 20 in. overall. 

18. L * 

A max == P®^ 

20. = 69*5 lb. per sq. in, ; A = 18,000 lb. per sq. in. ; ^ = 40*8 in. 

21. J’lanffe only taking tension load; N.A, depth = 4 in.; A.= 13,2001b. 

^ jr (-Art O+.’T'iaaQ 


d^ 

2’ 


10*3 in. 


/g = 475 lb. per sq. in. ; fcs ^ P®^ 


persq.in. ; M 
load == 2200 lb. 


22 . (a) 

323,0001b. 

-in. ; 

A, 

=■ 

(6) 


= 1 

•22 

!sq. 

in.; 

A, 

1 . (a) 

Afio 

. 

+ 

200 

ton- 

ft. 

(6) 

AIba 

= 

— 

87-6 

ton- 

-ft. 

(c) 

ilfBA 



98*5 

ton- 

•ft. 

(d) 

IHba 


- 

63*3 

ton 

-ft. 


902,500 Ib.-in. ; Stirrups — stress = 10,000 lb. per sq. in. 
1*12 sq. in. 

, = 1*49 sq. in. (tension). 

CHAPTER XV 
= ^ 0. 
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ANSWERS TO EXAMPLES 

(e) J^ba = - 63-6 ton-ft. 

= + 80-68 ton-ft. 

{/) KiB = + 79-76 ton-ft. ; ilfBo = 63-53 ton-ft.; 

Mca = + 19-27 ton-ft. 

2. (a) Mjji = — 25 ton-ft. ; J^ba = — 12-5 ton-ft. 

(6) JlfiB = - 25 ton-ft. ; 3f„A = + 6-25 ton-ft. ; Mob = 0. 

(c) - 25 ton-ft.; Mba = ~ 7-14 ton-ft.; Mob = + 3-57 ton-ft. 

{(1) Mab = ~ 25 ton-ft. ; Mba = ■“ 7-15 ton-ft. ; Mob = ■+ 3-57 ton-ft. 

3. (a) Mab = - 8333 Ib.-in. ; Mja =- 16,667 Ib.-in. ; Mbo = •+ 16,667 

Ib.-in. 

(6) Mab = - 5560 Ib.-in.; Mba = - 11,120 Ib.-in. ; 

Mob = - 44,480 Ib.-in. ; Mcp = Mjc = 0. 

(o) Mbd = -Mab = - 10-5 X 10«/39 Ib.-in. 

Mbb = Mba = - 9 X 10»/39 Ib.-in. 

Mbc = Mob = 4- 9 x 10«/39 Ib.-in. 

Mop = - 18 X 10®/39 Ib.-in. 

Mdo = Mon = -f 9 X 10V39 Ib.-in. 

Mpo = - 21 X 10«/39 Ib.-in. 

4. Mab = + 4760 Ib.-in.; Mba = + 20,230 Ib.-in. 
m'bc, = + 29,750 Ib.-in.; Mob = + 13,090 Ib.-in. 

Mob = - 13.090 Ib.-in.; Mdo = “ 11,900 Ib.-in. 

5. Mbo = -f 135,000 Ib.-in.; Mob = - 135,000 Ib.-in. 

Mba = - 135,000 Ib.-in.; Mod = + 135,000 Ib.-in. 

6. Mab = + 104,760 Ib.-in. ; Mpo = - 64,700 Ib.-in. 

7. Mab = - 1786 Ib.-in. ; Mba = - 3572 Ib.-in. . 

Mae = + 10,714 Ib.-in.; Mbo = ~ 7144 Ib.-in. 

Mob = — 8930 Ib.-in.; Mod = + 8930 Ib.-in, 

8. Mba = - 2778 Ib.-in. ; Mbo = - 2778 Ib.-in. 

Ji^BP ^ 4“ 5555 Ib.-in. 

9. Mad = 4- 59-46 ton-in. ; Mae = — 25-72 ton-in. ; 

Mab = — 19-29 ton-in. ; M^o = - 14-47 ton-in. ; 

Mba = — 12-86 ton-in. 

10. Mab = 4- 180,000 Ib.-in. ; Mba = + 60,000 Ib.-in. ; 

Mod = - 60,000 Ib.-in.; Mdo = - 180,000 Ib.-in.; 



Abo = 

1/3 in. 




11. 

-!^ab = 


9*10 

ton-in. ; 

-a^BA = 

: — 18*20 ton-in.; 


Mob = 

+ 

11*36 ton-in. 

; Ilf BO ' 

= -j- 5*68 ton-in. 

12. 

■M'ab = 

+ 

109* 

7 ton-in. 

; IUba 

:= — 115*7 ton-in.; 


Mod = 

+ 

150* 

5 ton-in. 

i IUdo 

= 0. 

13. 

Mab = 

- 

4688 

: Ib.-ft. ; 

Mba = 

-f 520 Ib.-ft. 


14. (a) Mab = - 16,000 Ib.-in. ; Mba = - 32,000 Ib.-m. ; 
Mod = + 3200 Ib.-in. ; Mdo = 4- 16,000 Ib.-in. 
(6) Mab = 4- 143,572 Ib.-in. ; Mba = 4- 2144 Ib.-in.; 

Mod = - 27,866 Ib.-in. ; Mdo = “ 66,428 Ib.-in. 
(c) Abo = 0-12 
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- 50,000 Ib.-in.; Mbi == - 100,000 Ib.-in. ; 

+ 116,000 Ib.-in.; Mcb = + 204,000 Ib.-in.; 

- 281,000 Ib.-in. 

^ (^y nnolysis) ; 

- 70,000 Ib.-in.; iVf ba = - 140,000 Ib.-in. ; 

- 306,600 Ib.-in.; Mod = + 140,000 Ib.-in. ; 
+ 166,600 Ib.-in.; = + 83,300 Ib.-in. ; 

- 28,000 Ib.-in.; JHed = “ 14,000 Ib.-in. 




SUMMARY OF FORMULAE 
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I. Bending Moments and Shearing Forces — 

Moment = Couple = M Fx 

Shearing force at a section due to irregular loads : 

-Sj, = -Rj, + Tfi + + . . . or + Sj, = flj- Tfj- TF 

Cantilever, load at end : 


max 


Cantilever, uniformly distributed load along whole length 


max 


max 


Simple beam, central load W 


max 


Simple beam, uniformly distributed load along whole length 


max 


Relation between loads, shearing forces, and moments for beams 


11. Simple Bending and Moments of Inertia- 


Unsymmetrical sections about N, A 
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Moments of inertia : 


•^KR ~ , . * . .* 

~ ^XX + 

hz '"= -^XX + -^Yy • * ' 

^PP + -^QQ = 

hr = -fxx «°®'“ + ®“*“ • • 

= Ijs. + ^T1 c<'s*a . . 

I, rectangle about H A. == » 

■ ■■ ' 

I, square about H.A, ~ 

I circle about diameter (N.A.) 

J (Routh^s Rule)* 


tzB^ 

_ 


26 

26 

2 , 6 . 

26 

27 

27 

27 

28 

29 

30 

31 


HI. Deflection of Simple Beams- 
d^y _ ^ 
dJ* BI ~~ R 


dx 


« tan i ^ i radians 


W. H. Macaulay’s Method of Finding Deflections, see 

WP 


5wl‘^ 


Simple beam, central load : y^ax J^EI 

■ ^ \ OUlb' 

Simple beam, uniformly distributed load : ^ ggil/ 

Simple beam, 2 symmetrical loads : 


V“T“ 6 / M 


. 41 

. 42 

.42-53 
. 44 

. 46 




. 

Belative doaection portion of beam bending to arc of a circle y = 

Wl^ 

Cantilever, load at end : ~ ’zbI 

Wh^ 


47 

48 


Cantilever, load not at end ; y^ax ^ 

wl^ 

Cantilever, uniformly distributed load, whole length : y „jaa; gj^jr 
Relations between load, shear, moment, slope, and deflection 

rd^y 


w ■ 


^ - 
dx 

dM 

dx 


= El 

^BI 


dx^ 


.54-55 
. 55 

. 56 

58 

. 68 
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PAGE 

Continuous Beams 


Theorem of three moments . 


+ + h) + + 

li ■ . 

== O'/'' M ■■ 

Beaetions {example). 


Mn-Mx , n t . 

■Rb - + i, h 


■ 

■'■' ' . ■^ 96 ^ ' 

Deflections - - 

■ . ' ■ , . 110 

Propped Beams , . . 

V. Distribution of Shear Stress 


^ shear stress 

117 

Modulus of rigidity ■ shear strain 


11 

1! 

'120 

35 

. 121 

For rectangle ^ ^ • • ; 


165 

. 123 

For circle == 3 ^ • * * 


For built-up section : 


Flange ' V 

124 

Web = I2 ■ ^ sl | 

124 

Shear resilience “ F ^ volume . 

, . 125 

Deflection due to shearing force : 


Of 

For varying q : — pg = gj ^ 

. 127 

For constant q : — 

. 127 

1*5 

where D for rectangle = ^ . 

. 127 

Circle - 3 I. . . • 

. 127 

Simple beam, uniformly distributed load : 


2/. «n.« = (f®- S • 

. 128 

Simple beam with central load ; 


y. unit. = ^ (varying 9 ) = 4 ^ (constant 9) . 

. 128 
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Similarly for cantilever : 

wl'^ wl^O 

( 1 ) Vs ^ -oAG ~W 


V'L' Columns— . ■ 

Euler. Axial loads 




Rankine. Axial loads 


Johnson’s Parabolic Equation 


American straight line 


Struts, eccentrically-loaded 


Short, /, 


c max 


Euler Form. Pin joints : 

Critical value of F is 


max 


Rankine Form 
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T 3 SOB f OP STBSGTUBSS 

, PAOB ' 

Combined end and transverse loads. Pin ends : 


Case L 

Transverse load W at centre, 



W jHl . {1 51 * 

Vmar = SP'VlP ' Hi) iP 

yA5i\ 


W m ^ (1 + p 

/e ma* = f V "P V¥ ■ Viizy J + ^ 

, 152 

Case II, 

Uniformly-distributed transverse load. 




• 153 

Case I. 

P <F , = tPHIIP, „ _ 


.P.WIWPPP, 

iSHI' Z'P.- P 

. 153 

Case II, 

P wP 6 wP P P, 

. 154 

VH. Framed Structure. Dead Loads— 


Wind pressures : 

. 175 


=: P sin 0 (Goodman) . . » . * 


.... 

. 176 


F„ = P sin e (Hutton) . 

. 176 

vni. Deflection o! Perfect Frames— 


1 F^L 

Resilience of members ~ 

. 178 


V = ^ (Castigliano’s theorem) 

. 179 


/Force in a member X /Total force in a member ' 

\ 


V due to unit load J\ due to external loads ^ 

X M82 


11 

t- 

1 


ory=SP.«.^, • • • 

. 182 
and 183 

For beams, y = ~Jm. . HI constant . 

. 189 

For beams, y = ^ f M. m . dr. HI constant . 

. 190 


SUMMABY OF FOBMVLAB 
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IX. Stresses in Eedundant Frames- 


/ T 


Total work clone on the members,'' 


including the redundant member ) 


dT 


<m 

dT 






2 AM/ 


dT 


= 0 


For one redundant bar* 




ZK,{hW ) . 




y 

Vi 


'AM 




- 1, , 

Vt 


EK.(kW).-2^ 


MmjAM 

For two redundant bars .s^ee pages 198 and 199. 

2/ji = 0 = Vj/ 4- ^i^/aa + ^^Vab • 
yjB — ^ = Vs' + ^iVsA '^%ySB * 
Vab ~ Vba 

2MI 


Bending, 


fAB "" ifBA • 

I 

f ^2^ 

Jx « 0 




/: 


M^rriji . dxjMl 


I 


. dxjMl 


VjBB 


2^^ = 0 = y/ + Bj^y^s 

2 /^ = 0 = y/ 4 Bj^yjsjs 4 - B^yj^g . 

2 /^ = 0 = + ^sycB + ^oyoo • 

S/oB ^ yBO . • • • • 

Portal Frame : Central load P in beam, base hinges 
PP 
81, 




Ii I* 


195 


. 197 


. 198 


. 199 

. 199 

. 199 


. 202 


, 208 


209 

209 

209 

209 


. 211 
and 215 


Portal Frame ; Side horizontal load P at the top of a column, 

rj 

— „ 






bases binged, 

. 212 
and 217 

+a . 213 


= I^bI^B 
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Mechanical solutionj 


Beams aad Frames with Live Loads 

Mji = + Wsii+ . ■ + + Wi>>yi 

when tan a SWx + tan is a max. 


Equivalent tmifornily-distributed load for moment 
max. moment . 

■ ^ ■ ■■ 

Shear at a section = * 

Equivalent uniformly 'distributed load for shear : 

^ ■■ • ■-i ■ ■ : 

* rz - icl* * 


wa» 


XI. Arches and Suspension Bridges- 
Arches. General equations : 
fa) P cos Q — S sin 6 — Hq = 0 » 


Three-hinged arch, M ^ Mg-\~ H^y 

/For single dead\ „ __ Wnl 
\ load on / ^ 

Single concentrated moving load on, 


Radial shear at a section due to unit load : 

== Fg cos + Bq sin 0a. . 
or >Sx — - ^0 

Normal thrust at a section due to unit load 

= H^cos^jg- Fgsme^ . 

or Tgg = cos 0aj + sin Oy, . 



SUMMARY OF FORMULAE 


PIGS 


Hanging cablo : Continuously loaded, 

T = li sec 0 

E =r= wr cos=* 0 ; T ^ wr cos^ 0 
(At vertex) T — H. ^ • 

Hanging cable : Uniform horizontal load, 


mail? 


Dipofcablo,?/--^^^-^^)^^ • 
Length of cable, L rJ3=: 2^1+ 
Anchorages : 

Pressures on (fixed i:>ulley ) 


Pressures on (movable saddles) 


T cos a = 1 \ cos j0 . 

= 2^ sin q + sin ^ 


Three -hinged stiffening truss 


Single concentrated moving load on the stifiening girder 
Horizontal tension in cable. 

Win Tf(l-n)2 


waaj 


Shear at a section, 


Principal stresses, B 
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tan 2a — 


2 ? 


Max* shear, 

Two like per];>eadieiilar forces (combinafeion) ot ; 
Pn ^ Pjc ^ + Pv ^ * • 

Pt == COS 0 . 

sss ^ 

Angle between resultant and normal : 


cot (5 - 


Pt ■ 


tan^ Q + pjf 

' {Px-PvY^^'^^ 


Vx-Pu 


. sin 20 


« =:= PjLlPj^ 

rt max 2 


Pt max = (unlike forces) . 


Plane for which resultant stress is most inclined to the normal 

^ 1 + sin^ 

jPy 1 - sin ^ 

• J Px "“Pv 

or sin 6 — - 

^ Px +Py 
Ellipse of stress . 

Conjugate stresses 

pr cos d -i: cos® 8 — cos® 

Pr cos d ^ Vcos® 5 — COS®^ 

Combination of two normal stresses at right angle and a tangential 

Principal stresses R = ^ - ^ i 


PAGE 

. 293 

. 293 

. 294 

. ^ 294 
. 294 

. 295 

. 295 

. 295 

. 295 

. 297 

. 297 




-PxY 


+ 2“ 


^max 


-yi 


(P -PiY 

4 


+ 


. 298 

. 302 

. 304 

stress, 

. 307 

. 307 


Xm.— Ketaining Walls and Dams 

Earth level, back of wall vertical (Bankine), 

/l-sin< 5 ^\ p _ / I - sin (^ \ 

\ 1 H*- sin 6/ ’ ^ ~ 2 \ 1 + sin s j 


Pa 


■■ wji 


4- sin <^7 

Earth level, sloping back of wall (Bankine), 

Pr = w:/i^®sin* 0 4- ^ ^ 


313, 314 


. 316 


summary of FORMULAE 
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or V ^ ■+ 


(«-^) 


• i\ a 

^ (1 ~ sin<3&) cot 0 __ 2V 

„ ^ 0 ^ p ^ ^ (1 + sm<^> ) ■ “ tan '0 

Vertical earth face retaining wall with positive surcharges 

w,h^ „ cos d - Vcos2(5- cos® '^ 

, jp ~ ^ cos o • — - ' . 

^ 2 ’ gob d ^/ooa^ ^ --- oos^ ^ 


W^dge Theories 

„ sin^ip-tk) -_ i 

^ . . , „.r, , 

sm» P . sm (p + ^) |_1 + y ^ J 

Distribution of normal stress in a horizontal section of a masonry wall, 


sin^ p . sm 1 


F /. , 6aj' 

PA=-^{^+'d 


Foundations : uniform pressure, 
' TF /I — sin 


^ WgA \1 + sin 


, ' 1 + sin ^ 


Varying pressure uniformly > 

Pt ^ / I + sm 

f >2 \1 — 

^ , /1 + sinf 

where Pi ^ .^a (^i _ sin ^ 

Analysis of Gravity Dam 


XIV. Eeinforced Beams— 

Flitch Beam, ilf ~ (-^e ) 

/j, =s ml g + 1^ 





SSs 


Tilj^O&r 01’ STBtJCTVIiM 


Reinforced Concrete Bedims. 

Reinforced tensioB. side oiily. Rectangular section, 
n = depthH.A. 

^ m(l - %) 

'c ^ Wj 

For t = 16,000 lb./sq. in», c 600 Ib./sq. in., m ~ 15 

(а) % =a *36 orn = *36^ . . . 

(б) External moment = B = 956d^ 

(c) Area tensile reinforcement = A = ‘OOdSbd 

% s= Vm®r® -f 2?wr — mr 

mA(d n) = bny2 


■344, 


wA 4. / 


W b 


n ^d 


m 


-j- c 


Tee-Beam. (Reinforced tension side only); N.A. within the slab, 
c n 

t T' m{d~-n) 
n njd ; dg == Sid ; 

— ~h 
2m ~h 2^1 

Arm of internal moment of resistance, 

y isJ -i- 12?nrsj_ -j- ISmrf 

6mrl2-3T) f ’ ’ ' 

Internal moment of resistance, 
cbd 




Distribution of Shear Stress, (Rectangular beam ), 
S 

?„a*{atN.A.) ^ 


b . a 


s Spacing of stirrups at a section. 
For rods at 45®, 

tgAg = 0*707qjb9 = 0‘707Bia/a 
For vertical stirrups, 

<J • = 5W“ • 

Bond stress and anchorage. 


..A 

4w 


,D;u^ allowable bond stress 


pAa*s 

346 

345 

345 

345 

345 

346 

347 

347 

350 

351 

352 

362 

352 

365 

358 

358 


. 363 




SUMMARY OF FORMULAE 


PAGE 


Considering rate of transfer of stress from concrete to tension steel, 
■■■ . u ^ q.b,jEo ' ' „ . "■ " ^ ■' 

R.C. columns. Axial loads. 

Short columns, with lateral ties or hoops, 

Effective area of concrete = = A -f (m - I) 

= c^{A + A^(m~l}} . . ; . . 

Short columns with spiral reinforcement 

IF = cAk 4- 4" . 

For rectangular beams (reinforced on tension side only). 

Effective moment of inertia on a concrete basis about N. A. . 

6nV^ n\ 


Equivalent compression modulus 


Moment of resistance — 


XV. Slope-deflection and Moment-distribution Methods— 

Sign Convention . . . . . . . . . 

Summary of Moment-stiffness, Carry-over, Sway-moment stiffness and 
Shear stiffness factors . . ... . . 

Fundamental Slope-deflection Equations, 

2^JA:(2dBi 4 0AB 4 H) - . . . . . . 

2EK{20j,i, + 0BA 4 H) - 

General Slope-deflection Equations, 

Total moments at the ends A and i? of a loaded memberA15, 

•^AB = (±)-^FAB + 2EK{2djji 4- 0BA 4 3^) . 
i^BA - (±)il^FBA 4 ^EKiOjj, + 26Iba + H) • 

Joint Equations, 

2 members BA and BG rigidly connected at B — 

ATba 4 -Mbc = 0 . . . . . . . 

2 members (7J5 and CD rigidly connected at O — 

Mq-q 4- Mqx) == 0 . . . . . . 

For a number of members meeting in a rigid joint — 

= 0, where n stands for near moment, i.e. moment 
in a member at the joint end . . . . 

Bent Equation for a given portal (Fig. 218&) — 

{M^b 4 -^^ba) + ^ 4 -^cd) = (overturning moment) 

Shear Equation for the same portal — 

(-^AB 4 ^ba) , (^ x + -^ cp) p Yl 
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O-enerai Shear Equation — 

2 Column End Moments 
Column Lengths 

For the portal shown in Fig. 222- 


2- 


y (3As + -Vb a) 

LiB 


4- il/B , H- Me . 

• + 3 , , "T ■ . ■T"' 


P. “ _^. + P, « 

hi h^ “ /ig 


Recapitulation of the Method of Slope Deflection 
Moment-distribution Method . ^ . 


PIUE 

. 404 

. 404 

409-10 
. 410 


Definitions: fixed beam moments, moment-stiffness factor, 
stiffness factor, carry-over factor . . . . . 

Positive and Xegative End Moments .... 
Method of Moment-distribution ..... 
Illustrative Examples : Both Methods .... 

Axial Forces in Members of a Frame .... 

XVI. Reciprocal Theorem, etc. 

Maxwell’s Law, 1864; dot, ^ <%a > 


shear 

410-12 

. 412 

413-20 

420-78 

. 478 

. 483 


Betti’s Law, 1872; 

Simple Form, equation (1) . da-f,) = I\ . (Pa • <5j,o) . .482-3 

General Form, equation (10) 

SPa . + SiV4 • ^06 = SP, , 2/, a + SM, . . . 485-90 

Illustrative Problems, 



Mechanical Solution ........ .495-8 

Professor Beggs’ Method ......... 500 

Professor Beggs’ Method, Summary ...... 504 

Professor Beggs’ Method, ^Example ...... 504 
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AHiXYSis oT a ;dam, 326 

, triangular section, 335 
Anchorage, Beams, 362 - ■ 

Anchorages, cables, 274 
Andrews, E., 245 : ■ 

Angie of friction, 311 

of repose, 311 

section, momenta! ellipse of, 30 

American straight-line column for- 
mula, 144 

, American Bridge Co.’s, 

145 

^ American Railway Associ- 
ation, 145 
Arch, axis of, 254 

, linear, 254, 260, 270 

Arches — 

Axis of, 254 
Chap. XI 

General equations for, 256 
Fixed and solid, 254 
Linear arch, 254, 260 
Parabolic, 261 
Spandril, 265 

Three-hinged, 256 to slope, deflection, 58- 

Two -hinged, 254 67 

Area, effective, R.C. columns, 367 Simple theory of, 21 

j moment of, slope assumptions in theory, 22 

and deflection, 58-67 Bent equations, 401 

of moment diagram and slope, Betti’s Law, 483, 485 

58 Bond stress, 362 

of slope diagram and deflection. Bows notation, 163 

56-8 Braces, counter, 162 

transformed concrete, 347 Bridges, suspension, 270 

Assumptions, theory of simple bend- Buckling, columns, 133 

ing, 22 Built-in beams, 1, Chap. IV 

, of reinforced concrete , moments for, 80-85 

beams, 343 — — reactions, 85-87 

Axes of inertia — Built-up beam section, distribution 

Principal, 27 shear stress, 123 

Axis — , momental ellipse, 29 

Neutral, 22 

Reinforced concrete beam, 341, Cable, hanging, 270 

344, 347 anchorages, 274 

Calculation, reactions. Chap. I ^ 

Bateman, E. H., 213, 218 , built-in beam, 85-87 

Bearing pressure, foundations re- , continuous beam, 95 

taining wall, 324 Cantilever beam, 1, 4 

Beams — deflection of, 52, 54 

Chaps. I, II, III, IV. V, X, XIV , of shear, 128 

Simple, cantilever, and overhang- Capito, 163 

ing. Chap. I Castigliano, theorem of, 178 
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Beams — [Oontd.) 

Built-in and continuous, Chap. IV, 
205, 209 

Deflection of, Chaps. Ill, IV, V 
VIII 

Moving loads on. Chap. X 
Propped, 110 

Reinforced, flitch and concrete. 
Chap. XIV 

Resilience of. Chap. IX, 71-72 
, shear, 124 

Stresses in: bending, Chap. 11; 

shear. Chap. V 
Varying section, 68-71 
Beggs’ Apparatus, 500 
Bending — 

Moments, Chap. I (simple beams) 
, Chap. IV (fixed and contin- 
uous beams and propped) 

; defined, 1 

, diagrams, 4 

, signs, 2 

, relation to shearing force. 
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Cast-iron, 20, 21, 130 
Circular beam section, distribution 
shear stress, 121 

Coefficients of elasticity, 20, 21, 117, 
339,342 

, table of, 21 

of friction, 311 

Columns, stmts. Chap. VI, 133-160 

, reinforced concrete, 365 

Combined bending and direct stress, 
145, 277 

end and transverse loads, 

columns, 150-164 

Combination of perpendicular 
stresses, 258-260 
Common roof trass, 161 
Compression, 19, 20 

, equivalent modulus, R.G. beam, 

371 

Concrete, 341 

, reinforced, 341 

Conjugate stresses, 302 
Constants, columns, struts, Rankine 
(practical), 140 
— ^ — - (theory), 140 

^ ^ Johnson’s parabolic 

(practice), 142 

tical), 142 

^ ^ j straight-line, 1 44- 1 45 

Constraints, Redundant, 78 
Continuous frames, 213 
Continuous Beams — 

Chap. IV, and pp. 205, 209 
Deflection, 96 
Fixing moments, 92 
Reactions, 95 

Theorem of three moments, 92 
Counter braces, 162 
Crushing stren^h, table of, 21 
Curvature of Ijeams, 23, 41, 48 

^ of radius, 41, 238 

Curved flanges, frames with, moving 
loads, 246 

Curves, stress-strain, 20 
— — , column formulae, 141, 144 

Dams*—— . , . . 

Gravity, Chap. XIII, 325 

, analysis of, 326 

— * of triangular section, 325 

, line of thrust, 326, 327 

, normal stress, horizontal 

plane, 328 

, notes on, 325 

shear, stress, horizontal 

plane, 328 


Dams — (Conid.) 

Gravity, normal stress, vertical 
plane, 330 

, theory of stress,' 331 

' ellipse of ■■.stress, ''332 

Dead loads on arches and suspension 
bridges, .Chap. XI 

— on beams, Chaps,' ■I-V; ,/ 

on frames, Chaps. VII-IX 

Deflection of beams- — 

Castigliano’s theorem, 178 
Chaps, ni, IV 

General method, Macaulay, 42 
Built-in, 87 
Cantilever, 52-54, 65 
Continuous, 96 
Overhanging, 49 
Due to failing weight, 74 
Due to shearing force, 126-129 
For which E, J, variable, 68-71 
From resilience, 72, 74 
Graphical methods, 68 
Moment deflection method, 208 
Deflection of cantilevers due to shear- 
ing force, 128 

and moment of area of moment 

diagram, 58-67 

, columns, Chap. VI 

frames, Chap. VIII, IX 

— - — , Castigliano’s theorem, 

178 

, reciprocal, 64 

, relation between moment, slope, 

66-58 

Diagonal tension R.C. beams, 356 
Diagrams, analysis of dam, Plates I, 
II 

, bending moment, Chap. I 

, frames, 161 

, influence, Chap, X 

, polar, normal and tangential 

stresses, 290 

, shearing force, Chap. I 

, stress or force. Chap. VII, 163 

, typical moving loads, 223 

Dimensions, moment of inertia, 25 

, modulus of section, 26 

Distribution of shear stress, beams, 
Chap. V 

^ dams, 328 

, reinforced concrete 

beam, 354 

Duchemin, wind pressure on roof 
formula, 175 

Eabth pressure. Chap. XIII, 311 
, retaining walls, 311-325 


INDEX 
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Eccentric loads, columns, short, 

— , long, Euler, 1 46 

, Rankine, 149 

Economical percentage steel, B.O. 
beam, 346 , 

Effective area, K.O. column, 367 
— — ■ moment of inertia, flitch beam, 


Failure, columns, 133 

, buckling, 133 

Ferro-concrete, 341 
Figure, modulus, 32, 37, 38 

reciprocal or polygon, defined, 

164 

Fixing couples, or moments, built-in 
beams, 86 

Fixing couples, continuous beams. 


Effective (or equivalent) area — 
Concrete columns, 367 
Moment of inertia, concrete beams, 
371 

— - - flitch beam, 340 

Elastic constants, 19, 20, 117 
for concrete, 298 

table of, 21 

- — - limit,, 21' 

strain energy, resilience, 71, 

124, 160 

Elasticity, modulus of, steel, cast- 
iron, 20 

— . — concrete, 343 

—/table of, 21, 

Ellipse, momental (of inertia), 27 

of stress, 298 

— — (dam), 332 

Embedment, 362 
Encastrd beams Chap. IV, 1 
Energy, strain, 71, 124, 160 
Equations for arches, 266 

for hanging cable, 272-274 

for three -hinged arch, 257 

Equations, general, for — 

Deflection of beams, 43, 53, 58, 87, 


— — ^ arches, 254 

— — ^ j simple portal, 206, 

210 

Flitch beam, 339 
— _ — —/notation for, 339 
Force-stress diagrams, Chap. VII 
Foundations, retaining wall, 324 
Frame, simple portal, moments on, 
206, 210, 213 
Frames, pin-jointed — 

Chaps. VII, IX, X 
Deflection of, dead loads. Chap. 
VIII 

— of, Castigliano, 178 
Kind of stress in members, 166 
Kinds and diagrams of, 161 
Methods of obtaining forces in 
members, 163-170 
Moving loads on, Chap. X, 222 
Nxunber of members in a perfect. 


Roof trusses, wind loads on, 173- 

, 175 

French roof truss, 161 
Friction, angle of, 311 

, coefficient of, 311 

Funiculax polygon — 

Moment from (arches), 260 
Suspension bridges, 270 

Girdebs, plate, deflection of, 73 
Girders {see Frames, Chap. VII) 

, hog-backed, 161 

, N, 161 

, three-hinged stiffening, 243 

Goldberg, 212 

Goodman, O',, 175 

Graphical determination of — 

varying E and J, 73 

Modulus figure, • 32 
Moment of inertia, 31 
Graphical solution — 

Earth pressure, retaining walls, 
314,316 

Forces in frame members, Chap. 
VII, 163, 157, 163-166, 172- 
174 


of frames, Chaps. VIII, IX 

Stresses in redundant frames, 197- 
199 

Equation, theorem of three moments, 
92 

Equivalent compression modulus, 
R.C. beam, 371 

moment of inertia, R.C. beam 

371 

uniformly distributed load 

(moment), 231 

, (shear), 238 

Euler, theory of long columns, 133 

^ eccentrically 

loaded, 146 

Factors, moment-distribution, 410- 
478 

, slope-deflection, 385, 387, 

388 391 

Factory roof truss, 161, 162 
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Graphical solution — {Gontd.) 

of resultant stress, ellipse of stress, 
298 

Spacing stirrups, R.C. beam, 358 
Three-hinged arch rib, 258, 269 
Gravity dams, Chap. XII, 325 

, analysis of, 326, 335 

Gyration, radius of, 26, 139, 367 

Hanging cable and chains, 270 
Hardy-Cross, 212 
Hill, E. P., 330 
Hog-back girder, 161 
Hool, Kinne, 142, 

Hoops, 366 

Horizontal pressure, cable anchor- 
ages, 274 

tension, cables, 271 

thrust, arches, 254 

, three-pinned, 256 

- — ^ influence line 

for, 265 

Howe truss, 161 

Hunter, A., 233 

Husband, Harby, 233 

Hutton, wind-pressure formula, 175 

Imperfect or redundant frames 
Chap. IX, 162 
Inclined rods, 358 

Indeterminate structures, statically 
Chaps. IV, IX 
Inertia, moment of, 25, 26 

^ j circle, 30 

, , ellipse, 27 

, , graphical determination 

of, 31 

, , of rectangle, 28 

— — , , principal axes of, 27 

— , , Routh’s rule, 31 

^ , R.S.J.,29 

Inertia, moment of, effective or 
equivalent — 
l^ams, flitch, 340 
, R.C., 371 

Inflexion, points of, Fig. 61, Fig. 62, 
82, 83 

Influence lines — 

Chap. X 

Beam, moment, 222 

, shear, 234 

Frames, 239 

Three-hinged arch, horizontal, 
thrust, 265 

moment, 266 

^ normal thrust, 269 

, radial shear, 268 


Influence lines — {Contd.) 

Three-hinged stiffening truss, 
moment, 279 

^ : shear, 280 

Intensity of.stress,,. 19 „ , 

— — of wind pressure, 175 
Iron, east, 20, 21, 23 

Johnson, J. B,, parabolic formula 
for columns, 142 
Joint equations, 396 

Kjnd of stress in frame member, 166 

Lattice girders (see Frames), 161 
Lea, F. C., on equivalent uniform 
loads, 233 

maximum moment, 236 

Least work, principle of — 

Chap. IX 

Applied to bending, 202 

to frames, 194 

— — to simple portals, 206, 210 
Limit, of proportionality, 21 

elastic, 21 

Lines, influence — 

Chap.X 
Beams, 222 
Frames, 239 
Three-hinged arch, 266 

stiffening girder, 279 

Lines of thrust — 

Retaining walls, 323 
Dams, 326, 327 
Arches, 254 

Linear arch, 254, 260-270 
Live, or moving loads. Chap, X 

, , typical types (Fig. 

129), 223 

Loads, dead, on arches, Chap. XI 

— — , , on beams. Chaps. I-IV 

• , on frames, Chaps. VII-IX 

live, on arches and suspension 

bridges. Chap. XI 

~ — “, , on beams and frames. 

Chap. X 

Long columns — 

Axial loads, 133 
Buckling, Chap . V, 133 
Eccentric loads, 146 
Reinforced concrete, 367 
Lunville or N girder, 161 

Macaulay, W. H., method of beam 
deflections, 42 

Mann, examples moments of inertia. 
28-30 

Masonry dams, 325 
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Maximum moment, beam due to 
moving loads, 226 

— — frame, . Warren . and ' N 

girders moving loads, 239, 
242 

— ^ tbree-hinged stiffening 
truss, moving loads, 279 
— - , shear .in' a bay, 244 
— — shear in three-hinged stiffening 
truss, moving loads, 282 
Maximum moment and shear in 
three-hinged arch, mov- 
ing loads, 268 

— a,nd shear in beams, dead 

loads, Chaps. I, IV 
Maxwell, theorem, 64 
Maxwell’s Law, 483 . 

Mechanical solution of structures — 
statically determinate, 218 
statically indeterminate, 482, 498, 

■ '504 ' 

Metal arches, 254 

Method of resolution, forces in 
frames, 169 

— moment deflection, 208 

of sections, forces in frames, 167 
— of superposition, 194 
Middle third rule, 323, 325 
Mild steel, 20, 21 
Modular ratio, 339, 343 
Modulus of elasticity, 20, 21, 117 

— concrete, 342, 343 

of rigidity, 20, 117 

figures, 34, 38 

of section, 25 

equivalent, compression 

R.C. beam, 371 

Moment-distribution Method, 410 

, carry-over factor, 412 

definitions, 410-412 
examples, 420-478 
, factors, 410-412 
, procedure, 419 
sign convention, 374 
Moment of inertia, effective (see 
Inertia), 340, 371 
-, angle, 30 
circle, 30 
ellipse, 27 

-, graphical determination, 
31 

notes on, 25, 26 
principal axes of, 27 
rectangle, 28 
29 

, Routh’s rule, 31 

of resistance, 22 


Momental ellipse, 27 
Moments, bending, Chap. I 

, fixing, built-in beams, 85 

— continuous beams, 92 

from funicular polygon arch, 

260 

• live loads. Chap, X 

Moving loads, Chaps. X, XI 
diagram of, 223 

N GIBDEB, 161, 239 

, deflection of (see Chap. VII) 

-, influence lines for, 239 

Neutral axis, 22 

— ^^R.C. beams, 341, 344, 

347 

Nicholson, J, S. (columns and struts), 
133 

Normal intensity, wind-pressure for- 
mulae, 175 

Normal stresses, distribution — 
Horizontal planes (dams), 328 

— _ (walls), 321 

Vertical planes (dams), 330 
Normal thrust, three-hinged arches, 
261-265 

^ influence line, 

269 

stress, 289 

— ^ polar diagram for, 290 

Notation, Flitch beam, 339 

, R.C. beam, 342 

Notes on Flates I, II (dam analysis), 
332 

— on wind -pressure formulae, 175 

Number of members in a perfect 

frame, 162 

OBiiiQtDB stresses, 289 

'Jr- 

Pababobig arch rib, 261 
— — ■ equations, struts, Johnson, 142 

hanging cable, equationsfor, 273 

Perfect frames. Chap. VII, 162 

— — , forces in deflection of, 
Chap. VIII 

Perpendieular stresses, 293 
Pippard, A. J., and Pritchard, F. L., 
149 

Planes, principal, 290 
Plate girder, deflection of, 73 
Points of inflexion, 82, 83, Figs. 61, 62 
Polar diagrams, normal, tangential 
stresses, 290 

Polygon funicular, 260, 270 

, reciprocal, 164 

Portal, simple, moments on, 184-186 
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Pratt Truss or N girder, 161, 239 
Pressure, bearing, 324 

, earth, 311 

Principal axes, inertia, 27 

stresses. Chap. XII, "290 ^ . 

: in dams,.332 ' 

— planes, 290 ■ 

Principle of least work — 

Chap. IX, 194 
Applied to frames, 1 94 

to bending, 202 

to simple portals, 206, 210 

Principle of work, Castigliano’s 
theorem, Chap. VIII, 178 
Proportionality, limit of, 21 
Propped beams, 110 

Babiai^ shear, for arch, 256, 264 

influence line, three- 

hinged arch, 268 
Radius of curvature, 41, 272 

of gyration, 26, 139 

_ — - B.O, columns, 367 

Bankine — 

Formula for columns, 139 

constants, 140 

eccentric loading, 149 

Theory of earth pressures, 311, 312 
Ratio, modular, 339, 343 
Reactions, calculation of — 

Built-in beams, 85-87 
Continuous beams, 95 
Simple beams. Chap. I 
Reciprocal Figures, Chap. VII, 164 

deflections, 64 

Theorem, 482, 483 

Rectangular beam section, momenta! 

ellipse for, 28 

^ distribution sb^ar 

stress, 120 

Redimdant frames, stresses in. Chap. 
IX, 162, 194 

Redundant constraints, 78 
Reinforcement, spiral, 367 
Reinforced beams. Chap. XIV 

flitch, 339 

columns concrete, 365 

concrete, 341 

Relation between load, shear, mo- 
ment, slope, deflection, 16, 56-8 
Repose, angle of, 311 
Resilience, direct forces, 178 

, bending, 71 

, shear, 124 

Resistance, moment of, 22, 342 
Resolution, method of, 169 
Retaining walls, 311 


Rods, inclined; 358'."'' 

Rolling loads {see Moving), Chaps. X, 
XI ' 

Roof trusses, 161, 172-175 'Fig.', 93 

■■ — , : ^ notes .on .wind pressures, 

■ 176 

wind load force diagrams, 

■ 173, 174 

Routh’s Rule, moment of inertia, 31 
Rules, for breadth, B.C. T beams, 
350 

Salmok, 153-154 

Second moment of areas (moment of 
inertia), 26, 26 
Sections, method of, 167 

, angle, momental ellipse for, 30 

, built-up or R-S.!., momental 

ellipse for, 29 

distribution shear 

stress, 123 

Sections, circular, distribution shear 
stress, 121 

— — , rectangular, distribution shear 
stress, 28 

— — , momental ellipse for, 28 

— ^ — , triangular dam, 290 
Shear equations, 402, 404 
Shearing force — 

Definition, 3 

Deflection due to, 125-129 
Diagrams, Chaps. I, IV 
Hinged arch, 255 
In arches, 255 
Influence lines beams, 239 

, frames, 242 

Maximum in a bay, 244, 245 
Radial, 3, 255, 264, 268 

, hinged arch, influence lines 

of, 268 
Signs, 4 

Tliree -hinged stiffening girder, 
influence lines of, 279 
Shearing resilience, 124 
Shear strain, 20, 117 
Shear stress — 

Distribution in sections, 117-124 

■ in R.C. beams, 354 

In gravity dams, distribution of, 328 
Maximum, Chap. XII, 117-124, 
289, 295, 307 

, planes of, 289, 295, 307 

Or tangential stress, 289 

, polar diagram for, 290 

State of simple shear, 118 
Sign convention, Moment-distribu- 
tion and Slope deflection, 374 
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Slope, Chaps. Ill, IV 
— and, area of. moment diagram, 
56-58 

— — diagram, area of and deflection, 


Structures, statically indeterminate, 
Chaps. IV, IX 
Struts (see Columns), 133 

■, combined end and transverse 

loads, 160 

— — , eccentrically-loaded, 145 
Superposition, method of, 194 
Suspension bridges, 270 

— stiffened, 276 

— — ^ three-hinged stiffening 

truss, 277 


Siope-deflectioii Method, 391 

bent equations, 401 
— - examples, 420-478 ■ 

— , : fundamental equations. 


— — , general equations, 393 

joint equations, 395 

— — — , moment stiffness factor, 

385, 411 

— — — recapitulation, 409 
— shear equations, 402, 404 
— — — — shear-stiffness factor, 388, 
412 

— — , sign convention, 374 

j summary, factors, 391 

— sway -moment stiffness 

factor, 387, 411 

Solid arch, 254 

Spacing, B.T. reinforcement, 368, 361 
Spandrii arch, 266 
Spiral reinforcement, 361 
State of simple shear, 118 
Statically indeterminate structures, 
Chaps. IV, IX 
Steel, mild, 20, 21 
Stiffening truss, three-hinged, 277 
Stirrups, in R.C. beams, 366, 357 
, spacing, 358 

Straight-line column formulae, 144- 
145 

Strain, 19 

energy, 71, 124, 160 

shear, 20, 117 

Strength, table of, 21 
Stress, 19 

bond, 362 

, ellipse of, 298, 332 

, kind of, in a member, 166 

or force diagrams, 163 

, strain diagrams, 20 

, theory of dams, 331 

Stresses, conjugate, 302 

, in diagonal members of frames, 

242, 246 

in redundant frames. Chap. IX 

, normal, 289 et seq. 

, oblique, 289 

, perpendicular, 293 et seq, 

, principal, Chap. XII, 290 

, in dams, 332 

, tangential (see Shear stress), 289 


Table of strength, 21 

Tee-beam, R.C., 360 

— — — — , rules for breadth of, 360 

Tension, 19, 20, 21 

— , diagonal, R.C. beams, 356 

— — , horizontal, in cables, 270 

— maximum in cables, 270 

f resilience due to, 160 

Theorem of three moments, 92 
— — Maxwell’s, 64 
— — of Gastigliano, 178 
Theory of earth pressure, Rankine, 
311,312 

— , Wedge, 311, 319 

— — of simple bending, 21 
Theory of stress (dams), 331 
- — - of reinforced concrete beams, 
341 

R.C. columns, 365 

Three-hinged arch, 264, 256 

^ stiffening truss, 277 

Thrust, horizontal, arches, 254 
, three ‘pinned arch, influ- 
ence line of, 265 

, normal, three-hinged arch, in- 
fluence line of, 269 

three-hinged arch, 255 

, line of, retaining walls, 323 

, dams, 326, 327 

Ties, 361 
Timoshenko, 121 
Truss, Howe, 161 

, Pratt, or N girder, 161, 239, 246 

, roof, 161, 172-175 

, three-hinged stiffening, 243 

Truss, Warren, 161, 180, 239 
Trusses, Chaps. VII, X 
Two-hinged arch, 264 


UiTOTOBM equivalent loads, moment, 
231 

, shear, 238 
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Walls, retaining. Chap. XU, 311 

fomadations, 324 

Warren girder, 161 ■' 

, deflection of, 180 

^ influence lines for, 239 

Wedge, theory of earth pressure, 311. 
319 

Wind load, pressure formula, 175 


Wind load, stress diagrams, roof 
’ trusses, .173, 174_ " 

Work {see ■ ■ Resilience), 71, 124, 

178 ■, 

least, principle of,' .Chap. IX, 
194 

~ — — , principle of, Castigliano’s theo- 
rem, 178 
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